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ADVERTISEMENT 



The Committee appointed by the Royal Society to direct the publication of the 
Philosophical Transactions take this opportunity to acquaint the public that it ftiUy 
appears, as well from the Coimcil-books and Journals of the Society as from repeated 
declarations which have been made in several former Transactions^ that the printing of 
them was always, from time to time, the single act of the respective Secretaries till 
the Forty-seventh Volimie ; the Society, as a Body, never interesting themselves any 
further in their publication than by occasionally recommending the revival of them to 
some of their Secretaries, when, from the particular circumstances of their affairs, the 
Transactions had happened for any length of time to be intermitted. And this seems 
principally to have been done with a view to satisfy the public that their usual 
meetings were then continued, for the improvement of knowledge and benefit of 
mankind : the great ends of their first institution by the Royal Charters, and which 
they have ever since steadily pursued. , 

But the Society being of late years greatly enlarged, and their communications more 
numerous, it was thought advisable that a Committee of their members should be 
appointed to reconsider the papers read before them, and select out of them such as 
they should judge most proper for publication in the ftiture Transactions ; which was 
accordingly done upon the 26th of March, 1752. And the groimds of their choice are, 
and will continue to be, the importance and singularity of the subjects, or the 
advantageous manner of treating them ; without pretending to answer for the 
certainty of the facts, or propriety of the reasonings contained in the several papers 
so published, which must still rest on the credit or judgment of their respective 
authors. 

It is likewise necessary on this occasion to remark, that it is an established rule of 
the Society, to which they will always adhere, never to give their opinion, as a Body, 
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upon any subject, either of Nature or Art, that comes before them. And therefore the 
thanks, which are frequently proposed from the Chair, to be given to the authors of 
such papers as are read at their accustomed meetings, or to the persons through whose 
hands they received them, are to be considered in no other light than as a matter of 
civiUty, in return for the respect shown to the Society by those communications. The 
like also is to be said with regard to the several projects, inventions, and curiosities of 
various kinds, which are often exhibited to the Society ; the authors whereof, or those 
who exlubit them, frequently take the Uberty to report, and even to certify in the 
public newspa})ers, that they have met with the highest applause and approbation. 
And therefore it is hoped that no regard will hereaftyer be paid to such reports and 
public notices; which in some instances have been too lightly credited, to the 
dishonour of the Society. 



1897. 



List op Institutions bntitiIed to receive the Philosophical Transactions or 

Proceedings of the Royal Society. 
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Infititaiions marked a are entitled to receive Philosophical Transactions, Series A, and Proceeding!}. 

B „ f, „ ,, Series B, and Proceedings. 

AB M ,, „ „ Series A and B, and Proceedings. 

p „ „ Proceedings only. 
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America (Central). 
Mexico. 
p, Sooiedad Cientifica " Antonio Alzate." 
America(Nortli). (See United States and Canada.) 
America (South). 

BnenoB Ayres. 

AB. Mnseo Nacional. 
Caracas. 

B. University Library. 
Cordova. 

AB. Academia Nacional de Ciencias. 
Demerara. 

p. Boyal Agricultural and Commercial 
Society, British Guiana. 
La Plata. 

B. Maseo de La Plata. 
Bio de Janeiro. 

p, Observatorio. 

Australia. 
Adelaide. 
p, Boyal Society of South Australia. 

Brisbane. 
p, Boyal Society of Queensland. 

Melbourne. 
p. Observatory, 
p. Boyal Society of Victoria. 
AB. University Library. 

Sydney. 
p, Australian Museum. 
p. G^log^cal Survey. 
p, Linnean Society of New South Wales. 
AB. Boyal Society of New South Wales. 
AB. University Library. 

Austria. 

Agram. 
p, Jugoslavenska Akademija Znanosti i Um- 

jetnosti. 
p, Societas Historico-Naturalis Croatica. 

MDCCCXCVn. — A. 



Austria (continued). 

Brdnn. 

AB. Naturforschender Verein. 

Gratz. 
AB. Naturwissenschaftlichcr Verein fiir Steier- 
mark. 

Innsbruck. 

AB. Das Ferdinandeura. 

p, Naturwissenschaftlich - Medicinischer 
Verein. 
Prague. 

AB. Konigliche Bohmische Gesellschaft der 
Wissenschaf ten . 
Trieste. 

B. Museo di Storia Naturale. 

p. Society Adriatica di Scienze Natnrali. 

Vienna. 
p, Anthropologische Gesellschaft. 
AB. Kaiserliche Akademie der Wissenschaften. 
p, K.K. Geographische G^esellschaft. 
AB. K.K. Geologische Beichsanstalt. 
B. K.K. Naturbistorisches Hof- Museum. 
B. K.K. Zoologisch-Botanische Gesellschaft. 
p, Oesterreichische Gesellschaft fur Meteoro- 
logie. 

A. Von Kuffner'sche Stemwarte. 

Belgium. 

Brussels. 

B. Academic Boyale de M^deoine. 
AB. Academic Boyale des Sciences. 

B. Mus^ Boyal d'Histoire Naturelle de 

Belgique. 
p. Observatoire Boyal. 
p, Soci^t^ Beige de Geologie, de Pal^onto- 

logie, et d'Hydrologie. 
p. Soci^t^ Malacologique de Belgique. 
Ghent. 

AB. Univereity. 
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Belginm (continued). 
Li^ge. 

AB. Soci^t^ des Sciences. 

p, Soci^t^ G^ologique de Belgiqne. 
Lonvain. 

B. Laboratoire de Microscopic et de Biologic 

Cellulaire, 
AB. University. 

Canada. 

Hamilton. 

p. Hamilton Association. 
Montreal. 

AB. McGill University. 

p. Natural History Society. 
Ottawa. 

AB. Geological Survey of Canada. 

AB. Royal Society of Canada. 
Toronto. 

p. Astronomical and Physical Society. 

p. Canadian Institnte. 

AB. University. 

Cape of Good Hope. 

A. Observatory. 

AB. South African Library. 

Ceylon. 
Colombo. 

B. Museum. 

China. 

Shanghai. 
p, China Branch of the Boyal Asiatic Society. 
Denmark. 
Copenhagen. 
AB. Kongelige Danske Yidenskabemes Selskab. 
Egypt. 

Alexandria. 
AB. Biblioth^ue Mnnicipale. 

England and Wales. 

Aberystwith. 

AB. University College. 
Bangor. 

AB. University College of North Wales. 
Birmingham. 

AB. Free Central Library. 

AB. Mason College. 
- j9. Philosophical Society. 
Bolton. 

p. Public Library. 
Bristol. 

p. Merchant Venturers' School. 

AB. Univei^sity College. 
Cambridge. 

AB. Philosophical Society. 

p. Union Society. 



England and Wales (continued). 
Cooper's Hill. 
AB. Royal Indian Engineering College. 

Dudley. 

p, Dudley and Midland Geological 
Scientific Society. 
Essex. 

p. Essex Field Club. 

Falmouth. 
p. Boyal Cornwall Polytechnic Society. 

Greenwich. 

A. Boyal Observatory. 
Kew. 

B. Boyal Gardens. 
Leeds. 

p. Philosophical Society. 
AB. Yorkshire College. 

Liverpool. 
AB. Free Public Library. 
p» Literary and Philosophical Society. 
A. Observatory. 
AB. University College. 

London. 

AB. Admiralty. 

p. Anthropological Institute. 

AB. British Museum (Nat. Hist.). 

AB. Chemical Society. 

A. City and Guilds of London Institute. 
p. " Electrician," Editor of the. 

B. Entomological Society. 
AB. Geological Society. 

AB. Geological Survey of Great Britain. 

p. Geologists' Association. 

AD. Guildhall Library. 

A. Institution of Civil Engineers. 

p. Institution of Electrical Engineers. 

A. Institution of Mechanical Engineers. 

A. Institution of Naval Architects. 
p. Iron and Steel Institute. 

AB. King's College. 

B. Linnean Society. 
AB. London Institution. 
p. London Library. 

A. Mathematical Society. 

p. Meteorological Office. 

p, Odontological Society. 

p. Pharmaceutical Society. 

p. Physical Society. 

p. Quekett Microscopical Club. 

p. Boyal Agricultural Society. 

A. Royal Astronomical Society. 

B. Royal College of Physicians. 
B. Royal College of Surgeons. 



and 
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England and Wales (oontinaed). 
London (continued). 

p. Boyal Engineers (for Libraries abroad, six 
copies). 

AB. Bojal En^neers. Head Quarters Library. 

p, Bojal Oeographical Society. 

p. Boyal Horticnltnral Society. 

AB. Boyal Listitntion of Oreat Britain. 

B. Boyal Medical and Chirorgical Society. 

p. Boyal Meteorological Society. 

p, Boyal Microscopical Society. 

p. Boyal Statistical Society. 

AB. Boyal United Service Institution. 

AB. Society of Arts. 

p. Society of Biblical ArchsBology. 

p. Society of Chemical Industry (London 
Section). 

p. Standard Weights and Measures Depart- 
ment. 

AB. The Queen's Library. 

AB. The War Office. 

AB. University College. 

p, Victoria Institute. 

B. Zoological Society. 

Manchester. 

AB. Free Library. 

AB. Literary and Philosophical Society. 

jp. Geological Society. 

AB. Owens College. 
Netley. 

p. Boyal Victoria Hospital. 
Newcastle. 

AB. Free Library. 

p. North of England Institute of Mining and 
Mechanical Engineers. 

p. Society of Chemical Industry (Newcastle 
Section). 
Norwich. 

p, Norfolk and Norwich Literary Institution. 
Nottingham. 

AB. Free Public Library. 
Oxford. 

jp. Ashmolean Society. 

AB. BadclifEe Library. 

A. Badcliffe Observatory. 
Penzance. 

p, Geological Society of Cornwall. 
Plymouth, 

B. Marine Biological Association. 
p, Plymouth Institution. 

Bichmond. 

A. " Kew " Observatory. 
Salford. 

p. Boyal Museum and Library. 



I England and Wales (continued). 
Stonyhurst. 

p. The College. 
Swansea. 

AB. Boyal Institution. 
Woolwich. 

AB. Boyal Artillery Library. 

Finland. 

Helsingfors. 
p, Societas pro Fauna et Flora Fennica. 
AB. SociSte des Sciences. 

France. 
Bordeaux. 

p. Academic des Sciences. 

p. Faculty des Sciences. 

p. Soci6t6 de M6decine et de Chirurgie. 

p. Soci6t6 des Sciences Physiques et 
Naturelles. 
Caen. 

p, Soci6t6 Linneenne de Normandie. 
Cherbourg. 

p. Soci^te des Sciences Naturelles. 
Dijon. 

p. Academic des Sciences. 
InUe. 

p. Faculty des Sciences. 
Lyons. 

AB. Acad^miedes Sciences, Belles-Lettreset Arts. 

AB. University. 

Marseilles. 

AB. Faculty des Sciences. 

Montpellier. 
AB. Academic des Sciences et Lettres. 
B. Faculty de M^decine. 
Nantes. 
p, Soci^t^ des Sciences Naturelles de TOuest 

de la France. 
Paris. 
AB. Academic des Sciences de I'lnstitut. 
p. Association Fran9aise pour TAyancement 

des Sciences. 
p. Bureau des Longitudes. 
A. Bureau International des Poids et Mesurcs. 
p. Commission des Annales des Ponts et 

Chauss^s. 
p. Conservatoire des Arts et Metiers. 
p. Cosmos (M. l*Abb^ Valette). 
AB. Dep6t de la Marine. 
AB. l^cole des Mines. 
AB. £eole Normale Sup^rieuro. 
AB. £cole Polytechnique. 
AB. Faculty des Sciences de la Sorbonne. 
AB. Jardin des Plantes. 
I p. L'£leotrioien. 

b 2 
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France (continued). 
Paris (continued). 

A. L'Observatoire. 

p. Revne Scientifique (Mons. H. de Varignt). 

p. Soci6te de Biologic. 

AB. Society d*Encouragement pour rindostrie 

Nationale. 
A6. Soci^te de G^grapbie. 
p, Soci6t^ de Physique. 

B. Soci^t^ Entomologiquc. 
AB. Soci^te O^ologique. 

p, Soci^i^ Mathematique. 
p. Soci6t^ M^t^orologique de Finance. 
Toulouse. 

AB. Academic des Sciences. 
A. Faculte des Sciences. 

Oermany. 

Berlin. 

A. Deutsclie Chemische Oesellschafl. 

A. Die Stemwarte. 

p. Oesellschaft fiir Erdkundc. 

AB. Konigliche Preussische Akademic dei* 
Wissenschaften. 

A. Physikalische Oesellschaft. 
Bonn. 

AB. XJniyersitat. 
Bremen. 

p, Naturwissenschaftliclier Verein. 
Breslau. 

p. Schlesische Gesellschaft fiir Vaterii&ndisclic 
Kultur. 
Brunswick. 

p. Yerein fiir Naturwissenschaf i. 
Carlsruhe. See Karlsruhe. 
Charlottenburg. 

A. Phjsikalisch-Technische Reichsanstalt. 
Danzig. 

AB. Naturforschende Gresellschaft. 
Dresden. 

p, Verein fiii' Erdkunde. 
Emden. 

p. Naturforschende Gesellschaft. 
Erlangen. 

AB. Physikalisch-Medicinische Societat. 
Frankfurt-am-Main. 

AB. Senckenbergische Naturforschende Gesell- 
schaft. 

p. Zoologische Gesellschaft. 

Frankfurt-am-Oder. 

p. Naturwissenschaftlicher Verein. 
Freiburg-im-Breisgau. 

AB. Uniyersitat. 
Giessen. 

AB. Gvosshersogliche Universitat. 



Germany (continued). 
G»rlitz. 
p. Naturforschende Gesellschaft. 

Gottingen. 

AB. Konigliche Gesellschaft der Wissenschaften . 
Halle. 

AB. Kaiserliche Leopoldino - Garolinische 
Deutsche Akademie der Naturforscher. 

p. Naturwissenschaftlicher Verein fur Sach- 
sen und ThUnngen. 
Hamburg. 

p. Naturhistorisches Museum. 

AB. Naturwissenschaftlicher Vei*e]n. 

Heidelberg. 

p, Naturhistoiisch-Medizinischer Verein. 

AB. XJuiyersitat. 
Jena. 

AB. Medicinisch-NaturwissenschafUiche Gesell- 
schaft. 
Karlsruhe. 

A. Grossherzogliche Stemwai'te. 

jp. Technischo Hochschulo. 
Kiel. 

p, Naturwissenschaftlicher Verein fiir 
Schles wig-Holstein . 

A. Stemwarte. 

AB. XJniyersitat. 

Konigsberg. 
AB. Konigliche Physikalisch - Okonomische 
Gesellschaft. 
Leipsic. 
jp. Annalen der Phjsik und Chemie. 
AB. Konigliche Sachsische Gesellschaft der 
Wissenschaften. 
Magdeburg. 
p, Naturwissenschaftlicher Verein. 

Marburg. 

AB. Universitat. 

Munich. 

AB. Konigliche Bajerischc Akademic der 
Wissenschaften . 

jp. Zeitschrift fur Biologic. 
MUnster. 

AB. Konigliche Theologische und Philo- 
sophische Akademie. 
Potsdam. 

A. Astrophysikalisches Obseryatorium. 
Rostock. 

AB. XJniyersitat. 
Strasburg. 

AB. XJniyersitat. 
Tubingen. 

AB. XTniyersitat 



t « ] 



Gtonnaiiy (continaed). 
Wtirzburg. 
AB. Physikalisch-Medicinische Qesellschaft. 

Oreeoe. 

Athens. 
A. National Obseryatorj. 

Holland. (See Nithbblands.) 

Hungary. 
Bnda-pest. 
p. Konigl. Ungarische Oeologischo Anstalt. 
AB. A Magyar TaddsTdrsasdg. Die Ungamcho 
Akademie der Wissenscliaften. 

Hermannstadt. 
jp. Siebenborgischer Verein fiir die Natnr- 
wissenschaften. 

KlaoBenboig. 
AB. Az Erd6lyi Muzeum. Das Siebenburgischo 
Mosenm. 

Schemnits. 
jp. E. Ungarische Berg- nnd Forst-Akademie. 

Tndlft. 
Bombay. 
AB. Elphinstone College, 
jp. Royal Asiatic Society (Bombay Branch). 

Calcutta. 

AB. Asiatic Society of Bengal. 

AB. Geological Mosenm. 

p. Great Trigonometrical Survey of India. 

AB. Indian Masenm. 

p. The Meteorological Beporter to the 
Government of India. 
Madras. 

B. Central Mnsenm. 

A. Observatory. 

Roorkee. 
p, Roorkee College. 

Ireland. 

Armagh. 
A. Observatory. 

Belfast. 
AB. Qaeen's College. 

Cork. 
p. Philosophical Society. 
AB. Queen's College. 

Dublin. 

A. Observatory. 

AB. National Library of Ireland. 

B. Royal College of Surgeons in Ireland. 
AB. Royal Dublin Society. 

AB. Royal Irish Academy. 

Galway. 
AB. Queen's College. 



Italy. 

Acireale. 
p, Accademia di Sciense, Lettere ed Arti. 

Bologna. 
AB. Accademia delle Scienze dell' Istituto. 

Catania. 
AB. Accademia Gioenia di Scienze Naturali. 

Florence. 
p. Biblioteca Nazionale Centrale. 
AB. Museo Botanico. 
p, Reale Istituto di Studi Superiori. 

G^noa. 
p, Societa Ligustica di Scienze Naturali o 
Geografiche. 
Milan. 

AB. Reale Istituto Lombardo di Scienze, 

Lettere ed Arti. 
AB. Societii Itaiiana di Scienze Naturali. 

Modena. 
p. Le Stazioni Sperimentali Agrarie Italiauo. 

Naples. 
p. Society di Naturalisti. 
AB. Society Reale, Accademia delle Scienze. 
B. Stazione Zoologica (Dr. Dohbn). 

Padua. 
p. University. 

Palermo. 
A. Circolo Matematico. 
AB. Consiglio di Perfezionamento (Societa di 

Scienze Naturali ed Economiche). 
A. Reale Osservatorio. 

Pisa, 
jp. II Nuovo Cimento. 
p. Societal Toscana di Scienze Naturali. 

Rome. 

p, Accademia Pontificia de' Nuovi Inncei. 

p, Rassegna delle Scienze Geologiche in Italia. 

A. Reale Uf&cio Centrale di Meteorologia e di 
G«odinamica, Collegio Romano. 

AB. Reale Accademia dei Lincei. 

p, R. Comitate Gtoologico d- Italia. 

A. Specola Vaticana. 

AB. Society Itaiiana delle Scienze. 
Siena. 

p. Reale Accademia dei Fisiocritici. 
Turin. 

p, Laboratorio di Fisiolog^ 

AB. Reale Accademia delle Scienze. 

Venice. 
p. Ateneo Veneto. 

AB. Reale Istituto Veneto di Scienze, Lettere 
ed Arti. 
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JapaiL 

Toki6. 
AB. Imperial Uniyenity. 
p. ABiatic Society of Japan. 
Java. 

Boitenzorg. 

p. Jardin Botanique. 

Luxembourg. 

Luxembourg. 
p. Soci6t6 des Sciences Naturellcs. 

Malta. 

p. Public Library. 

Manritias. 

p. Bojal Society of Arts and Sciences. 

Netherlands. 
Amsterdam. 

AB. Koninklijke Akademie van Wetenschappen. 
p, K. Zoologisch Gbnootscliap 'Natura Artis 
Magisira.' 
Delft. 

p. ficole Polytechnique. 
Haarlem. 
AB. HoUandsche Maatschappij der Weten- 

scbappen. 
p, Mus^ Teyler. 
Leyden. 

AB. University. 
Rotterdam. 

AB. Bataafsch Grenootschap der Proefonder- 
vindelijke Wijsbegeerte. 
Utrecht. 
AB. Provinciaal Grenootschap van Kunsten en 
Wetenschappen. 

New Bronswick. 

St. John. 
p. Natural History Society. 

Mew Zealand. 

Wellington. 

AB. New Zealand Institute. 
Norway. 
Bergen. 

AB. Bergenske Masenm. 
Ghristiania. 

AB. Kongelige Norgke Frederiks Universitet. 

Tromsoe. 

p. Museum. 
Trondhjem. 

AB. Kongelige Norske Videnskabers Selskab. 

Nova Sootia. 
Halifax. 
p. Nova Scotian Institute of Science. 



Eing^i 



PortogaL 

Coimbra. 

AB. Universidade. 
Lisbon. 

AB. Academia Real das Sciencias. 

p, Sec^ dos Trabalhos G^logioos de Portugal 
Oporto. 

p. Annaes de Sciencias Naturaes. 
Rnasia. 
Dorpat. 

AB. University. 
Irkutsk. 

p. Soci^t^ Imp^riale Russe de G^ographie 
(Section de la Sib^rie Orientale). 
Kazan. 

AB. Imperatorsky Elasansky Universitet. 
Kharkoff. 

p. Section M6dicale de la SodL^t^ des Sciences 
Exp^rimentales, University de Kharkow. 
Kieff. 

p. Soci6t^ des Naturalistes. 
Moscow. 

AB. Le Mus^ Public. 

B. Soci6t^ Imp^riale des Naturalistes. 
Odessa. 

p. Soci6t6 des Naturalistes de la Nouvelle- 
Russie. 
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Introduction. 

The present paper deals with the subject of the magnetization of iron by high- 
frequency discharges, and the uses of magnetized steel needles for detecting and 
measuring currents of very great rapidity of alternation. 

It will be shown that these magnetic detectors offer a very simple means of 
investigating many of the phenomena connected with high-frequency discharges, and 
may be used over a wide range of periods of alternation. Not only may these 
detectors be used in ordinary Leyden jar circuits, but they also offer a sensitive 
means of investigating waves along wires and free vibrating circuits of short wave- 
lengths. 

They were also found to be a sensitive means of detecting electrical radiation from 
Hertzian vibrators at long distances from the vibrator. 

In the course of the paper the following subjects are investigated : — 

I. Magnetization of iron by high-frequency discharges and the investigation of the 
effect on short steel needles. 

II. Magnetic detectors and their uses. 

a. Detection of electro-magnetic radiation in free space. 

Waves were detected over half-a-mile from tho vibrator. 
&. Waves along wires. 

c. Damping of oscillations. 

Resistance of iron wires. 
Absorption of energy by conductors. 

d. Determination of the period of Leyden jar discharges and the constants of 

the discharge circuit. 
The magnetization of steel needles when placed in a spiral through which a Leyden 
jar discharge was passed has long been known. 

MPCX;05CCVII, — A. 13 22.2.97 
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In 1842 Professor Henry was led to 8usp?ct from the anomalous magnetization of 
steel needles that the Leyden jar discharge was oscillatory. 

Professor Henry, Abria, and several others, used steel needles in their attempts 
to determine the direction of induced currents in secondary and tertiary circuits, 
when the Leyden jar was discharged through the primary, but with conflicting 
results. 

Lord Rayleigh (*Phil. Mtig.,' vol. 39, 1870, p. 429) made use of steel needles in a 
magnetizing spiral in investigating the maximum current of a break for ordinary 
induction circuits. 

The general subject of the magnetization of iron, for rapid oscillatory currents, has 
been worked at by many different experimenters ; Lord Rayleigh, using oscillatory 
currents of a frequency up to 1050 a second, showed that iron wires showed consider- 
able increase of resistance, and deduced the value of the permeability of the wire. 
Tkowbbidge (*PhiL Mag.,' 1891) has shown that iron wires rapidly damp down the 
oscillations of the Leyden jar discharge, and from his results deduced a rough value 
for the permeability of the specimens tested. 

V. Bjerknes ('Electrician,' November 18, 1892) found that the damping out of 
oscillations in a Hertzian resonator takes place much more rapidly in a resonat»or 
of iron than when it is made of non-magnetic material. 

Magnetization of Iron by a Leyden Jar discharge. 

If a piece of steel wire, several centimetres in length, be taken and placed in a 
solenoid of a few turns, on the passage of a discharge the wire will be found to be 
magnetized. The magnetization is, in general, small, and increases slightly in amount 
when a succession of discharges are passed in the same direction. 




Fig. 1 shows the arrangement. A and B are the poles of a Wimshurat machine 
or an induction coil, C the condenser, S the air-break, and D the solenoid in which 
the steel wire is placed. The charging-up of the condenser before the spark passes 
was found to have no effect in magnetizing the needle. 

In all experiments to follow, the magnetization of the needles was tested by means 
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of a small mirror mognefcometer. The needle was either fixed in position in the 
solenoid and the magnetometer placed beside it, or the needle removed and tested 
after each experiment. If wires of the same length but of different diameters be 
taken, it will be found that the magnetization is roughly proportional to the diameter 
of the wires. This is to be expected, since the magnetizing forces are confined to a 
thin skin on the surface of the needle, and so the amount of magnetization depends 
more on the surface than on the sectional area. 

In order to determine accurately the way in which a piece of steel was magnetized 
from the surface inwards, recourse was had to a method of solution of the iron in acid. 
The needle to be tested was fixed in a glass vessel before a dead-beat magnetometer. 
Dilute hot nitric acid was poured in and kept at a constant temperature. As soon 
as the needle was covered it commenced to dissolve, and the variation of the deflection 
with the time was noted. In this way the amount and stages of the magnetization of 
the iron could be completely determined. From preliminary experiments on 
unifomily magnetized needles, it was found that under the action of the acid the 
diameter of the wire decreased uniformly with the time. 

Let I represent the intensity of magnetization of a thin circular shell distant r 
from the centre of the needle, and M the deflection of the magnetometer at any 
instant. 

I I . ^Tti^dr is proportional to M, 

Jo 

therefore 

Ir is proportional to dMjdr. 

Let r be the radius of the wire at first. It has been shown that a — r is 
proportional to ty the time of action of the acid. 
Therefore 

(<. — r = Kt where k is a constant, 
and 

— dr = Kdty 
therefore 

1 varies : • t: . 

a — Ki at 

If a curve be plotted whose ordinates represent the deflection and the abscissae 
the time of action of the acid, dllLjdt at any point is equal to the tangent of the angle 
which the tangent to the curve at that point makes with the axis of x. The variation 
of I can thus be completely determined from the experimental curve. 

The following curve (Curve I) is an example of the magnetization of a piece of 
pianoforte wire, 4 centims. long, '08 centim. in diameter, placed in a solenoid of two 
turns per centim. The frequency of the discharge was about 3 million per second. 

B 2 
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The ordinateB of the curve represent the deflection of the magnetometer and the 
abscissee the depth to which the iron has been dissolved by the acid, measuring 
from the surface inwards. Each division of the ordinates corresponds to a depth 
— -00057 centim. 
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The deflection of the magnetometer at firet was 85 divisioufe. As the needle 
commenced to dissolve, the deflection increased rapidly to 156, remained nearly 
steady for a short time, and then rapidly diminished to zero ; when this was the 
ca^e the diameter of the needle was '032 centiin., so that the magnetization had 
penetrated to a distance of '024 centim. 

If the variation of the value of I, the intensity of magnetization from the surface 
inwards, be deduced from this curve, it will be seen that the surface layer is 
magnetized in one direction and an interior layer in the opposite direction. This 
apparently gives evidence of only two half oscillations, in opposite directions, in the 
discharge. A large number of needles were dissolved after magnetization under 
various conditions, and the same peculiarity was observed, although, from other 
evidence, it was known that there were a large number of vigorous oscillations 
before the discharge was much damped down. 

When a needle magnetized to saturation was subjected to the discharge, the 
magnetization of the needle was always diminished, and on solution of the iron 
the same effect was observed, viz., a surface layer magnetized in the opposite 
direction to the internal magnetism. 

Since a Leyden jar discharge in genei-al gives several complete oscillations before 
it is greatly damped down, it would be expected that the surface layer of a 
uniformly magnetized needle would either be completely demagnetized or show 
evidence of several oscillations in opposite directions. The effect observed may 
be explained when the demagnetizing force of the ends of a short needle on itself 
is taken into account. The first half oscillation that tends to demagnetize the 
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needle has the demagnetizing force of the needle assisting it, while the return 
oscillation has it in opposition. The return oscillation will therefore not be able 
to completely remagnetize the surface layer already affected, but a thin layer will be 
left in the interior. After the passage of the next oscillation another layer will 
be added in the same direction, and so on, till the final effect will be that the surface 
of the needle will be magnetized in the opposite direction to the interior. 

If strongly-magnetized needles of the same diameter, but of different lengths, are 
taken and placed in the same solenoid, it will be found that the reduction of 
magnetic moment of the needle, due to the discharge, is greater the shorter the 
needle. This effect is due to the demagnetizing influence of the ends, which is 
greater the shorter the needle. 

It was also found that if successive discharges be passed, the reduction of deflec- 
tion gradually increases, till it reaches a steady state, so that the passage of any 
further number of discharges has no apparent effect on the magnetism of the needle. 

The following table shows the effect of varying the length of the needle, the 
diameter being kept constant, and also the effect of successive discharges in each 
case. 

Needle '08 centim. in diameter ; frequency about 3 millions. 



Number of 
discbarges. 


10*5 centime. 


6'4 centime. 


3*2 centims. 


1*6 centims. 


'75 centim. 





250 


250 


250 


250 


250 


1 


204 


190 


166 


150 


114 


2 


199 


182 


155 


135 


88 


5 


195 


175 


138 


115 


64 


10 


190 


170 


130 


107 


57 


20 


189 


166 


125 


102 


54 


50 


188 


162 


120 


98 


50 



In the above table each of the needles was placed at such a distance from the 
magnetometer to give the same steady deflection of 250. The vertical columns 
show how the deflection fell after the passage of the different numbers of discharges. 
The vertical columns correspond to needles 10*5, 6 '4, 3*2, 1'6, '75 centim. respec- 
tively. For the needle ID'S centims. long, the deflection fell from 250 to 188, while 
for the short needle, 75 centim. long, the deflection fell from 250 to 50, although 
all the other conditions were precisely the same for each. 

It will be observed from the above that the first discharge is mainly instnunental 
in reducing the deflection, and that after ten discharges have been passed, the 
deflection has nearly readied its final value. 

Whenever a magnetized needle is placed in a solenoid and a discharge passed, 
there is always a reduction of the magnetization, the amount depending, for any 
given size of needle, on the intensity of the magnetic force in the solenoid and on 
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the period of the oscillation. This is the case whether we are dealing with Leyden 
jar circuits, or the free vibrations, such as are set up in Hertzian receivers. 

An uninagnetized needle, on the other hand, is not appreciably magnetized when 
placed in a circuit where the damping is small, for each successive oscillation destroys 
the eflTect of the previous one. Soft iron wires exhibit a similar effect to steel, only 
it is difficult to use wires of sufficient length to retain their magnetization. The 
eflTect on the needle is in general a purely surface one, and the amount of demag- 
netization does not bear any simple relation to the magnetizing force acting on it. 

After every experiment, the needle was removed and placed in a solenoid and a 
steady current passed, sufficient to saturate the steel. In this way the needle could 
always be quickly reduced to the same state after any experiment, and it was found 
that, using hard steel wires, the results of successive experiments were very consistent 
with one another. 

Passage of a Discharge Longitudinally through a Magnetized Whw 

If a piece of pianoforte wire, several centimetres in length, be taken and placed in 
series with the discharge circuit, in the passage of a discharge, the magnetic moment 
of the needle is diminished, due to the " circular " magnetization of the wire. If the 
needle be dissolved in acid, it will be found that there is a thin skin, apparently 
magnetized in opposition to the original magnetization, due to the resultant action 
of the demagnetizing force of the needle and the magnetic force due to the current 
in the wire. 

The magnetic force H acting at any given point in the wire is given by 

r 

where y is the current through the conductor flowing internal to the circle described 
through the point, and concentric with the surface of the conductor. The value at 
the surface of the wire is given by 

a 

where a is the radius of the wire. 

Assuming /x, the permeability of the iron wire, as constant, the maxinmm value of 
the ciu'rent at any point of the conductor decreases in geometrical progression as the 
distance from the surface inwards increases in arithmetical progression. As will be 
shown later in the part on " Kesistance of Iron Wires," the current falls off even 
more rapidly than the theoretical law, on account of the increase of the value of /x as 
the amplitude of the current diminishes in intensity from the surface inwards. 

For thin wires the magnetic force at the surface of the wire is much greater than 
for thicker ones. We should, therefore, expect a thick magnetized wire conveying the 
current to be affected to less depth than a thin one, and this is found to be the case. 
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A thin steel wire, '025 centim. in diameter, was completely demagnetized by a 
discharge. In this particular case the maximum value of the current through the 
wire was about 100 amperes, and the value of the magnetic force at the surface of 
the wire was, therefore, about 1600 C.G.S. units. A hard steel wire, 08 centim. in 
diameter, was only partially demagnetized, the deflection being reduced from 250 to 
116 scale divisions. 

The following are examples of a few of the experiments on the demagnetization of 
iron wires when the frequency of the dischai*ge was about 3 million and the value of 
the maximum current about 100 amperes : — 

1. Thin soft iron 1 . . 

Thin steel rwire diameter, '025 centim. : completely demagnetized. 

2. Steel wire : diameter, '08 centim. : fall of deflection from 250 to 116. 

3. Steel wire: „ -16 centim. : „ „ 250 to 184. 

4. Steel wire : „ '25 centim. : „ „ 250 to 216. 

5. Long hollow soft iron cylinder, ^ millim. thick and diameter 1*8 millims.: fall 

of deflection from 250 to 230. 



The same condenser and discharging cun'ent were used for all the specimens 
tested, and it is of interest to observe the depth to which the magnetism of the iron 
was affected by the discharge, assuming that the final deflection is that due to the 
mass of iron not circularly magnetized. 



Wire. 


Diameter. 


Depth of penetration 
of the discharge. 

ceotim. 

•013 

•Oil 

•009 
.•0011 


Hard steel wire . . . 
Sof fc steel wife .... 

Sof fc steel 

Soft iron cylinder. . . 


ceutita. 

•08 

•16 

•25 
1-8 



Experiments of this kind show to what a small depth the current penetrates into 
the iron wire. Very large momentary currents are conveyed through a surface skin 
of the conductor, and the intensity of the current diminishes rapidly inwards. 

A. thin magnetized steel wire was placed in the circuit of a small Hertzian plate 
vibrator. The deflection due to the needle fell from 300 to 250 after a succession of 
discharges. 

This shows that the iron was unaffected below a depth of about '0011 centim. 

For rough comparisons of the intensity of currents in multiple circuits, the use of 
the " longitudinal " detector is often preferable to placing the needle in a solenoid. 

A thin magnetized steel wire, placed in series with the circuit, is a surprisingly 
sensitive detector of oscillatory currents of small intensity. 
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In practice copper wires were soldered on to the extremities of the steel needle, 
which is placed in position before a magnetometer. A magnetizing solenoid is 
wound over the needle, and after every experiment a steady current was sent 
through in order to re-saturate the needle. 

Both the ''longitudinal'* and " solenoidal" detectors may be very readily used to 
compare the intensities of currents in multiple circuits when the period of oscillation 
is the same for each. The best form of the solenoidal detector is explained later, 
and it has the advantage of being able to distinguish between the intensity of the 
first and second half oscillations. 

Detection of Waves in Free Space. 

It has been shown that the amount of demagnetization of a magnetized needle 
depends on the fineness of the wire and the number of turns per centim. on the 
magnetizing solenoid. 

If a short piece of thin magnetized steel wire be taken, and a large number of 
turns wound over it, it is a very sensitive means of detecting electrical oscillations 
in a conductor when the amplitude of the oscillations is extremely small. It was on 
this principle that a detector for electrical waves was devised, which proved to be a 
sensitive means of detecting Hertzian waves at considerable distances from the 
vibrator. 

About twenty pieces of fine steel wire '007 centim. in diameter, each about 
1 centim. long, and insulated from each other by shellac varnish, formed the detector 
needle. A fine wire solenoid was wound directly over it, of two layers corresponding 
to about 80 turns per centim. As the solenoid was of very small diameter, about 
15 centim. of wire served to wind the coil. This small detector was fixed at the 
end of a glass tube, which was itself fixed on to a wooden base, the terminals of the 
detector coil being brought out to mercury cups. 

Fig. 2. 



1-^ 



A B 



S (fig. 2) represents the detector needle and the solenoid wound over it. A and B 
are the mercury cups. CA and BD were two straight rods which served as receivers, 
one end of each being placed in the mercury cups. 

The detector needle was strongly magnetized and placed before a small magneto- 
meter, the deflection due to the needle being compensated by an auxiliary magnet. 

If the receiving wires were parallel to the electric force of the wave from the 
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vibrator, oscillations were set up in the receiver circuit, the surface layers of the 
needles were demagnetized, and there resulted a con'esponding deflection of the 
magnetometer needle. 

The amount of the deflection, of course, depended on the amplitude of the 
oscillations set up in the receiver, and, therefore, on the distance from the vibrator. 

Long Distance Experiments. 

When a Hertzian vibrator was used with plates 40 centims. square, and a short 
discharge circuit, quite a large deflection was obtained at a distance of 40 yards, the 
waves passing through several thick walls between the vibrator and receiver. 

Further experiments were made to see how far from the vibrator electromagnetic 
radiation could be detected. 

For the long distance experiments, the vibrator consisted of two zinc plates, 
6 feet by 3 feet, and separated by a short discharge circuit of about 30 centims. 
When large plates were used, a Wimshurst machine was equally efficient as a 
Kuhmkorff coil for exciting the vibrations. 

The first experiments were made over Jesus Common, Cambridge, the receiver 
being placed in one of the buildings on Park Parade. Quite a large effect was 
obtained at a distance of a quarter of a mile from the vibrator, and from the deflection 
obtained it was probable that an effect would have been got for several times that 
distance. 

When the vibrator was set up in the top floor of the Cavendish Laboratory, a 
small, but quite marked effect was obtained at Park Parade, a distance of over half a 
mile in the direct line. 

In this case the waves, before they reached the receiver, must have passed through 
sevei'al brick and stone walls, and many large blocks of buildings intervened between 
the vibrator and receiver. The length of wave given out by the vibrator was 
probably six or seven metres, and a wave of that length seemed to suffer very little 
loss of intensity in passing through ordinary brick walls. 

From an experiment tried in the Cavendish Laboratory it was found that the 
effect of six solid walls and other obstacles between the vibrator and receiver did not 
diminish the effect appreciably. When the vibrator was working in the upper part 
of the Laboratory, a large effect could be obtained all over the building, notwith- 
standing the floors and walls intervening. 

A large number of experiments were made on the effect of varying the length and 
diameter of the receiving wires. If a fairly dead-beat vibrator were used, e.g., plates 
with a short inductance, it was found that the deflection gradually increased with 
increase of length of the receiving wires, reaching a maximum which was unchanged 
by any further increase of length. 

Mi>cc?cxcvji. — A. C 
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The effect on the detector was found to be practically independent of tlie sectional 
area of the receiving wires, A thin wire and a thick rod of the same length had 
equal effects ; a plate of raetal, G centims. wide, produced the same deflection as a 
thin wire. 

If two wires instead of one were used in parallel the effect was the same as one, 
though the wires were some distance apart. Any number of wires in parallel had 
the same effect as a single wire or plate. 

No difference could be detected whether the first half oscillation in the receiver 
tended to magnetize the needle or the reverse. Since the vibrator used was nearly 
dead-beat, this shows that the damping of the oscillations in the receiver is very 
small. On introducing a short carbon rod in the circuit the deflection was greatly 
reduced. 

It was found impossible to magnetize soft iron or steel when placed in the 
receiving circuit on account of the slow decay of the amplitude of the oscillations. 
The detector needle may be kept in position for a succession of observations, provided 
the current in the receiving circuit is steadily increasing for each experiment, other- 
wise the detector should be remagnetized and placed in position again after each 
observation. The deflection was found to be very constant for a series of experi- 
ments under the same conditions. 

The connection between the intensity of the electric force at the receiver and the 
deflection of the magnetometer needle can be easily determined by swinging the 
receiving wires through different angles. 

When the receiver is placed symmetrically with regard to the vibrator, the 
deflection was a maximum when the receiving wires were parallel to the axis of 
the vibrator, and the intensity of the electric force acting along the receiver varies 
as the cosine of the angle from the maximum position. 

With plate vibrators the deflection was found to be nearly independent of the 
degree of brightness of the spark terminals and remained sensibly constant for long 
intervals. In the case of the small cylindrical vibrator used by Hertz with the 
parabolic reflectors, the deflection continually varied with the state of the sparking 
terminals, and such small vibrators cannot be relied on for metrical experiments. 

Some experiments were made to see if the magnetic force in the wave front could 
be directly detected. A collection of thin wires, insulated from each other and 
magnetized to saturation, were used and placed in the direction of the magnetic 
displacement, but the values of the magnetic force were too small to be observed, 
except quite close to the vibrator. 

Wave3 along Wires. 

It was found that the use of a detector, composed of fine insulated wires, was quite 
delicate enough to investigate waves along wires when there was only one turn of 
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wire round the detector needle. Since tlie reduction of magnetic moment was nearly 
proportional to the amplitude of the current, the intensity of currents at various 
points could be very approximately compared. 

Fig. 3. 



Coil. 





The ordinary Hertz arrangement (fig. 3) was set up for obtaining free vibrating 
circuits, 

A and B were two plates set up vertically. Beside them were two small plates 
A' and B', and long wires A'E, B'F were led from these plates. A fixed bridge was 
placed at EF, the ends of the wires, and a detector placed at the middle point of 
EF, with a small magnetometer fixed in position. 

A sliding bridge, CD, was then moved till the fall of the deflection of the detector 
needle was a maximum. This position of the bridge could be very accurately 
determined, for a movement of the bridge through 1 centim. altered the deflection 
considerably. The d etector was then placed in various parts of the circuit CE, and 
the amplitude of the current at the different points determined. It was found that 
the current was a maximum at C and the middle point of EF. A well-defined node 
was found at the middle point of CE. 

The length CEFD was thus half a wave-length. 

Since the use of the bolometer has been the only means of accurately investigating 
waves along wires, it was interesting to observe whether the magnetic detectors 
were of the same order of sensitiveness as the bolometer. 

One turn of wire was wound round each of two glass tubes, sliding along the wires 
CE and DF, as in Reuben's experiments. Instead of the fine bolometer wire, a 
detector needle, with several turns of wire around it, was placed in series with the 
two turns of wire. The charging and discharging of the small condensers, formed by 
the straight wires and the small coils around them, was quite sufficient to almost 
completely demagnetize the needle. ^^ this method the movement of extremely 
small quantities of electricity could be detected and the sensitiveness was quite 
comparable with that of a delicate bolometer. 

No appreciable damping could be detected for the long wire circuits, showing that 
they were probably vibrating almost independently of the primary vibrator. 

If a metre or two of wire was fixed to the pole of a Wimshurst machine, on the 
passage of a spark, there was evidence of a rapidly-oscillating current set up in the 

c 2 
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wire. By using a sensitive detector, with a few turns round it, the variation of the 
current along the wire could readily be determined. 

If short lengths of wire were fixed to any portion of a Leyden jar circuit, on the 
passage of a discharge, there was always evidence of a rapid oscillation set up in the 
wire. Each of the short circuits had a tendency to vibrate in its own natural period, 
but the results were complicated by the oscillations of the main circuit. 

Daminng of Oscillatioiis. 

The use of magnetized needles oflTers a simple and ready means of determining the 
damping of oscillations in a discharge circuit. 

Let L be self-inductance of discharge circuit for rapid currents. 

„ C = capacity of condenser. 

,, K = resistance of leads and airbreak to the discharge. 

,, Vq = potential to which condenser is charged. 
The current y at any instant is given by 

r = /S* ^""^^"^ ' ' sin ^ 



(LC)* (LC) • 

The exponential term only includes the case of frictional dissipation of energy, and 
does not take into account radiation into space. In the experiments at present con- 
sidered, where the condenser is of the type of a Leyden jar, there can be but very 
small amount of dissipation of energy due to radiation. 

Assuming II to be constant, the amplitude of the current decays in geometrical 
progression. 

Consider two similar small oppositely wound solenoids A and B placed in series in 
the discharge circuit. Two magnetized needles are placed in A and B, the north 
poles facing in the same direction. After the passage of a discharge, it will be found 
that the reduction of magnetic moment is not the same in the two needles. 

Let aia^ag ... be the half- oscillations of the discharge in one direction. 
„ Pifi^^z • • • be the half-oscillations in the opposite direction. 

Suppose that the half-oscillation a^ tends to magnetize the needle in the solenoid 
A still further. Since the needle is saturated no effect is produced, fii demagnetizes 
the surface skin, a^ tends to remove the effect of jSg, and so on. In the solenoid B 
a^ demagnetizes the needle, )8j tends to remagnetize it in its original direction, and so 
on. Since the maximum value of the current of a^ is greater than the maximum 
value of ^|, the needle in B will be more demagnetized than in A. 

If, however, we increase the number of turns per centimetre on the solenoid A, 
until the effects on the two needles are exactly the same, then assuming that the 
value of the cuiTent decreases in geometrical progression, the maximum value of the 
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magnetic force due to the oscillation fii acting on the needle A is equal to the 
maximum value due to the oscillation a^ on jS. 

Let y^y^ be the maximum values of the current in the first and second half- 
oscillations respectively. 

Let n^n^ be the number of turns per centimetre on solenoids A and B respectively. 

Then, since 

4^171 = 47m2y2, yJri = ^i/%. 

the ratio of the second to the first half-oscillation is therefore known, and the 
damping is thus determined. The actual resistance in the circuit may also be 
deduced. 

Now yi =pCVoe"^^-^^* where T = period of complete oscillation a,ndp = -ypn , 

y3 = pCVoC-^^ • ^^ 



Therefore 



e-^^^'^^ = ^ = />j, say, 



Therefore 

^^S^i=""2L-¥ (^^• 

Since L and T are known from the constants of the discharge circuit, and pi is 
determined by experiment, R is known. 

In practice, in order to avoid the necessity of determining the constants of 
the discharge circuit, an additional known resistance r is introduced into the 
circuit. If an electrolytic resistance of zinc sulphate with zinc electrodes be used, 
the resistance will be found to be practically the same for steady as rapidly 
alternating currents, as the specific resistance is very great. 

Let p^ be the ratio of the amplitudes of the two half oscillations when R + ^' is in 
the circuit 

logp,= --—-•- (2), 

Dividing (2) by (1) 

11 + r _ log/jg 
R "" log pi 

R is therefore determined in term of r, a known resistance. 

The method of two solenoids was not adopted in practice, but one theoretically 
equivalent employed. 

A narrow piece of sheet zinc ABC was taken (fig. 4) and bent into almost a 
complete circle of 7 centims. diameter. This was fixed on a block of ebonite. At the 
centre of the circle a thin glass tube CM was placed, which served as the axis of a 
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metal arm LM, which pressed against the circumference of the circle and could be 

moved round it. The "detector" consisted of about thirty very fine steel wires, 

•003 inch in diameter, arranged into a compound magnet about 1 centim. long. The 

wires were insulated from each other by shellac varnish, and the sniall needle was 

fixed inside a thin glass tube which could be easily slipped m and out of the central 

glass tube OM, 

Fig. 4. 




A divided scale was placed round the circumference ABC, and the whole arrange- 
ment was fixed in position before a small mirror magnetometer. The magnetized 
"detector" needle was placed in position by sliding it in the glass tube, and the 
deflection due to the needle was compensated by another magnet. The wires of the 
discharge circuit were connected to C and M, and when the arm ML was at C no 
effect was produced on the needle. When the discharge passed round the circle 
there was a deflection due to the partial demagnetization of the detector. The 
detector was then quickly removed and magnetized to saturation in an adjacent 
solenoid and then replaced. It was found that, provided the detector was magnetized 
in a very strong field, on replacing it in position the zero remained unchanged, and 
the same deflection was obtained time after time for similar discharges. 

Since the magnetic field at the centre of a circle due to an arc of length I is 
given by 

H = -^ , where y is the current, 

we see that the magnetic force acting on the needle is proportional to the length of 
the arc traveled by the discharge. 

A series of observations were made and it was found that the deflection due to the 
detector was approximately proportional to the magnetic force acting on the needle, 
provided the magnetic force was well below the value required to completely 
demagnetize the steel. 

Curve (2) represents the relation between the deflection of the magnetometer and 
the magnetic force acting on the needle. The curve is nearly a straight line except 
near the top part of the curve. 

To determine the damping of the oscillations a discharge was passed in one direc- 
tion and the deflection noted. The detector was removed, magnetized and replaced. 
The direction of the discharge was reversed and the arm of the circle moved until 
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the deflection was the same cOs before. When this is the case the ratio of the 
maximum values of the first and second half oscillation is given by the ratios of the 
arcs traversed by the discharge. 

In this way the rate of decay of oscillations in ordinary discharge circuits was 
examined. With short air breaks and copper wires for connection, it was found that 
the damping was hardly appreciable. As the length of the spark gap was increased, 
the absorption of energy in the air-break caused the oscillations to damp rapidly. 
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If the copper wires of the discharge circuit were replaced by iron wires, there was 
in all cases a very rapid decay of the oscillations, whatever the length of the air- 
break. If an iron cylinder were placed in a solenoid, the absorption of energy by the 
cylinder caused a rapid damping, while a copper cylinder of the same diameter had 
no appreciable effect. 

Experiments on Damping of Oscillations. Discharge circuit rectangular, 184 centims. 
by 90 centims. ; Self inductance of circuit, L = 7,400 ; Capacity, C = 2,000 
electrostatic units ; Frequency, 1*25 millions per second. 



Length of spark 


Ratio of amplitudes 
of two first half 


Kesistauco. 


gap- 


oscillations. 




centim. 




ohms. 


•06 


•98 


— - 


•12 


•97 


11 


•24 


•93 


2-6 


•37 


•9 


3-7 


•49 


•79 


8-4 


•61 


•7 


124 



In the third column the apparent resistance, corresponding to the absorption of 
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energy in the conducting wires and spark gap is tabulated. The calculated value of 
the resistance of the wires of the dischai'ge circuit was '4 ohm, so that the remainder 
of the resistance is due to the great absorption of energy in the air break. 
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The above curve represents the relation between the length of the spark and the 
apparent resistance that the spark oflFers to the discharge. The ohmic resistance of 
the air break is probably very variable, depending on the intensity of the charge at 
any instant, but the absorption of energy is quite definite and may be expressed in 
terras of the non-inductive resistance which, when placed in the circuit, would absorb 
the same amount of energy. 

It will be observed that the damping of the oscillations increases rapidly with the 
length of the spark, and that the resistance of the air break increases very rapidly 
witfitslongth 

It was also found that the damping depended on the capacity when the inductance 
and spark length were kept constant. The damping and also the resistance of the 
spark were found to increase with increase of capacity. For example with an air 
break of '32 centim. the damping and resistance are given below. 



Capacity. 


Ratio of Oscillations. 


Resistance. 


JOOO 
2000 
4000 


•94 

•9 

•81 


2-2 
2-6 
3-8 



When the capacity of the circuit was small the damping was found to be very 
small. If iron wires were put into the place of the copper wires in the discharge 
circuit, the damping was found to be great for all capacities investigated. 

When the capacity of the circuit was only 130 electrostatic units, and inductance 
2400, no appreciable damping was found for an air break '5 centim. : When the 
copper wire was replaced by an iron one of the same dimensions, the second half- 
oscillation was only '6 of the amplitude of the first. 
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Resistance of Iron Wires for High Frequency Discharges. 

The rapid decay of the oscillations when iron wires formed the discharge circuit 
has been already noted. This has been observed by Tbowbridge ('Phil. Mag./ 
December, 1891), who found, by photographing the spark, that there was evidence 
of much fewer oscillations when iron wires were used instead of copper. 

For very rapid oscillations the resistance R' is given by R' = \/^p/jtZR (see Lord 
Rayleigh, " On the Self- Induction and Resistance of Straight Conductoi-s,*' ' Phil. 
Mag.,' 1886), where R is the resistance of the wire for steady currents, I the length 
of the wire, ft the permeability, and p = 27r?i, where n is the number of oscillations 
per second. 

Since the expression involves /x, we should expect the resistance to be much 
greater for iron wires than for wires of the same conductivity, but non -magnetic. 

To determine the resistance of iron wires a very simple method was used. The 
fall of deflection, due to the detector needle, arranged as in (fig, 2) was noted. The 
iron wire was then renwved and a copper one of the same diameter substituted. 
Since the inductance of the circuit was practically unchanged, if the damping in the 
two circuits are equal, the resistances should be the same. A short piece of high- 
resistance platinoid wire was introduced into the circuit of the copper wire, and the 
length adjusted until the deflection was the same as in the first case. When this is 
so, the resistance of the platinoid wire, together with the resistance of the copper 
wire, is equal to the resistance of the iron wires for the frequency employed. 

The resistance of the copper wires was calculated for the frequency used, but was, 
in general, small compared with the resistance introduced. 

The resistance of the platinoid wire was also calculated, but was found to be 
practically the same as for steady currents. The length of wire placed in the current 
was 265 centims. ; spark length was '25 centim. 



Kind of wii*e. 


Diameter. 
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R,. 


R^/R. 




centims. 








Soft iron 


•025 


6^1 


11^8 


1-9 


>j 
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2-62 


12-8 


4-9 


11 


•094 


•57 


9-2 


16 


)) ....... 


•295 


•051 


4-2 


72 


Pianoforte steel wire . . . 


•062 


1-51 


11-3 


6-5 


Nickel wire 


•062 


-m 


3-7 


59 



In the above Table, R is the resistance for steady currents, R^ the resistance for a 
frequency 1*6 millims. per second. The last column gives the ratio Rj/R for the 
different wires. In the case of the wire '295 centim. in diameter, the resistance is 
72 times the resistance for steady currents, while in the case of the wire of 
•025 centim. diameter, it is only 1*2 times. 

MDCCCXCVII. — A. D 
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If the value of ft, the permeability of the specimens of soft iron, be calculated from 
the formula 

it will be found that the value varies with the diameter of the wire. 
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Tlie above curve (Curve 4) shows the relation between the diameter of the wire 
and the permeability for the discharge. It will be seen that ft varies approximately 
as the radius of the wire. 

The very small value of the permeability for fine wires is to be expected when we 
consider the very large currents that pass through the wire, and the consequent 
large value of the magnetic force that acts at the surface of the iron. 

The maximum current of discharge, assuming the damping to be small, is given by 

y = j^C Vy, where C is capacity and Vq the potential to which condenser is charged. 

In the above experiments the air-break was about yg^ inch, and the diflerence of 
potential about 10,000 volts, and since ]} = 5'10®, C = 4000, the maximum current 
was about 222 amperes. 

The magnetic force at the surface of the wire of radius r, which conveys the 
current, is given by 

H = -^- = 3552 C.G.S. units, if r = "0125 centim. 

r 
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If we assume the value of B to be about 14,000, we see that the permeability for 
the extreme surface layer would be about 4. The value of the magnetizing force 
diminishes from the surface inwards, so that the mean permeability of the iron to the 
discharge should be greater than the value at the surface. These considerations 
show that the permeability of iron to these discharges is by no means constant, but 
depends on the diameter of the wire and the intensity of the discharge. 

The resistance of iron wires was found to vary with the length of the spark. 
Short air-breaks gave higher values of the resistance than long ones. When the length 
of the spark was so adjusted that the maximum current was approximately constant 
for different periods, the resistance was found to vary as the square root of the 
frequency, as we should expect from theory. 

Several specimens of pianoforte steel wire were examined to see whether the larger 
waste of energy due to hysteresis in steel materially affected the value of the 
resistance, but the increase of resistance was not so great as for soft iron wires of the 
same diameter, although the loss due to hysteresis in steel is much greater than in 
soft iron for slow cycles. 

Absorption of Energy by Metal Cylinders. 

This subject has been treated mathematically and experimentally by J. J. Thomson 
(' Recent Researches,' p. 321-326). It is there shown by observing the electrodeless 
discharge that a cylinder of iron placed in a solenoid absorbs considerably more energy 
than a copper one of the same dimensions. The method adopted here admitted of 
quantitative as well as qualitative results. 

An ordinary Leyden jar was discharged through a solenoid of about thirty turns 
and 14 centims. long. The metal cylinder was then placed in the solenoid and the 
damping of the oscillations observed. The cylinder was then removed and a non- 
inductive resistance added until the damping was the same as when the metal cylinder 
was in the solenoid. The absorption of energy in the cylinder was then equal to the 
absorption of energy in the added resistance, whose value was known. In the above 
we have taken no account of the change of inductance of the circuit due to the metal 
cylinder being placed in the solenoid. The change is small, and could be made 
negligible by making the inductance of the solenoid small compared with the rest of 
the circuit. 

(1.) A test-tube was filled with finely laminated iron wire, '008 inch in diameter. 
The test-tube was filled with parafiin oil, to insure insulation from eddy 
currents. 

The absorption of energy in this case corresponded to an added resistance 
of 10*25 ohms to the circuit. 
(2.) A test-tube filled with steel filings and insulated as in (1). Increase of resist- 
ance, 9 ohms. 

p2 
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(3.) A thin soft iron cylinder, 1*9 centims. in diameter. Increase of i^esistance, 

3 9 ohms. 
(4.) Solid iron rod. Increase of resistance, 3*3 ohms. 
(5.) A copper cylinder, a test-tube filled with a copper sulphate solution, and a 

platinum cylinder showed no appreciable absorption of energy, 
(6.) A carbon rod absorbed a large amount of energy. Increase of resistance, 

3*3 ohms. 

Table of Absorption of Energy of various Conductors; Absorption of Energy 
expressed in Terms of the Increased Resistance of the Discharge Circuit, 



Substance. 



Increaso of resistance. 



Laminated soft iron wires . . . 
Solid soft iron cylinder .... 

Hollow iron cylinder 

Carbon cylinder 

Copper, platinnm, zinc cylinders . 
Steel filings 



10*25 obms 
3-5 
3-9 
3-3 

not appreciable 
9 ohms 



j» 



>» 



j» 



The frequency of the oscillations in the above experiment was two million per 
second. 

If the experimental value obtained for the increase of resistance due to the solid 
iron cylinder be compared with the theoretical value (* Recent Researches/ p. 323), the 
value of the permeability will be found to be 172, which accounts for the much greater 
absorption by an iron cylinder than a copper one. 

From the peculiar deadened sound of the spark, it could always be told when much 
energy was being absorbed in the discharge circuit. With copper wires for the 
discharge circuit, the spark was sharp and bright ; when iron wires were substituted, 
the spark was weak ; when an iron cylinder was put in the place of a copper one, the 
spark was neither so bright, nor so sharp in sound. 



Determination of the Period of a Discharge Circuit. 

It is often a difficult matter to obtaui even an approximation of the period of 
oscillation of a discharge circuit when the capacity of the condenser and the self- 
inductance of the circuit cannot be directly calculated. 

The following simple method was found to work very accurately in practice, and 
could be used for a fairly wide range of frequencies. 

Let ACB, ADB (fig. 5) be two branches of a discharge circuit in parallel, R and L 
the resistance and inductance of the branch ACB, S and N the resistance and 
inductance of branch ADB. 
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Let M be the coefficient of mutual inductance between the two branches. 
Let X and y be currents in branches ACB, ADB respectively. 
It is shown (* Eecent Eesearches,' p. 513) that for a rapidly-alternating current of 
frequency n, where p = 27m, that 

"" = 1 (L + N-2M)3+(R + S)4 °°' ^^' + ') = A cos {pt + 4 say 

f K2 + (L-M)V li , . ,, _ , , ,, 

y = i (L + N-2M)3+(lH-S)-3 } ^' (P^ + = B cos {pt + e ). 

tiint= j>{R(N-M)-S(L-M)} 

S(R + S) + (L + N ~ 2M)(N - M)p* ' 

tan.'^- p{R(t^-M )-S(L-M)} 



R(K + S) + (L + N - 2M) (L - M)p' 



A and B are the maximum currents in the two branches ACB, ADB respectively, 
and 



A __ /S" + (N -_M) V* 



If the circuits be so adjusted that A ^ B 

R2 + (L - M)*i)2 = S« + (N - M)*p«, 

and 

8 R3-S» 

P ~'N2-L8-2M(N-L)' 



The value of the impedance v/R* + P^L* is nearly independent of R for rapid 

frequencies in ordinary copper wire circuits 

Suppose 

n — 10«, p = 27r. 10«, and L = 10*, 

then 

If the value of R for the particular period was 2 ohms say, then 

R» 1_ 

a very small quantity. 
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We therefore see that, under ordinary circumstances, the resistances may be 
neglected in comparison with the inductances. 

If the branch ACB of the divided circuit consist of a high resistance of short length, 
and consequently small inductance, and the other branch of an inductance N, and 

the maximum values of the currents in the two branches are equal, then p^ = vTZTrl' 

since S^ may be neglected in comparison with R^, and supposing the value of M to 
be small compared with N. 

If the inductances are unchanged, N^ — L^ is practically a constant for all periods, 
and p is therefore proportional to R. 

In practice, one branch of the divided circuit consisted of a standaid inductance, 
N, and the other branch of an electrolytic resistance, R. The equality of currents in 
the two circuits was obtained by altering the value of R until the effect on the 
detector needles was the same for both circuits. Since the effect on the needle was 
the same in both circuits, the maximum values of the current are the same, since 
each branch is traversed by an oscillation of the same period. 

Fig. 4. 




It was not found necessary to place the divided circuit in series with the discharge 
circuit, but the arrangement was more satisfactory when it was shunted off a portion, 
PQ, of the discharge circuit XPQS (fig. 6), whose period is to be determined. The 
addition of the shunt circuit had no appreciable effect on the period of the oscillation 
for the equivalent inductance of the two branches QP, QBAP, was slightly less than 
that of QP, and the length of QP was generally not a tenth part of the whole 
discharge circuit. 

ACB, ADB are the branches of the divided circuit. In C was placed a resistance 
consisting of zinc sulphate with zinc electrodes. The amount of resistance in the 
current could be varied by altering the length of electrolyte through which the 
current passed. 

In D was placed a standard inductance consisting of six turns of insulated wire 
wound on a bobbin 10 centims. in diameter. The self-inductance of this could be 
accurately determined by calculation, and was very approximately the same for 
steady as for rapidly changing fields. 

If the inductance L of the resistance branch was small compared with N> the value 
of ^ is given by p = R/N. 
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II. Complete Freezing -Point Curves of Binary Alloys containing Silver or Copper 

together with another Metal. 

By 0. T. Heycock, F.R.S., and F. H. Neville. 

(From the Laboratory of Sidney Sussex College^ Cambridge.) 
Received 6th June,— Read June 18, 1896. 

Section I. 

This paper contains some results of a study of the freezing points of binary alloys, 
the freezing points being traced for all proportions of the two metals, so that the 
results when plotted give a complete freezing-point curve. 

The freezing point, properly speaking, is the temperature at which a liquid and 
some solid that can be formed from it are in equilibrium. In practice, at all events 
when working with alloys, it is necessary to take as the freezing point the tempera- 
ture at which solid matter begins to separate from a liquid that is being slowly 
cooled. The first indication of this formation of solid is generally afforded by a 
thermometer immersed in the liquid, the heat given out when solid matter separates 
arresting the fall in temperature and causing the thermometer to register a constant 
temperature for a shorter or longer time. It is evident that, except when we are 
dealing with a pure substance, the freezing point obtained in this way must be below 
the true freezing point. This cause of error can be diminished by using a sensitive 
thermometer, by using a large mass of substance, and by causing the rate of fall to 
be very slow.* Surfusion also, where it occurs, must be prevented by the usual 
method of dropping in nuclei. When the freezing point changes a good deal for a 
small change in the concentration, this method is liable to give values of the freezing 
point considerably below the true value. 

The general theory of the equilibrium between a liquid mixture of two bodies and 
the various solids that can be formed from such a mixture, has been developed by 
Le Chatelibb, Van't Hope, Bakhuis Roozeboom, Kuster, and other writers, and 
it will be convenient to give here a brief outline of that part of their conclusions 
which we shall afterwards need. 

The solid which separates when a homogeneous liquid mixture of two bodies is 
cooled may consist of either of the two substances, or it may be a compound formed 

* See note, Section IV. 
MDOCCXCVII. — A, B 1.3.97 
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from them ; it may also in certain cases be a solid solution, or it may be an 
isomorphous mixture of the two bodies, or of a compound with one of them. 

To take the simplest case first. Let us suppose that the pure substance A 
separates in the solid form when we cool the homogeneous liquid AB.* If 6 is the 
equilibrium temperature (the freezing point) reckoned from the thermo-dynamic 
zero, X the molecular concentration of A in the liquid AB, that is, the fraction of a 
molecular weight of A contained in every molecular weight in AB, X the latent heat 
of solution of a molecular weight of A in AB at the equilibrium temperature, then it 
is known that these quantities are connected by the equation 

^4 =^<w (1). 

When X is near unity, that is, when but little of B is present, we may fairly take X 
to be the latent heat of fusion of A, and and d0 being known by experiment, we 
may use equation (1) either to deduce x and therefore the molecular condition of B 
from the known value of X, or following the reverse order we may obtain X on some 
assumption as to the molecular state of B. This course has been largely followed in 
the study of solutions in water and in organic solvents, but the method has not, so 
far as we know, been applied to the study of metals of high melting point except by 
ourselves. 

A great and valuable extension of equation (1) is due, we believe, to Lb Chatelier. 
He assmnes, as a first approximation, that X is independent of x and of 6, and he is 
thus able to integrate the equation, obtaining 

2log,a. = x(|-}). (2). 

where 0q is the fi'eezing point of pure A, corresponding to the concentration a; = 1. 

If now we plot as abscissae the values of x from i to 0, and as ordihates .the 
corresponding values of calculated from equation (2), we get the ideal freezing- 
point curve of A. The corresponding curve for B can be plotted in the same way, 
but from right to left. 

The highest point of each curve gives the melting point of the pure substQiice ; 
and the intersection of the two curves (see fig. 1) gives, as Ostwald has pointed out, 
an approximation to the melting point and composition of the eutectic alloy^ The 
freezing-point curves found by experiment will resemble fig. 1, but on account of many 
causes, which may be sununed up as changes in the value of X, cannot be expected 
to be identical with it. In fig. 4, we give ideal curves for silver aiid copper, 
using in equation (2) the values of X found by us. If we use Person's value of the 

* By the symbol AB we mean, not a compound of A and B, but any mixtni'e of the two bodies. 



COMPLETE FREEZING-POINT CURVES OF BINARY ALLOYS. 



27 



Jatent heat of silver, the two curves will be found to intersect at a composition very 
near that of the eutectic alloy. The intersection of the experimental curves in the 
eutectic point terminates the part of each curve which is generally realizable, 
although by utilizing phenomena of selective surfusion, both Le Chatelieb"*^ and 
DAHMst consider that they have, in one or two cases, traced the lower branches for a 
short distance. 

In a certain sense the phenomenon of the eutectic state gives rise to a horizontal 
launch of the jfreezing-point curve, passing through the eutectic point E, fig. 1 ; for 
if we take a mixture represented by the point X and allow it to cool, the changes 
in its state will be represented by points on the vertical XYZ. There will be a 
freezing point at Y followed by a slow fall in temperature until the temperature Z 
is reached, when the pait still liquid will have the composition of the eutectic state 
E, and will solidify without further fall in temperature, thus giving a second very 
well marked freezing point. This phenomenon of double freezing points has long 
been known, and is well shown in the silver-copper curve given in this paper. 
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Let us now suppose that a compound C of A and B exists, whose composition and 
melting point in the pure state are given by the point P. Then, if P lies above the 
curve of fig. 1, and C is not completely dissociated by melting, we shall get a 
freezing-point curve such as fig. 2, with two eutectic points E and E'. This sort of 
curve is well illustrated by the copper-aluminium curve given by Le Chatblxisb 
('Kevue Gen^rale des Sciences/ 30 June, 1895), and in the work of Boozbboom on 
the equilibrium between water, hydrochloric acid, and ferric chloride (' Zeitsch. Phys. 
Chem.,' vol. 15, p. 588). If more than one compound is possible, the main curves of 
fig. 1 may be interrupted by more than one such middle curve. 

If the compound C is not at ail dissociated by melting, then P may be an angle 
and will divide the figure into the two complete systems AC and CB, each corres- 
ponding to the case of fig. 1, and obeying the equations discussed above ; but the 

* * Comptes Rendus,' April 9, 1894. 

t * Ann. Phys. Chem.,' 1896, vol. 54, 386. 

E 2 
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more is dissociated the more rounded will be the point P, and the less conspicuous 
the "middle" curve, of which it is the summit. Attention has been drawn to this 
by LoKENTz and Stoetenbeckeb (' Zeitsch. Phye. Chem.,' vol. 10, p. 194). If C 
is wholly dissociated by fusion, we should not expect its existence to be indicated by 
the freezing-point curve ; and as Lb Chateuer has pointed out, if its melting 
point* lies below the curve of fig. 1, the existence of the compound may equally fell 
to appear in the freezing-point curve. We believe that such cases of partiiJ dis- 
sociation on fusion are probable in the case of alloys (see 'Jour. Chem. Soe.,' 1891, 
p. 936, and 1894, p. G^). 

rig. 4. 
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In fig. 3 we have a case of probably frequent occurrence, where P, the melting 
point of C, lies below the curve B, but a portion of the system CA is possible, as 
shown by the curve QE. Both Le Chatelier and Roozeboom give examples of 
this, and some of the curves occurring in this paper probably contain examples 
of the same phenomenon. 

Thus an intermediate maximum indicates a compound and gives its composition, 
while an angle such as Q may indicate- a com|)ound, but does not necessarily give its 
composition. 

If, instead of one of the pure bodies A or B, or a compound, the substance formed 
is a " solid solution," in Van't Hoff's sense of the word, we should expect the line 
of freezing points starting fi^m the point A to rise, or at all events the fall in the 



* In such a c&an the compound Oeoomponeu iuto a solid nud a liquid part ; ae wben the deca-bydrate 
of Bodinm sulphato " melts " id the prescoce of a satni-ated solution of the salt. 
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in the crucible with au insufticient supply of air, deposited so much carbon that the 
crucible soon became full ; we were therefore obliged to employ hydrogen in such 
cases. 

Before and during the reading of the freezing point the metal was stirred by means 
of a plunging stirrer. This stirrer consisted of a carbon rod screwed into a semi- 
annular foot cut from a plate of gas-carbon so as nearly to fit the crucibla Without 
efficient stirring it is impossible to obtain sharp and consistent readings of the 
freezing point when the solutions are at all concentrated. The stirring was in some 
cases efiected automatically by means of a small water motor, but more often band 
stirring was adopted. Hand stirring, though not so vigorous as an automatic stir, 
has the advantage that the person stirring can note the formation of precipitate and 
observe its character. 

ITie pyrometers employed were of the Callendar-Griffiths type, in which the 
temperature is determined by the change in the electrical resistance of a platinum 
wire. Their constants were re -determined from time to time during the progress of 
the experiments, using as fixed points, ice, steam, and the vapour of boiling sulphur 
(444 'SS^). These three points are sufficient for reducing, by Callendab's rule, the 
observed resistance to the temperature on the Centigrade-air scale. The justification 
for this rule is to be found in Callendar's* comparison with the air thermometer up 
to 600° C, and in the identity of the freezing point of copper, as determined by us 
and by Holborn and WiEN,t the latter observers virtually using the air thermometer. 
This point has also been discussed by Griffjth8.:|: The exact accuracy of this reduc- 
tion to the Centigrade-air scale is not, however, of moment for the purpose of the 
present paper; it is sufficient that these pyrometers give consistent temperatures on a 
scale that nowhere differs much from the true scale. The additional experience 
gained in making the experiments described in the present paper has confirmed us in 
the opinion that such is the case. 

Section III. 
The Tables of Experimental Results. 

Each table gives the freezing points for a pair of metals. The weight of pure 
metal that we start with is given at the head of the table or section. 

Column (1) gives the total weight of the second metal present at the moment 
of taking the freezing point. 

Column (2) gives the percentage of the second metal present in the alloy. The 
percentage of the first metal present can be obtained by subtracting the numbers 
of column (2) from 100. 

♦ Callendar, * Phil. Trans./ A., 1887, p. 161 ; A., 1891, p. 119. ■- 

t Holborn and Wibn, • Ann. Phys. Chom.,' 1892, 47, 107. 

X Griffiths, ' Natare,' November 14», 1895, and February 27, 1896. 
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Column (3), the Atomic Percentage of the second metal, givies the number of atoms 
of the second metal in every 100 atoms of the alloy. It would be more satisfactory 
if we could calculate the number of molecules of the second metal in every 100 
molecules of the alloy, but unfortunately we can only make uncertain guesses as to 
the molecular weights. As before, by subtracting the number in column (3) from 
100 we get the atomic percent:ige of the first metal. Columns (2) and (3) are not 
calculated beyond the second decimal place, as this gives a degree of accuracy equal 
to that of the freezing points in column (4). 

Column (4) gives the freezing point. This temperature was read to one-hundredth 
of a degree, but in the tables we, as a rule, only give the tenths of a degree. 

Column (5), the Atomic Fall, is obtained by dividing the total depression of the 
freezing point, taken from column (4), by the atomic percentage taken from column 
(3). This column shows how far the law of proportionality between the concentration 
and the total depression of the freezing point holds good. For concentrated solutions 
the atomic fall has no simple meaning, and in such cases it is not given in the tables. 
In applying equation (1) to the case of dilute solutions, for which alone the conception 
of the atomic fall is useful, we must regard dx as identical with 1 — x. This is the 
atomic percentage divided by 100, so that the atomic fall is joo ' dOjdx^ a quantity 
which equation (1) tells us is equal to '020^ /x\. If we use the more accurate 


equation (2), then the atomic fall is . ' ^ . '02 log^. The two expressions become 

identical when x is imity. 

Numbers in column (4), which are enclosed in brackets, are second freezing points, 
corresponding to a eutectic state. 

Each series in a table corresponds to an entirely new alloy, and the horizontal 
spaces dividing a series into sections indicate that a portion of the alloy has been 
extracted from the crucible and the experiments continued with the residue.* It 
will be seen that the freezing point was always taken after as well as before such an 
extraction. 

The notes and remarks at the end of each table are substantially copied from the 
laboratory note-book. 



* Table 11a contains examples of this. 
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Table Ia, — Freezing Points of Alloys formed by adding Copper to Silver. 

Series 1. — 348*9 grams Silver. 



(1.) 


(2.) 


(3.) 


(4.) 


(5.) 


Total weight of 
copper present 


Percentage weight 
of copper. 


Atomic 

percentage of 

copper. 


Freezing point on 

the Centigrade 

scale. 


Atomic fall. 











960-0 




1-074 


•31 


•62 


957-2 


5-4 


2101 


•60 


1-02 


95i-3 


5-6 


4195 


1-19 


2-01 


948-7 


6-6 


811 


2-27 


3-81 


938-6 


5-61 


13-59 


3-75 


6-23 


925-3 


5-67 


2403 


6-44 


10-50 


902-4 


5-49 


44-87 


11-39 


17-99 


864-9 


6-28 



Seines 2. — 200 grams Silver. 












959-3 




7-305 


3-52 


5-86 


926-1 


5-66 


22-35 


10-05 


16-00 


865.3 


5-88 


32-86 


14-11 


21-88 


847-3 


6-12 


43-57 


17-88 


27-08 


825-3 


4-95 


55-67 


2177 


32-18 


805-0 


4-80 


61-74 


23-59 


34-48 


797-0 


4-71 


>> 


i> 


»» 


(778-0) 




67-95 


25-36 


36-67 


788-9 


4-65 


»» 


>» 


>» 


(778-6) 




74-05 


27-02 


38-70 


781-7 


4-59 


»» 


»> 


>> 


(778-6) 




78-16 


28-10 


40-00 


778-65 




82-16 


29-12 


41-18 


7791 




90-34 


3112 


43-50 


790-3 




» 


)> 


»» 


(778-6) 




10302 


34-00 


46-75 


805-3 




•» 


>t 


>» 


(778-2) 




118-38 


37-19 


50-22 


818-80 





Series 1. — Before adding the last quantity of copper the galvanometer was balanced, 
and it was observed that at the moment after the addition of the copper there was 
no sudden change of temperature. The total weight of the metals used in this series 
was 393'8 grams, but the ingot of alloy was found to weigli 379 grams. Although 
some of the alloy adhered to the crucible and to the pyrometer stem, and hence was 
not weighed, yet these numbers point to a probable loss of metal during the course of 
the experiments. The metal was molten for periods amounting to about five hours 
in all. 

Series 2. — The first two freezing points of the alloy in this series prove, when 
plotted, to be inconsistent with the results of the other series and with the later 
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points of this series. A probable explanation is that the silver was not fully molten 
at the moment of adding the first and second quantities of copper, and so the solution, 
whose freezing point was taken, was at the time richer in copper than the figures 
indicate. 

At 1 6 atoms, precipitate begins to form at the freezing point and can be watched 
forming freely as the mass slowly falls in temperature. 

At 34'48 atoms, a second lower freezing point, much more constant in temperature 
than the upper point, was noted. This is reached when the still liquid portion attains 
the composition of the eutectic alloy — 40 atoms of copper. This freezing point, and 
all other similar eutectic points, have the temperature j^laced in brackets, to distinguish 
it from the upper first freezing point at which solid begins to separate. This eutectic 
point is probably the same whatever the proportions of copper and silver. When an 
alloy by partial solidification reaches this temperature, the thermometer no longer 
falls slowly as solidification progresses, but registers a quite constant temperature, 
until the whole mass is solid. 

The total weight of the metals used in this series was 3 18 '4 grams, but the ingot 
of alloy was found to weigh 315 grams, and a little was left on the stirrer. 

At 32*18 atoms there was a trace of surfiision. 



Table Ia. — Freezing Points of Alloys made by adding Copper to Silver. 

SeHes 3. — 182*57 grams Silver. 



(1.) 


(2.) 


(3.) 


(4) 


(5.) 


Total weight of 
copper present. 


Percentage of 
copper. 


Atomic 

percentage of 

copper. 


Freezing point 

on the Centigrade 

scale. 


Atomic fall. 


8-739 


4-57 


7-55 


9170 


5-70* 


17-447 


8-72 


1401 


883-7 


5-44 


18-65 


9-27 


14-83 


880-0 


5-39t 


19-99 


9-87 


15-73 


875-4 


5-38 


21-41 


10-50 


16-67 


870-7 


5-36 


23-03 


11-20 


17-70 


866-0 


5-31 


24-74 


11-93 


18-77 


861-1 


527 


26-54 


12-69 


19-86 


856-3 


5-22 


28-24 


13-40 


20-87 


851-8 


5-18 


30-25 


14-2-2 


22-03 


846-7 


5-14 


33-25 


15-41 


23-70 


839-5 


6-08 


39-66 


17-85 


27-03 


825-5 


4-98J 



* As nsaal, at this stage, there was an abundant precipitate at and after the moment of reading, and 
a few degrees below the recorded freezing point stirring became impossible. 

t Here the period of stationary temperature was very short. 

J In most of the above experiments there was an abundant precipitate at the moment of reading the 
temperature, but the freezing point, though quite marked, was not constant for long. 

MDCCCXCVIL — A. F 



34 



MESSRS. C. T. HKYCOCK AND F. H. NEVILLE ON 



These experiments, when plotted, show that there is no inflexion in the curv^e on 
the silver side. 

The ingot of alloy weighed 220 5 grams, while the metals used weighed 
222-2 grams. 

At the first three readings of this series surfusion was noticed. 



Table Ib. — Freezing Points of Alloys made by adding Silver to Copper. 

Series 1. — 200 grams Copper. 



(1.) 

Total weight of 
silver present. 





1028 
4-374 
9-53*2 
14-84 
29-85 

45-06 

60-07 

80-3 1 

100-54 

120-68 



(2.) 

Percentage of 
silver. 





-51 

214 

4-55 

691 

12-99 

18-39 
2310 
28-66 
33-45 
37-64 



(3.) 

Atomic 

percentage of 

silver. 





-30 
1-27 
2-72 
4-17 
8-05 

11*67 
1498 
1907 
22-77 
26-15 



(4.) 

Fi'eezing point 

on the Centigrade 

scale. 



1081-5 

1079-1 

1071-1 

1059-1 

1048-1 

1019-6 

1020-8 

996-5 

976-0 

953-5 

934-4 

917 4 



(5.) 
Atomic fall. 



80» 

8-2 

8-24 

801 

7-69 

7-54t 

7-28 

7-04 

6-71 

6-46 

6-28+ 



* When the Bilver*was dropped into the molten copper it appeared to boil. 

t Up to this point coal-gas had been ased to protect the surface of the copper from oxidation, bat so 
much finely divided gas carbon had formed in the crnciblo that pare dry hydrogen was henceforward 
nsed. The gas carbon does not form over molten silver at its melting pdint. This reading was takon 
two days after the preceding. 

X The weight of the metals nsed was 320*7 grams, but the ingot, after dipping while hot in dilate 
snlphnric acid, weighed 310-4 grams. The surface of the ingot was mottled with white spots on a ground 
of copper colour. 
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Table Ib. — Freezing Points of Alloys made by adding Silver to Copper. 

Series 2. — 12473 grams Copper. 



(1) 


(2.) 


(3.) 


(4.) 


(5.) 


Total weight of 
silver present. 


Percentage of 
silver. 


Atomic 
percentage of 

silver. 


Freezing point on 

the Centigrade 

scale. 


Atomic fall. 


75-27 


37-64 


2615 


916-5 


6-31* 


90-43 


4203 


29-84 


900-2 


6-08 


110-58 


4700 


34-22 


881-6 


5-84 


130-60 


51-16 


38-06 


866-5 


5-65 


150-70 


54-72 


41-48 


852-9 




175-86 


58-51 


45-27 


837-2 




»» 


• 


»> 


(778-4) 


t 


200-94 


61-71 


48-59 


823-7 




1 


i» 


>i 


(778-6) 


+ 



* Series 2 begins where Series 1 ends. The difference of -9° C. between the last reading of Series 1 
and the fii*8t reading of Senos 2 is perhaps a measnre of the changes in composition that the mixtare of 
Series 1 has undergone by volatilization and oxidation. IF so, these two causes of error, when taken 
together, are not very important. A shift in the constants of the pyrometer during Series 1 might well 
amount to as mach as 1^ C. 

t Partial stirring was possible until the temperature fell to the eutectic point 

X The ingot of alloy weighed 319 grams instead of the 325-6 grams of metal used, but several frag- 
ments of alloy adhering to the apparatus were not weighed, so that the loss from all causes was smal I 
during the experiments. 
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Table la — Freezing Points of the Eutectic Alloy of Silver and Copper. 

200 fframs Silver. 



(1.) 

Total weight of 
copper present. 




72 

7405 
7604 

77-80 
7911 
82-13 

87-15 



26-47 

27-02 
27-55 

28-01 
28-34 
2911 

»» 
30-35 



(3.) 

Atomic 

percentage of 

copper. 



3803 

38-70 
39-33 

39-87 
40-27 
41-18 

»> 
42-63 



(4) 

Freezing point on 

the Centigrade 

scale. 



783-44 
(777-15) 
780-4 
(777-25) 
77911 
777-59 
777-76 
780-45 
781-49 
778-55 
787-09 
778-45 



The ingot of alloy weighed 286*5 grams, while the total weight of the metals used 
was 287-15. 

At temperatures but little above the eutectic, the stationary temperature at the 
F.P.* lasted but a short time, so that there was some danger of reading these freezing 
points too low ; to meet this, nuclei of alloy were extracted from the crucible and 
dropped in just before the temperature fell to the freezing point. This method 
removes the risk of sur fusion and slightly raises the observed F.P. 

There was an interval of a night between the earlier readings of this series and the 
last four, but the constants of the pyrometer were not re-determined. A change in 
the constants may be the cause of the fact that the first F.P. on the second day was 
a degree higher than the F.P. of the same alloy on the previous day. We have, 
therefore, in drawing the curve of this series subtracted one degree from all the 
second day's readings. 



F.P. is *' fi*eezing point." 
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Table IIa. — Freezing Points of Alloys made by adding Lead to Silver. 

200 grams Silver. 



(1) 


(2.) 


(3.) 


(4.) 


(5.) 


Total weight 
of lead present. 


Percentage of 
lead. 


Atomic 

percentage of 

lead. 


Freezing point on 

the Centigrade 

scale. 


Atomic fall. 











95912 




2-004 


0-99 


-52 


954-34 


9-2 


4-004 


1-96 


1-03 


949-0 


9-8 


6005 


2-92 


1-54 


944-0 


9-8 


10005 


4-76 


2-54 


934-4 


9-72 


14-335 


6-69 


3-61 


924-3 


967 


» 


>» 


»> 


9245 


• 


20-335 


9-23 


504 


910-4 


9-67 


30-335 


1317 


7-33 


b86'6 


9-89 


45-335 


18-48 


10-57 


853-4 


10-00 


60-34 


2318 


13-60 


820-0 


10-23 


80-34 


28-66 


17-32 


782-7 


10-19 


105-34 


34-50 


21-56 


741-6 




130-34 


3946 


25-37 


710-0 




160-33 


44-50 


29-49 


684-1 




200-34 


5004 


34-32 


659-5 





134*84 grams Silver. 



13507 


50-04 


34-32 


659-2 


17507 


56-49 


40-38 


635-4 


21507 


61-47 


45-42 


619-3 


H 


» 


»» 


(308-5) 


255-07 


65-42 


49-66 


606-2 


295-07 


68-63 


53-30 


596-1 



777 grams Silver. 



17000 


68-63 


53-30 


5963 


210-00 


73-00 


58-51 


580-8 


255-00 


76-64 


63-12 


5630 


315-00 


80-22 


67-90 


548-3 



+ 



* The second freezing point was taken on the resumption of the experiment after a night's interval, 
t Residue of the above alloy after the removal of 130*4 grams ; the freezing point was taken after a 
night's interval. 

J Residue after the removal of 182-2 grams. 
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For tlie first 5 atomic per cents, of lead there was an abundant precipitate at the 
moment of reading. After this concentration the precipitate at the moment of 
reading gradually became less and less, and before 45 atomic per cents, it ceased 
to be possible to detect precipitate at the moment of reading or for some time 
afterwards. At this concentration plenty of precipitate could be felt on the bottom 
of the crucible when the alloy had cooled 50 or 100 degrees below the F.P. 

At 45 atomic per cents, of lead the alloy was allowed to cool to the eutectic 
point, but stirring had become impossible long before the temperature had fallen to 
this point. 

Beyond 50 atomic per cents, of lead the F.P. is only indicated by a slight decrease 
in the rate of cooling. 

At 34*32 atomic per cents, and at 53*3 atomic per cents, the crucible had become 
too full and a portion of the alloy was removed. It will be noticed that the F.P. 
before and after this removal of a part of the alloy is substantially the same. 

At the end of the experiments the solidified ingot of alloy was found to weigh 
389*8 grams, while from the weights of the two metals used it should have weighed 
392*7 grams ; part of this loss is due to metal adhering to the pyrometer and the 
crucible. 

Oxidation did not occur either during the experiments or during the cooling. 
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Table IIb. — Freezing Points of Alloys made by adding Silver to Lead. 



250 grams of Lead. 



(1) 


C^.) 


(3.) 


(4.) 


Total weight of 
silver present. 


Percentage of 
silver. 


Atomic 

percentage of 

silver. 


Freezing point on 

the Centigrade 

scale. 











327-60 


5-21G 


204 


3-85 


306-17 


»» 


»i 


»> 


(303-72) 


10-431 


401 


7-41 


(;303-5) 


i> 


«i 


»« 


(303-2) 


15-647 


5-89 


10-71 


(303-2) 


20-862 


7-70 


13-80 


(303-4) 


26078 


9-45 


16-67 


460-6 


31-293 


11-13 


19'36 


481-6 


39116 


13-53 


23-08 


505-5 


46-94 


15-81 


26-47 


523-6 


54-76 


17 97 


29-58 


536-9 



The second reading at 7*41 atoms was taken on the day after the first. Until 
16*67 atomic per cents, of silver no higher point than the eutectic could be found 
although the alloys were heated above 500° C, and the cooling carefully watched 
until the eutectic point was reached. This must be due to the fact that very little 
solid separates out at the F.P. With more than this proportion of silver the F.C. 
could be detected, but the indication was slight until 23 atomic per cents, of silver. 

The eutectic point deduced from the above is 303*3° ; in our previous work 
(*Chem. Soc. Jour./ 1892), using mercury thermometers, we made it 303°, the fixed 
points on the mercury thermometers having been previously determined by com- 
parison with a platinum thermometer. 
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Table IIIa. — Freezing Points of Alloys made by adding Tin to Silver 

200 grams Silver. 



(1.) 

Total weight of 
tin present. 





1-013 
2-891 
6-926 
11172 
19-39 
33-51 
48-63 
63-87 



78-89 

98-92 

119-65 



82-04 
97-43 
117-51 
137-69 
157-96 
179-44 



»> 



(2.) 

Percentage of 
tin. 



(3.) 

Atomic 
percentage of 



tin. 



(4.) 

Fi^eozing point on 

the Centigrade 

scale. 





-504 

1-425 

3-347 

5-290 

8839 

14350 

19-57 

24-20 



201 grams Silver. 



28-19 
32-98 
37-32 



137*82 grams Silver 



37-32 
41-42 
4602 
49-98 
53-41 
56-56 



>» 



35-23 


567-6 


39-24 


538-7 


43-79 


510-2 


47-72 


489-2 


51-16 


474-0 


54-34 


4641 



^1 



(220-2) 



91 "9 4 grams Silver. 



119-73 


56-57 


54-34 


4630 


135-53 


59-59 


57-38 


453-3 


161-11 


63-67 


61-55 


437-9 


188-25 


6719 


65-17 


424-8 



08*35 gravis Silver. 



139-97 


6719 


65-17 


4250 


160-34 


70-1 1 


6819 


4130 


190-42 


73-59 


71-80 


399-2 


230-89 


77-16 


75-51 


381-4 


»> 


»> 


j> 


(221-4) 



(5.) 
Atomic fall. 






959-2 




-461 


956-1 


6-72 


1-304 


950-0 


7-06 


3-067 


936-3 


7-47 


4-856 


921-8 


7-70 


8-139 


8910 


8-38 


13 28 


830-2 


9-69 


18-18 


755-9 


11-18 


22-59 


091-7 


11-84 



26-40 


648-2 


11-78 


31-02 


603-1 


11-47 


35-23 


567-4 1 


11-12 






Residue of the preceding alloy after the removal of 100*8 grams. 



+ 



?» 



»5 



>1 



>» 



»1 



♦» 



>» 



105-6 
71-9 



*» 



>> 
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For the finst five atomic per cents, at least, the moment of freezing is detected by 
the person stirring a second or two before the observer at the galvanometer, as the 
walls of the crucible become abundantly coated with a smooth solid. 

At 22 atomic per cents, nuclei of silver weie added just before the reading, but no 
effect was noticed, and the nuclei of silver did not melt easily. 

At 3 5 '23 atomic per cents., and at a temperature considerably above the F.P., 
some of the alloy was extracted. 

At the higher freezing point at 54 '34 atomic per cents., and for 50° or more below 
the F.P., no solid could be detected, but the reading was well-marked. The lower 
F.P. was obtained by allowing the alloy to cool to the eutectic state. 

A portion of the alloy was now removed ; the F.P. afterwards was a degree lower. 

At 65*17 atomic per cents; a portion of the alloy was removed, the F.P. before and 
after this process being the same. 

At and aft^r 54 atomic per cents., little or no solid matter can be detected at the 
point recorded as the F.P., but the cooling at this point suddenly becomes much 
slower. 

At 75*5 atomic per cents, no solid matter could be detected until close to the 
eutectic point. Soon after this point was reached the alloy set to a solid mass at the 
eutectic temperature. 

Table IIIb. — Freezing Points of Alloys made by adding Silver to Tin. 

180 grams Tin. 



(1) 


(2.) 


(3.) 


(4.) 


(5.) 


Total weight of 
silver present. 


Percentage of 
silver. 


Atomic 

percentage of 

silver. 


Freezing point on 

the Centigrade 
, scale. 


Atomic fall. 











232-07 




3-289 


1-80 


1-96 


226-54 


2-82 


6-579 


3-53 


3-85 


221-67 




8-224 


4-37 


4-76 


(221-59) 




» 


)) 


» 


232-5 




11-513 


6-01 


6-54 


259-5 




18092 


9'13 


9-91 


296-9 




24-67 


12-05 


13-04 


322-6 




3618 


16-74 


18-04 


855-2 




49-34 


21-52 


23-08 


380-8 





It is clear that the eutectic state is reached with somewhat less than 3*85 atomic 
per cents, of silver. 

The readings, higher than the eutectic, until 10 atomic per cents, of silver, are 
very fugitive, the F.P. being indicated by a slight change in the rate of cooling. One 

MDCOOXCVII. — A. G 
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would expect these readings to be subject to a large experimental error, but the 
curve shows that they are consistent with each other. 

It will be noticed that where the two series meet the latter lies some five degrees 
higher. The discrepancy may be due to some small extent to a change in the 
constants of the pyrometer, to a greater extent to an error in the determination of 
the last F.P. of the first series, but we think it is also due in part to a loss of silver 
by volatilization and splashing during the course of the first series. 

Table IVa. — Freezing Points of Alloys made by adding Lead to Copper. 



Series 1. — 200 grams Copper. 



Series 2. — 96 grams Copper. 



(1.) 


(2.) 


(3.) 


(4.) 


(5.) 


Total weight of 
lead present. 


Percentage of 
lead. 


Atomic 

percentage of 

lead. 


Freezing point 

on the Centigrade 

scale. 


Atomic fall. 











1080-8 




100 


•50 


•15 


1079-3 


10-0 


2122 


105 


•32 


1077-1 


11-6 


5124 


2-50 


•78 


1071-6 


11-8 


10124 


4-82 


1-65 


1062-8 


11-6 


15124 


703 


226 


1055-1 


11-37 


2512 


1116 


370 


1039-2 


11-25 


4012 


16-71 


6-78 


1018-3 


10-81 


6012 


2311 


8-42 


9950 


1019 


8012 


28-60 


10-92 


977-6 


9-45 


10512 


34-45 


1386 


963-6 


8-46 


13512 


40-32 


1713 


954-4 




15512 


43-68 


1918 


953-3 




17512 


46-68 


2113 


9631 




19512 


49-38 


22-99 


9531 




21512 


51-82 


24-76 


953-2 





104 


5201 


24-90 


951-1 




164 


6308 


34-33 


952-3 




254 


72-58 


44-73 


952-0 




394 


80-41 


55-67 


951-2 




424 


81-54 


57-47 


950-8 
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Table IVb. — Freezing Points of Alloys made by adding Copper to Lead. 

Series 1. — 250 grams Lead. 



(1.) 


(2.) 


(3.) 


(4.) 


Total weight of 
copper present. 


Percentage of 
copper. 


Atomic 

percentage of 

copper. 


Freezing point 

on the Centigrade 

scale. 











327-6 


1-766 


•70 


2-26 


327-2 


4-965 


1-95 


610 


327-6 


24-29 


8-86 


2410 


917-0 


26-44 


9-67 


26-70 


9240 . 


29-44 


10-64 


27-80 


932-2 


34-46 


12-12 


31-06 


941-1 


37-68 


13-07 


32-94 


946-1 


41-81 


14-a3 


35-36 


948-8 


46-83 


16-78 


37-97 


962-6 


61-98 


17-21 


40-47 


963-3 


>i 


>i 


19 


326-9 


57-21 


18-63 


42-80 


963-7 


67 39 


21-23 


46-86 


954-5 




Series 2. — 40( 


3 grams Lead. 













327-3 


2-45 


•61 


• 1-97 


3260 


21-96 


6-20 


16-24 


8681 


30-04 


699 


19-70 


890-8 



The following numbers refer to the atomic percentage of lead in table IV. 

At '15 the stirrer set fast soon after the reading of the F.P. 

At '32 there was much precipitate at or just after the reading, but stirring wajs 
possible. 

At 2 '2 6 a very liquid substance was left on the surface after the bulk had 
precipitated, or been beaten down by the stirrer to the bottom of crucible. 

At 8*4, after the F.P., a solid forms on the top, but it can be beaten down to the 
bottom of the crucible, until most of the alloy is solid, with some quite liquid at the 
top. 

At 17*13 no precipitate was felt for some time after the F.P. 

From 19'18 to quite 50 the temperature at the F.P. is, for some minutes, very 
constant, like that of a eutectic mixture. There is no perceptible precipitate at the 
F.P. or for some time after, and then it is noticed adhering as a' layer to the walls of 
the crucible. 
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From 50 to 60 the temperature, though quite constant at the F.P., did not remain 
constant for so long a time as before. 

From 60 to 85, the last point that could be observed, the halt in the fall of 
temperature at the F.P. became rapidly less marked, that at 80 and 85 being 
very transient. 

Repeated efforts were made to determine the F.P. of mixtures containing more 
than 85 atomic percentages of lead, but the only stop in the cooling takes place at 
327°*5, the F.P. of pure lead, or more strictly the F.P. of a eutectic mixture of 
copper and lead. It will be seen that, at 60 atomic percentages of lead, the eutectic 
point was 327°. In this series of experiments we did not attempt to make a minute 
study of the eutectic alloy of copper and lead ; but on a previous occasion, using a 
sensitive mercury thermometer ('Chem. Soc. Journ.,' 1892, p. 906), we found that 
copper lowered the F.P. of lead by 1°'17 C, and that the eutectic alloy contained 
rather less than '2 atomic percentage of copper. 

The difficulty of tracing the upper branch of the curve between 85 and 100 atomic 
percentages of lead is not due to the insolubility of copper in lead, for, at a red heat, 
copper dissolves fi'eely ; but rather to the fact that, between these limits, the solu- 
bility changes but little with change of temperature, so that at any given temperature 
the amount of solid that separates is small. It is evident that the curve must 
become almost vertical for dilute solutions. 

At the end of each series, after removing the pyrometer and stirrer, the furnace 
was closed as completely as possible, and the alloy allowed to cool slowly in a current 
of reducing gas. When cold, the alloys were weighed. They were in the form of 
cylinders, 3 centims. wide and from 4 to 7 centims. long. Each ingot was completely 
covered with a thin layer of soft metal, which appeared to be almost pure lead, but, 
on cutting a plane face from end to end along the cylinder, the character of the alloy 
could be studied. 

At 24*76 atomic percentages of lead the alloy was found to weigh 413 grains, 
instead of 415, which is the sum of the weights of the metals used. During the 
earlier experiments with this alloy, a few particles had been splashed out of the 
crucible. The alloy appeared quite free from oxide. 

The structure revealed by the face cut on the cylinder was as follows : — two or 
three millims. at the top were lead-coloured, with a few spots of copper that were 
invisible to the naked eye, but could be seen by the aid of a lens. Below this, for 
4*5 centims., the metal was copper-coloured, but the lens, or indeed a careful 
inspection with the naked eye, showed a great number of irregular roundish spots of 
lead-coloured metal embedded in the mother substance. The bottom centimetre 
consisted of grey metal which, to the naked eye, presented a well-marked tinge of 
red from the large number of spots of copper scattered through it. The lines 
separating the middle copper layer from the upper and lower layers were perfectly 
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sharp to the naked eye ; the upper boundary line was convex, the lower boundary 
quite straight. 

At 54*47 atomic per cents, of lead the ingot weighed 519 grams, white the sum of 
the weights of the metals used was 520 grams. 

The face cut on this ingot showed that the upper layer of lead-coloured metal was 
so thin as to be barely visible. The copper coloured layer had more grey in it, and 
was only 5 millims. deep. Its line of separation from the lower lead-coloured layer 
was somewhat irregular. This grey layer formed the bulk of the alloy, being 
6 centims. long. 

As before, it had a reddish tinge from the spots of copper scattered through it. 
These were imiformly distributed, except near the top, where complete separation had 
not occurred. The copper tinge was less pronounced than at 24*76. 

At 53*15 atomic per cents, of lead the ingot weighed 312*5, while the total weights 
of the two metals come to 317*4. 

As might be expected, this strongly resembled the preceding alloy, except that it 
was less homogeneous, cavities being visible, especially in the lead part, containing 
octahedral crystals of copper. 

At 80*3 atomic per cents, of lead the alloy weighed 427 grams instead of 430. 
This alloy was homogeneous to the eye, being lead-coloured throughout. In some 
lights the upper 2 centimetres had the faintest reddish tinge, but this detail was 
uncertain. Only a very few minute specks of copper could be detected even by 
careful examination with a lens. There were no cavities in the alloy. 

It will be noted, by comparison with fig. 9, that while the first three ingots 
which show separation into two layers correspond in composition to points on the flat 
part of the curve, the fourth ingot, which is homogeneous, corresponds to a point on 
the descending portion of the curve. 
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Table Y. — Freezing Points of Alloys made by adding Bismuth to Copper. 

250 grains Copper. 



(I) 


(2.) 


1 
(3.) 


(4.) 


(5.) 


Total weight of 
bismuth present. 


Percentage of 
bismnth. 


Atomic 

pei'oentage of 

bismnth. 


Freezing point on 

the Centigrade 

scale. 


Atomio fall. 











1077-2 




2-354 


•933 


•286 


1074-0 


11-2 


7161 


2-79 


•87 


1067-2 


11-5 


12-626 


4-81 


1-51 


1059-9 


11-46 


18-656 


6-94 


2-22 


1052-9 


1094 


28-793 


10-33 


3-39 


1041-3 


10^69 


40-295 


13 88 


4-68 


1029-7 


1015 


55-762 


18-24 


6-36 


1014-9 


9^79 


76-55 


23-44 


8-52 


999-1 


917 



Table VI. — Freezing Points of Alloys made by adding Grold to Copper. 



250 grams Copper. 



(1.) 

Total weight of 
gold present. 


(2.) 

Pei-centage of 
gold. 


(3.) 

Atomic 

percentage of 

gold. 


(4.) 

Freesing point on 

the Centigrade 

scale. 


(5.) 
Atomic &1L 




1-120 

4-336 

10-524 

16-936 

26-787 




0-45 
1-71 
4-04 
6-30 
9-68 




-144 

-554 

1-333 

2-129 

3-325 


1079-70 
1079-56 
1076-95 
1072-08 
1067-88 
1060-61 


100 
4-96 
5-72 
5-55 
5-74 



COMPLETE PRBEZING-POINT CURVES OF BINARY ALLOTS. 



47 



* ■ 

Table VIIa. — Freezing Points of Alloys made by adding Tin to Copper. 

Series 1. — 200 grains Electrolytic Copper. 



(1.) 


(2.) 


(3.) 


(4.) 


(5.) 


Toiial weight of 
tin present. 


Percentage of tin. 


Atomic 
percentage of tin. 


Freezing point on 

the Centigrade 

scale. 


Atomic fall. 











10821 


10-4 


1-855 


•92 


•50 


1076-9 


11-3 


5*549 


2-70 


1-47 


1065-5 


11-98 


12-062 


5-69 


313 


1044-6 


13-44 


24152 


10-78 


6-08 


1000-4 


, 


45192 


18-43 


10-80 


909-6 


. 


71-16 


26-24 


1602 


788-8 




86-20 


3012 


18-77 


757-7 




96-40 


32-53 


20-53 


742-0 


, 


i» 


» 


>» 


742-0* 




101-49 


33-66 


21-39 


738-8 




11204 


36-91 


23-10 


734-3 




119-96 


37-50 


24-32 


730-8 




123-61 


38-20 


24-88 


7290 




126-66 


38.77 


25-35 


727-4 




131-67 


39-70 


2609 


724-5 




137-73 


40-79 


26-96 


Jr20-7 





126-73 
15700 
187-47 
24905 



120*28 grams Copper. 



82-84 


40:79 


26-97 


220-6t 


8805 


42-27 


28-18 


714-9 


98^5 


45-03 


30-51 


702;8 


118-67 


49-65 


34-57 


6800 


143-88 


54-47 


39-07 


656-1 


173-91 


59-12 


43-67 


633-1 


204-51 


62-97 


47-68 


615-7 



74'56 grams Copper. 



62-97 
67-81 
71-55 
76-97 



47-68 
5303 
57-41 
64-17 



616-Ot 
593-8 
576-1 
546-7 



Tbe first three fireezing points of this series were well marked, and accompanied by 
a considerable formation of precipitate. 

At 16 atoms of tin the freezing point was a very steady temperature, and there 
was much precipitate at the moment of reading. 

* Determined the daj after the previous reading. 

t Residue of the preceding alloy after the removal of 134-6 grams. 



+ 



t) 



»» 



»i 



>> 



II 
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The freezing points from 20'53 to 24"32 inclusive were noted as being so steady as 
to resemble eutectic points. This is the region from SnCu^ to SnCug. 

At 24*32 atoms no precipitate was noticed at the moment of reading the freezing 
point, but before the metal had cooled two degrees below the recorded temperature 
stirring had become impossible ; in fact, this alloy may be said to solidify at a 
constant temperature. 

At 25*35 atoms, that is, with more tin than corresponds to SnCuj, we begin 
again to notice an abundant precipitate at the moment of reading the freezing point. 

After the first reading at 26*96 atoms of tin a portion of the alloy was removed 
from the crucible. This alloy was white, hard, and brittle, with a conchoidal 
fracture. 

At 30*51 atoms the freezing point wa& not so well marked as hitherto. There was 
much precipitate soon after the reading. 

At 34*57 atoms of tin sur fusion was noticed at the freezing point. 

From here onwards, as we add more tin, the pause in the cooling, which marks the 
freezing point, becomes less and less marked, but up to 64*2 atoms of tin there is no 
difficulty in determining the freezing point. There is now no precipitate observed 
at the moment of reading the freezing point, or for some time afterwards. 



Table VI I a. — Freezing Points of Alloy made by adding Tin to Copper. 

Series 2. — 200 grams Electrolytic Copper. 



(1) 

Total weight of 
tin present. 


(2.) 

Percentage of 
tin. 


(3.) 

Atomic 
percentage of tin. 


(4.) 

Freezing point on 

the Gentigprade 

scale. 


(5.) 
Atomic fall. 




6-046 
37-07 
6708 

8316 




2-93 
15-64 
2512 

29-37 




1-954 
9-04 
15-24 

18-23 


1081-0 
1062-3 
944-8 
797-9 
7931 
762-8 


1173 
1607 

A 

B 



The points A and B are two well-marked freezing points of the same alloy, the 
lower temperature B corresponding to some eutectic state (see Curves). 

For the purpose of drawing the curve, in order to bring this series into agreement 
with Series I, one degree was added to the first reading given above, and proportional 
amounts to thft lower reaHinga. 
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Table VIIa^ — Freezing Points of Alloys made by adding Tin to Copper. 

Series 3. — 147 '6 grams Copper. 



1 

(1.) 


(2.) 


(3.) 


(4.) 


Total weight of 
tin present. 


Percentage of tin. 


Atomic 
percentage of tin. i 


Pi'cezing point 

on the Centigrade 

Bcale. 


52-40 


26-20 


15-99 


789-2* 


56-42 


27-66 


1701 


7779* 


61-42 


29-39 


18-24 


763-9 


66-43 


31-04 


19-45 


750-1 


68-27 


31-63 


19-87 


745-4 A 


»> 


1) 


»» 


742-7 B 


68-77 


31-79 


19-99 


744-6 


69fe7 


31-94 


20-11 


743-8 


70-29 


32-26 


20-34 


742-5 


78-63 


34-76 


22-22 


736-1 


86-96 


37-08 


2400 


7311 


91-47 


38-26 


24-94 


728-1 


96-97 


39-40 


25-85 


724-9 


100-48 


40-61 

1 


26-74 


721-1 



Up to 20 atomic per centa of tin there was abundant precipitate just at or after 
the reading of the freezing point. 

After 20 atomic per cents, of tin the readings became very steady. 

The freezing points A and B are for the same alloy. They indicate different 
phenomena. 

Table VIIa, — Freezing Points of Alloys made by adding Tin to Copper. 

Series 4. — 200 grams Copper. 



(1.) 


(2.) 


(3.) 


(4.) '■ 


Total weight of 
tin present. 


Percentage of tin. 


Atomic 
percentage of tin. 


Freezing point ' 
on the Centigrade 
8cale. 











1083-9 


41-46 


17-17 


10 


9289 


54-05 


21-28 


12-65 


867-5 


58-80 


22-72 


13-61 


845-0 i 


62-81 


23-90 


14-41 


825-5 


65-81 


24-76 


15-00 


809-4 A 


»> 


99 


99 


794-3 B 


68-81 


25-60 


15-57 


795-0 1 


71-89 


26-44 


1615 


788-4 1 


8207 


29-10 


1803 


767-5 


87-30 


30-39 


18-96 


756*7 C 


99 


99 


99 


745-8 D 
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From 10 to 13'61 atoms of tin, inclusive, it was noticed that a soft precipitate began 
to form on the walls of the crucible at the m<>ment of reading the freezing point and 
rapidly increased. 

At 12*65 atoms the freezing point was indicated, not by a period of stationary 
temperature, but by a sudden marked decrease in the rate of cooling. 

At 14'4l atoms, in spite of copious precipitate, stirring was quite easy for several 
degrees below the freezing point. This point was distinctly indicated. 

At 15 atoms, readings A and B, different freezing points for the same alloy, 
con-espond to different phenomena. At A there was little precipitate; B was a 
much steadier temperature, with abundant precipitate of a finely gritty character. 
At this moment th© alloy felt to the stiiTer like a mixture of sand and water. 

The reading kt 15*57 atoms, or just below it, resembled B. 

a 

From 16 '15 atoms onwards the freezing points are very steady temperatures, quite 
different in character from the preceding, except B. 

C and D correspond to different phenomena, D being so constant as to resemble a 
eutectic point. At D the alloy sets to a solid mass without a further fall in 
temperature. 

Table VIIb. — Freezing Points of Alloys made by adding Copper to Tin. 

r 

200 grains Tin. 



(1.) 


(2.) 

1 


(3.) 


(4.) 


• 
(6.) 


Total weight 
of copper present. 


! 

Percentage of 
copper. 




Atomic 
I>ercentage of • 
copper. 


Freezing })oint ou 

thcj Centigrade 

scale. 


Atomic fall. 








232-32 




1006 


•60 


-93 


229-G9 


2-93 


1-854 


-92 


1-70 


t227-7rt) 




5-029 


2-45 


4-48 


(227-77) 




»» 


»» 


»» 


262-00 




10-50 


4-99 


8-92 


364-4 




21-32 


9-63 


16-39 


4331 




36-82 


15-55 


25-57 


496-3 




46-85 

1 


18-98 

■ 


30-42 


521-2 





The freezing point of the pure tin was marked by surfusion. 

The atomic fall for copper in tin, 2 93°, is identical with that obtained by us in 
1889 with a mercury thermometer (*Chem. Soc. Jour.,* 1890, p. 392). 

The readings at 17 and 4*48 atoms of copper give the freezing point of the eutectic 
alloy of tin and copper. 
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The freezing points on the rising branch of the cut-ve up to 16*39 atoms, and to a 
lesser degree up to 30*42 atoms, are very difficult to observe and are liable to a large 
experimental error. No solid matter can be detected for some time after the freezing 
point. 



Table VIIc. — Freezing Points of Copper-Tin AUojns. 



Double Points. 



(1.) 


(2.) 


(3.) 


— —»■■ L 

(4) 


Total weight of metals 
present. 


Percentage of 
tin. 


Atomic percentage 
of tin. 


Freezing point on 

the Centigrade 

scale. 


Cu 200, Sn 87-3 


30-39 


18-96 


76700 A. 


• 


»» 


>» 


746-5 B 


Cn 202-58, Sn 87-3 


3012 


18-77 


746-05 B 


Cn 212-72, Sn 87-3 


2910 


1804 


768-0 A 


»> 


»>• 


»» 


745-8 B 


Co 300-72, Sn 873 


22-50 


13-47 


848-4 C 


1 


?» 


i» 


795-3 D 

— r- 



At the points marked A there was much fine sandy precipitate soon after reading, 
which rapidly increased until the mass was nearly solid, but not set, as the stirrer 
could still be moved a little. At the points marked B the stirrer set fast, before the 
reading the mass was really solid. The reading C was fugitive whilst the reading at 
D was very steady . 

In charting, these temperatures were all reduced by the subtraction of 1*5® to 
obtain agreement with Series 1. A comparison with Series 4 will show the justice 
of this correction. 

Series VIIc. waia carried out six months after the others, and with a different 
pyrbmeter. 
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Table VIIIa. — ^^Freezing Points of Alloys made by adding Antimony to Silver, 

200 granis Silver. 



t 

(1) 


(2.) 


(3.) 


(4.) 


(6.) 


Total weight of 

i antimony present. 

1 


Percentage of 
antimony. 


Atomic 

percentage of 

antimony. 


Freezing point on 

the Centigrade 

scale. 


Atomic fall. 











958-8 




1-089 


-542 


-486 


954-6 


8-64 


2-768 


1-361 


1-222 


947-8 


900 


5-987 


2-907 


2-615 


934-3 


9-37 


1216 


5-732 


5173 


906-9 


1003 


22-39 


10-068 


9124 


853-6 


11-53 


41-40 


1716 


15-66 


734-3 


U-33 


63-52 


24-10 


22-17 


608-3 


15-81 


73-92 


26-99 


24-91 


561-6 


15-95 


84-59 


29-72 


27-50 


545-2 




89-75 


80-98 


28-71 


539-1 




96-23 


32-26 


29-93 


532-5 


• 


106-97 


34-85 


32-43 


520-7 




118-49 


37-21 


34-70 


510-7 






126 '39 grams Silver. 




74-88 


37-21 


34-70 


511-5* . 




86-00 


40-49 


37-90 


499-1 




97-18 


43-47 


40-83 


488-9 




117-72 


48-23 


45-53 


493-4 




128-31 


50-38 


47-67 


(485-0) 
(486-4) t 
496-8 




158-80 


65-69 


52-99 


509-6 





Up to 40 '8 3 atomic per cents, of antimony the pure metal from tartar emetic was 
used, beyond this concentration the commercial antimony was used. 

Up to 2*6 atomic per cents, the temperature at the F.P. was very steady. 

Up to 1 per cents, abundant precipitate was noticed at the moment of freezing. 
At 15 '66 there was but little precipitate noticed at the freezing point, but the person 
stirring could detect a change at the moment when the pyrometer indicated the 
freezing point. At 22*17 no precipitate was noticed at the freezing point. At 24*91 
a little precipitate was noticed. 

At 27 '5 there was a copious precipitate at the freezing point. The temperature 
at the freezing point remained constant for some time, and 20° lower the alloy 
seemed to set to a solid mass. 

From 27*5 onwards the temperatures at the F.P. are very constant to the end of 
the series at 53 atoms of antimony, the eutectic F.P., 485° C, having its usual 
character of complete constancy. 

* Besidne of the preceding alloy after removal of 117*2 grams. 

•f Freezing point, taken on the resumption of the experiments next day. 
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At the end of the experiments the alloy was weighed and found to be 270 grams, 
while from the statement of the weights of antimony and silver used, the weight 
should have been 285 grams. Some of this Iocs is due to metal adhering to the 
pyrometer, stirrer, and crucible, but the missing 1 5 grams cannot all be accounted 
for thus ; there has certainly been a loss of alloy by volatilization or splashing. This 
fact renders the atomic percentages of the latter part of the series somewhat 
uncertain. 

Table VIIIb. — Freezing Points of Alloys made by adding Silver to Antimony. 

200 grams Antimony from {Tartar Emetic). 



(1.) 


(2.) 


(3.) 


(4) 


(5.) 


Total weight of 
silver present. 


Percentage of 
silver. 


Atomic 

Percentage of 

silver. 


Freezing point on 

the Centigrade 

scale. 


Atomic fall. 











629-49 




1-05 


•52 


-58 


627-52 


3-4 


2'736 


1-35 


1-50 


624-44 


3-37 


6-658 


3-22 


3-58 


6171 


3-45 


12894 


605 


6-70 


607-0 


3-35 


33178 


14-23 


15-61 


581-7 


306 


64195 


24-30 


26-35 


555-8 


2-79 


69-210 


25-71 


27-84 


552-6 




79-223 


28-37 


30-63 


546-5 




94-708 


32-14 


34-54 


538-6 




114-95 


36-50 


39-04 


529-4 




135-27 


40-35 


42-99 


521-9 




>» 


>» 


»» 


(484-9) 




160 32 


44-49 


4718 


512-3 




180-39 


47-42 


50-13 


504-9 




>» 


>} 


»1 


(485-7) 




• 


152J 


)9 grams Antimxmy. 




18800 


47-42 


50-13 


505-6* 




15803 


60-82 


53-51 


497-4 




17812 


53-80 


56-48 


485-9 




i» 


»> 


»» 


487-9 




188-23 


65-17 


57-83 


4862 




213-47 


68-26 


60-87 


495-2 




)f 


»♦ 


J5 


(485-6)t 





* Reeidae of the above alloy, after the removal of 89*4 grams. 

t The ingot when taken ont of the crucible was bright ; it weighed 360*8 grams. The calculated 
weight was 366-46 grams. As the loss was probably for the most part antimony, we see that there was 
during the experiment a loss of 2 per cent, of this metal. Splashing, spitting, and oxidation will 
account for this. 
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Table VIIIc. — Freezing Points of the Eiitectic Mixture of Antimony and Silver 

146 grcmis Sih^r. 



(1.) 


(2.) 


Total weight of 


Percentage of 


antimony present. 


antimony. 


.104 


41-61 


'» 


»> 


104-51 


41-73 


»» 


»» 


106-08 


42-08 


>5 


99 


108-09 


42-54 


»» 


»> 


111-25 


43-23 


114-27 


43-91 


»» 


»» 


114-97 


44-06 


»f 


19 


116-98 


44*27 


»» 


»» 


119-13 


44-93 


124-62 


46-05 


133-42 


47-74 




»» 



(3.) 

Atomic 

pei'centage of 

antimony. 



39-00 

39-11 

39-46 

39-92 

40-61 

41-25 

41-41 

41-62 

42-27 
43-37 
4505 



(4.) 

iVeeiing point 

on the Centigrade 

scale. 



(484-90) 
493-48 

(484-59) 
493-05 

(484-59) 
491-76 
490-27 

(485-09) 
488-12 

(485-68)* 

(485-68)* 
485 98 

(485-68) 
485-99 
485-71 
485-76 
485-66 
489-58 
493-61* 

(485-46)t 



Table IX. — Freezing Points of Alloys made by adding Bismuth to Silver. 

283 f/rams Silver. 



(1.) 



Total weight of 


Percentage of 


bismuth pi-esent. 


bismuth. 








2-149 


•75 


6151 


213 


12731 


4-80 


22797 


7-45 


43 963 


13-45 


77-51 


21-50 


127-58 


31-06 



(2.) 



(3.) 

Atomic 

percentapre of 

bismnth. 





•39 

M2 

2-28 

4-01 

7-46 

12-45 

18-96 



(4.) 

Freezing point 

on the Centigrade 

scale. 



958-0 
953-8 
945-8 
933-9 
914-5 
880-0 
808-7 
715-7 



(5.) 
Atomic fall. 



■ r 



10-8 

10-9 

10-67 

10-84 

10-45 

1200 

12-77 



♦ Snrfnsion was noticed at these points.' 

t In this series no loss by spitting or splashing was noticed, and on account of this comparatiyelj low 
temperature, litfle or no white smoke of oxide of antimony was observe. The alloy at the end of the 
experiment was found to weigh 27645 grams, while the total weight of metal used was 279-4 grams. 
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At the coiidiisi0n of tbe expenmeaits ibe alloy wa^ weiriHfC hul "^oa^t ~d 
404*5 gnms instead of 4I0'€ gmD& tbe v«ei2t of thf n>f!XJkk laed 

The weight of tlie alver xtssd wms dc^ kDOvn to nf^ftrer xhaL mt*^ imiii. ma 
silver was slightly ODHtuniiittted whli xkk^eL &x>d perhiojf w^iii imL. 

Up to 4*01 mtoms of faasaniztb tbe fneesn^ pxiil wa^ m&rktvd br jusicy ir 

At 12*45 and 1S*9€ iirde or do prec2itiiiiic> W2is ifCiitioed &i That miniian ic .'^sainiic 
the iceenng point, and this iKini iths rery fxigitire. Simtt T.nite ikTusr 'zit^ kseh^^ 
point, a lai^ quantity of a fine skxAy ^mKipitate formdd. ihZid i;».i*^ii g wiu KUHiiue 
in this for a ounaderabie tinke. tbe sate of ood&Kkg being very Tnrn.pfr, 

Tablb X. — Fi^eang Pointa c^ Alleys made by addizig T^uJiixm. xr 

300 <rrams SUn^. 



a) 




'i-; 




i3^.t 




• 4.. 


•. 


Total «e«i 
1 dtaliinB isi 

r 
1 


Lt of 




a! 


K'idmiir 


Fn 


MMJJie ncmn 
h» CflocirTiiat 


Atimui -ad. 


1 






if 




•_» 




S»e2d^ 




±c» 




l^j 




«• 




J«:SS 


r-K 


6-7oe» 




S-dS 




1 74 




<«4f.4 


i^A 


1 




T- 




.«, 




M7] 


••"TT* 


14127 




6^^ 




5^j 




«^^.-* 


r*!«f- 


21-786 




>^ 




4;>4^ 




SrliJ;. 


rJC- 










rSttnos IV. 









a. be cuttcb <fig& 6-30i. wbici *«iiVjdy tb*r resiilife c*f 'j^ir ^--rj^wrrmwrr-*. ^j* lucciiaS 
1 the temperatiire \i ii»e &e«aziJtg point r-f iL*r aIV.*yi iitidis;:.*^ T^sriicfc!I*y nj'Wirdf- 
the atomir peroBbtag*: nKsasar^ b-i^ri^'^siiXaliy. We na^ iifrise i^l :cik ^fft lit^ 
^ne of tlie eQneebtni;ixiD jt for ime wri2ti €^^:2atS!Xi<^ I'l « hzA i2\. 7^ irzzLtes ^as!: 
the fine of tbe carr*: ^t*: tb*r T*«iipentcnrfc. iL'owr jasi a2>yre gf t* li* aSf 
of one ids^aL T1t*e iridiTidTaJ ^cperf njeLii aj*r i^*C: by ^^•*- ^-"i 
^^5ch lie along tbe tfjaorr ^A iLer ? 
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error;* on the other hand, as the solution becomes more concentrated, the atomic 
fall changes from a number of causes that are but imperfectly understood. It is 
therefore somewhat difficult to decide how to take the avera^ of a number of 
atomic fella. Moreover, for the strict application of equation (1) to the purpose of 
obtaining X, we need the atomic fall at infinite dilution. We have attempted to get 
this for copper in fig. 5, by plotting the atomic percentage of dissolved metal 
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Elach line correeponda to the fall iu th.e freezing point of oopper cansed by the metal who8e 
name ib written above the line. The concentration is written in atoms from left to 
right. The atomic fall is reokoned for each metal from a different zero, bnt the 
nnmbers below the lines give the atomic falls in d^^reeR Centigrade. 

horizontally from left to right, and the atomic fall from column (4) of the tables 
vertically. A line drawn through the points thus obtained and produced to cut the 
zero ordinaire should then give the atomic fell at infinite dilution. Unfortunately, 
there is a good deal of uncertainty about the exact direction of the lines corresponding 
to each metal. 

It will be seen that blsinuth gives 11*6, lead 117, and tin 107 for this limiting 
value of the atomic fall. As bismuth and lead do not appear to combine with the 
copper, and tin evidently does so, it will be wisest to take the higher value 117°. 
Using this value in equation (1) we find that \, the latent heat of an atomic weight 
of copper, is 3138 calories, the melting point being taken as 1082° C. Hence the 
latent heat of lusion of one gram of copper is 49*6 calories. 

If instead of attempting to get the atomic falls at infinite dilution, we mean the 
atomic falls for concentration greater than '5 atom and less than 2 atoms, we get, 



* We have not hitherto seen a way of applying to oar resalts a cori'ection uimilar to that anggeeted 
1^ Nebnbt and Abeso, bnt a modification of onr method of experiment has been snggested to ns that 
will probably enable as to do so. 
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as an average from the lead and bismuth, an atomic fall of 11*6^ at a concentration 
of I *2 atoms. A mean of the two numbers for tin which come within these limits 
gives 11 '5° at 1*5 atoms. These numbers used with equation (2) give a value of X 
very slightly greater than the above. Hence we may say that the results of our 
experiments on the solution of lead, bismuth, and tin in copper lead to the value 
50 calories for the latent heat of fusion of copper. We should expect this to be more 
probably too high than too low. 

The atomic fall due to gold dissolved in copper is 5*7° for a mean concentration of 
2*26 atoms, using the last three values of the gold-copper table. This corresponds 
to a value for infinite dilution of 5*8®, which is very nearly half the above value given 
by lead, bismuth, and tin. Silver in copper produces a fall of about 8*2°, that is, 
rather more than two-thirds of the normal fiJl, 1V7. 

The half value given by gold may mean that when in dilute solution in copper the 
gold molecule consists of two atoms, but it will be well to wait for further data 
before speculating as to the cause of these abnormally small depressions of the 
freezing point. 

The data for the atomic fall, when silver is the solvent, are more numerous, but 
not on that account easier to interpret. As before, the values given by lead and 
bismuth are the largest ; the most probable value being near 10*3°. This value 
leads to a latent heat of 27 calories for silver, a value considerably greater than 
Person's value of 21. Here, also, as in the case of the copper, we must hope that 
further data will help us to decide whether these atomic falls really contain the key 
to the molecular condition of the metals in solution. 

The Silver-Copper Curve. (Fig. 6.) 

This, looked at as a whole, in the light of the theory of Section 1, does not at 
first offer a singularity or an indication of the existence of a compound ; but, examined 
more closely, there are two points worth mention. 

The fii*st is that the depressions of the freezing point, even for very dilute solutions, 
are abnormally small, and the atomic falls decrease slowly in value with increasing 
concentration. The small depression makes it probable that the molecule of either 
metal, when in dilute solution in the other, is complex, consisting of more than one 
atom. The decrease in the atomic falls is by no means rapid, as may be seen from the 
slight curvature, but so far as it exists, it is an argument against the existence in the 
liquid alloy of molecules of a compound. 

The other feature lies in the exact coincidence of the eutectic alloy, Lbvol's alloy, 
with the formula AggCu^. This struck us in our first series of experiments, but, as 
during a long series there is always some loss of metal, we thought it well to carry 
out new experiments, starting with an alloy of a composition nearly corresponding to 
that of the eutectic point. Table Ic. gives this series, and the results are plotted in 

MDCOCXCVIL — ^A. I 
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fig. 6 above the complete burve, and on a larger scale. It is evident that this series 
confirms the earlier experiments, and puts the eutectic alloy exactly at AgjCu^. 

Fig. 6. 
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The nmnbers below the curve give the Centigrade temperature, those above the curve give the atomic 

percentage of copper. 

The theory of the subject^ and many experiments of our own and of others, point 
to the conclusion that the eutectic alloy is not generally a compound, and hence should 
not have a formula. Some other evidence is, therefore, needed before we can accept 
AgjCoj as a chemical compoimd. 



The Silver-Lead and Silver- Tin Curves. (Figs. 7 and 8.) 

These two curves resemble each other strongly. Lead and tin being non- volatile 
and easily fusible metals, the curve consists mainly of the silver branch, although the 
extreme right shows the depression produced in the freezing point of lead or of tin by 
the addition of silver, and also the eutectic phenomenon. 

The silver-lead curve is almost a straight line until 20 atoms of lead, but soon after 
this there begins a gradual, though marked, change in the curvature, with a point of 
inflexion at 50 atoms. In the tin curve the upper part is not straight, and the atomic 
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falls iacreaae with increasing concentratioo of tin in a way that suggests appropriation 
of the silver by the tin to form molecules of a compound. Near 50 atoms there is a 
point of inflexion, as in the lead curve. 

In neither curve is there an aqgle, until we come to the eutectie point, and from 
the absence of a well-marked intermediate summit it would appear that, if compounds 
of these metals with silver exist, they must be largely dissociated under the conditions 
of the experiment. The shape of the curves is, however, not inconsistent with the 





















Fig. 7 
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reality of such compounds. For example, Ag^Pb and Ag^Sn might well have a virtual 
summit below our curve at 20 atoms. But this view, though plausible, does not 
appear to us the most probable explanation of the curves ; we are disposed to attribute 
the marked change in the slope, which occurs near 30 atoms in the lead curve and 
later in the tin curve, to the aggregation of the atoms of these metala to larger 
molecules, or at all events to compare the statu here to the flat part of the copper- 
I 2 
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Fig. 8. 
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lead curve. Silver-lead and silver-tin do not probably, in our experiments, separate 
into conjugate liquids, but it' they could be examined at a Bomewhat lower temperar 
ture, they perhaps would do so. These curves may be compared with the vapour- 
pressure curve of a mixture of water and propyl alcohol, a system which stands at 
the dividing line between wholly and partially miscible liquida The portion of the 
silver-lead curve given as a dotted line is hypothetical, as no freezing point could be 
detected in this region. 

The Lead-Copper Curve. (Fig. 9.) 

For the first seven atoms at least of lead this curve agrees well with the ideal 
curve of equation (2), but as more lead is added the curve rapidly approaches the 
horizontal, until at 17 atoms of lead the addition of this metal ceases to a£fect the 
freezing point. From this point until 65 atoms of lead the curve is a horizontal 
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straight line, the freezing point being constant at 954°. On this flat the freezing 
point of each alloy is marked by a prolonged period of conBtant temperature, but the 
character of each freezing point differs from that of a eutectic mixture, inasmuch as 
after a prolonged halt the temperature begins to fall again while some of the alloy is 
still liquid. With more than 65 atoms of lead the curve gradually droops and 
finally becomes nearly vertical. 

The character of the solid alloys, as described in the notes to Table IV., throws 
a clear light on the meaning of this curve. The sloping parts of the curve correspond 

Fig. 9. 
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to the separation of solid matter from a homogeneous liquid, but for all alloys 
corresponding in composition to points on the flat, the liquid has separated into two 
conjugate liquids at some temperature above the freezing point. The composition of 
each of these two liquids will depend on the temperature, but provided there be 
more than 17, and less than 65 atomic per cents, of lead in the whole alloy, the 
quantity of lead present will not affect the composition of either conjugate, but only 
the amount of each conjugate present. Consequently all alloys between these limits 
are qualitatively identical, and therefore must freeze at the same temperature. The 
prolonged period of constant temperature noticed during the freezing of each alloy 
whose composition hee between these limits is easily explained. Let us suppose the 



62 MESSRS. C. T. HBYCOCK AND F. H. NEVILLE ON 

freezing point just reached, and that solid is beginning to form, as it must, from 
both conjugates at once* The separation of this solid will cause one conjugate 
liquid to grow at the expense of the other, but the composition of each will remain 
the same until one conjugate has ceased to exist. Then, and then only, will the 
temperature begin to fall. Hence for alloys containing a good deal less than 
65 atoms of lead, a large amount of solid matter will form at the freezing point, 
at a very constant temperature. But, as we found to be the case, the period of 
constant temperature observed at the freezing point of each alloy becomes shorter as 
the amount of lead approaches to 65 atoms. 

The gradual change of curvature at both ends of the horizontal line may be due to 
imperfect equilibrium caused by ineflScient stirring, too rapid cooling, and other 
causes. Or it may conceivably be due to the gradual aggregation of the lead atoms 
into larger masses preparatory to the separation of the alloy into conjugate liquids. 

The latter part of the curve from 65 to almost 100 atoms of lead may be called 
the curve of solubility of copper in lead, and it ought therefore to give us by 
Le Ch atelier's equation (2) the latent heat of solution of copper in lead. Unfortu- 
nately this part of our curve is very steep, and therefore very difficult to determine 
by our method. 

As we have already mentioned, very small amounts of copper produce the Raoult 
effect in lead, lowering the freezing point of this metal by the normal amount 
corresponding to a monatomic molecule of copper {loc. dt.). On the flat at the 
lower part of the figure a eutectic point at 60 atoms will be seen. 

The fact that alloys of lead and copper liquate has long been known, and the 
general character of the freezing-point ciurv^e of such a system could have been 
predicted from the work of Alexejefp and Konovaloff, but, so far as we are 
aware, this is the first case that has been traced experimentally. 

The bismuth-copper curve has not been carried beyond 9 atoms of bismuth, but, 
from an inspection of the solid alloy, we think that it will turn out to be like the 
lead-copper curve. 

The Copper- Tin Curve. (Fig. 10.) 

The lower line gives the whole curve ; the upper line gives, on a large scale, the 
more remarkable portion, from 14 to 27 atomic per cents, of tin. 

The problem of the copper-tin alloys, one of the most interesting in metallurgy, 
still remains obscure, in spite of the amount of work that has been done on these 
alloys by Riche, Behrens, Roberts -Austen, and many other writers. We fear 
that the results here given, though they complicate this problem, do not solve it.+ 

♦ Pointed out by Ostwald. 

t After a good deal of our work had been carried out, we found in an article on alloys by M. H. 
Le Chatelibk, which he was kind enough to send to us (loc, dt., p. 27), a complete freezing-point curve 
for copper-tin. This curve agrees with ours in having an angle at SnCu^, but it is on too small a scale 
for a comparison of other details. 
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The nnmbere below the curve give the Centigrade temperature ; the nuiubers above the curve 
give the atomic percentage of tin in the alloy. 
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The first point that strikes one in the copper- tin curve is the rapid way in which 
the steepness increases with increasing percentage of tin. If we bear in mind the 
fact that, on account of the thermometer lag, so important where the curve is steep, 
the true equih'briimi curve from 5 to 15 atoms of tin may lie perceptibly above our 
freezing-point curve, while, from the character of the freezing point at 15*5 atoms, 
the two curves must agree at this point, we can conclude that at 15 the true curve 
may be almost a vertical line. A not improbable explanation of this feature of the 
ciu've is to suppose that the tin is largely combining with the copper to form mole- 
cules, such as SnCuj or SnCu^. As can be proved by the use of this assumption in 
equation (2), the view that the body in solution is SnCuj agrees very well with the 
shape of the curve up to 15 atoms of tin. But we do not attach much importance to 
this niunerical agreement, as the assumption of the existence of molecules of SnCu4., 
accompanied by some dissociation, would give an equally good agreement. 

At 15*5 atoms of tin our curve changes its direction, and becomes a straight line; 
the freezing point of each alloy is now marked by a steady temperature, lasting for 
some time. In the figure this point appears to be a triple point, as fi^m 13*5 atoms 
to 15*5 we observed two freezing points, one a slightly-marked one on the steep part 
of the curve, the other a very steady temperature identical with the single freezing 
point at 15*5. We think that the horizontal line of freezing points thus obtained 
represents the moment for each alloy when, through separation of solid matter at and 
below the upper freezing point, the still liquid portion attains the composition of 
15 '5 atoms. 

The soft precipitate which forms at, or soon after, the freezing point on the upper 
branch as far as 15*2 is very unlike the abimdant finely-gritty precipitate of these 
lower freezing points, and of the alloy as far as 18 atoms or beyond. 

From 15*5 to 20 atoms the freezing point is plainly marked by a constant 
temperature lasting for some time; and all the points lie on a line in which we 
cannot see any curvature. This line ends exactly at 20 atoms, and it will be seen 
that we have studied this region very minutely. 

Below the lower half of this line we find a horizontal line of second freezing points, 
causing the appearance of a triple point at, or near, 20 atoms. Each of these lower 
freezing points occurs after a good deal of solid matter has already formed. The 
alloy sets to a solid mass at the lower point, and this freezing point is marked by a 
period of absolutely constant tem[)erature. We have no doubt that these lower 
points indicate the moment when the still liquid alloy has reached tlie composition 
of 20 atoms of tin. 

From 20 to 25 atoms the curve is very nearly, but not quite, straight, and the fall 
in temperature caused by the increase of tin from 20 to 25 atoms is compaiatively 
slight, being less than 20°. The freezing point of each alloy is marked by a prolonged 
period of constant temperature. The freezing points are like those of the eutectic 
state, and each alloy may be said to solidify at a constant temperature, as if the 
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matter separating out had the same composition as the residual liquid. Little or no 
precipitate was noticed at the moment indicated by the thermometer as the com- 
mencement of freezing. Soon after 25 atoms we begin to have precipitate at the 
moment of freezing, and the freezing point gradually loses its resemblance to a 
eutectic point. 

A comparison with Kuster's work on isomorphous mixtures strongly suggests 
that between 15 5 and 20 we are in the presence of one, and between 20 and 25 in 
presence of another, such isomorphous mixture. 

At 50 atoms of tin there is a point of inflexion, and, therefore, between 60 and 70, 
there must be what by a stretch of language might be called a summit. 

Before attempting to interpret these phenomena it will be well to consider briefly 
the conclusions of other workers in the same field. 

RiCHE (* Ann. de Ch. et Phy.,' 1873, xxx.), found that alloys of copper and tin 
undergo liquation, except SnCu^ (20 atoms) and SnOug (25 atoms) ; but he does not 
appear to have examined alloys between these two values. 

Behrens, whose work, ** Das Mikroscopische Gefiige der Metalle und Legierungen," 
is a mine of valuable information, but a mine wherein one needs to dig diligently, 
notes a sharp change in the colour, the microscopic structure, and the chemical 
behaviour of bronzes at 25 per cent., by weight, of tin. This is the same as 15*3 atomic 
per cents., a point where our curve shows its first angle. His microscopic study of 
alloys with only a few per cents, of tin shows the crystals of copper embedded in a 
network of white or yellowish mother substance ; but at our first angle, at 15 '3 atoms, 
all distinction in colour between crystals and mother liquor has disappeared. He says 
that the colour of this alloy is whitish-grey. It has a conchoidal fi:acture, and 
examined microscopically is seen to consist of bundles of parallel rods, scattered in all 
directions. He thinks that we have here to do with a compound SnCu^. At 20 atoms 
of tin, our second angle, Behbens considers that there is another chemical compound. 
SnCu^. He says, " that with this alloy we reach a maximum of hardness, brittleness, 
and resistance to chemical solvents." Also, " that if great care is taken to get an alloy 
of exactly this composition, we have a grey-white metal with a half-glassy, glimmering, 
minutely conchoidal fracture. There is no sign of crystallization ; and polishing and 
annealing show nothing. The slower the cooling the more brittle the mass." He 
finds that at 25 atoms of tin the alloy is more easily attacked by reagents 
than at 20 atoms, and hence, and for other reasons, he refuses to accept the view 
that SnCug is a compound. He is disposed to regard it as a mixture of two alloys, 
which may, or may not, have separated in the liquid state. He finds that this 
alloy crumbles under the hammer, or even under a coarse file, into polyhedra with 
smooth faces. 

In contrast to Behrens, other writers have accumulated a iptiss of facts pointing, 
at least, to the unique character of the alloy with 25 atoms of tin. Laurie finds 
that the electromotive force of couples formed of copper and a copper-tin alloy 
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changes abruptly at this composition. Wo get here a maximum for electrical 
conductivity, for density, and for coefficient of dilatation. 

Hence various writers have concluded that the compound SnCug exists ; but there 
has not been the same unanimity with regard to the existence of SnCu^. 

Our results, though they cannot be called final, point we think, to the view that 
when alloys poor in tin begin to freeze, copper separates from a liquid containing 
molecules of a compound of tin and copper. That when the alloy SnCug is reached, 
copper ceases to separate as such ; and instead, this body, or more probably an 
isomorphous mixture of SnCu(, and SnCu^, separates. The double freezing points 
from 18 to 20, however, show that the liquid does not solidify homogeneously, so 
that the isomorphism cannot be of an absolute character. 

At 20 atoms of tin we think that the evidence points to the existence of the body 
SnCu^. Between 20 and 25 atoms, perhaps the most probable explanation is to 
suppose that an isomorphous^ mixture of SnCu^ and SnCug solidifies homogeneously. 
At 64 atoms of tin the curve is not incompatible with the existence of the compound 
SnCu2, and with still more tin the molecule of any compound that may exist must 
ultimately, for very dilute solutions of copper in tin, contain only one atom of copper 
(J.C.S., loc. cit). 

The criticisms of Behrens, however, on the alloy SnCug suggest another explana- 
tion of the phenomena which is not without probability. It may be that with 
more tin than SnCu^, the liquid alloy breaks up into tv;o conjugate liquids, and 
that this state exists until more than 25 atoms of tin are present. If this were so, 
we should have expected, as in the copper-lead curve, that this part would have been 
horizontal ; but, assuming the two conjugates to differ little in density, the slight, 
but real, slope in this part of the curve might be accounted for by imperfect realiza- 
tion of equilibrium at the freezing point. 

The interesting complete cooling curves of copper-tin alloys given by Professor 
HoBERTS- Austen, in his Report on Alloys, will, we think, be found to be consistent 
with the facts observed by us, although we should not perhaps altogether agree with 
him in the inferences that can be drawn from these facts. 

Tlie Silver- Antimony Curve. (Fig. 11.) 

In this curve it wiU be seen that up to 25 atomic per cents, of antimoxiy the 
steepness increases with increase in the amount of antimony. As in the case of the 
similar feature of the tin-copper curve, we can explain this by assuming that the 
antimony combines with the silver to form a compound molecule. 

At 25 atomic per cents, of antimony there is a well-marked angle, and although 
there is only one point determined between 15 and 25 atomic per cents., yet the 
direction of the lines leaves little doubt as to the position of this angle. The angle, 

♦ KiJSTtiR, * Zeit^. Phys. Chom./ 1890, v., p. 601, 
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therefore, corresponds to an alloy of the foi-mula AgjSb, a body that is known to 
exist. An augle such as we have here is not the sort of indication of the existence 
of a compound that the theory would lead us to expect. Indeed, another examina- 
tion of this part of the curve with especially pure antimony would be needed before 
it would be safe to assert that the angle is at exactly AgjSb. 
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The numbers below (he carve give the Ceatigrade temperatare. 

The nnmbers above the cnrve give the atomic percentage of antimony or bismach. 



The first series. Table VIIIa., which ends at 58 atoms of antimony, involved the 
maintenance of the alloy at a high temperature for a good many hours, and, as the 
notes show, there was a considei'able loss of metal. Consequently we feared that the 
latter part of the series might not be trustworthy. We therefore carried out a new 
series, Table VIIIc, banning near the eutectic point. The result of this is given 
on a large scale above the main curve, and seems to show that the eut«ctic alloy has 
not a formula^ although it is not very far from 40 atomic per cents, of antimony, 
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that is, from Ag3Sb2. It would require the existence of a good deal of impurity in 
the antimony to make AgjSbo the eutectic point. 

The series, Table VIIIb., in which silver was added to antimony, gives us the same 
eutectic point, namely, 41 '5 atomic per cents, of antimony. 

The short line, starting from the eutectic point and ending at 53 atoms of 
antimony, was obtained with commercial antimony, so that the fact that it lies below 
the rest of the curve needs no comment. 

The temperature 629*49° which we obtained as the freezing or melting point of 
antimony is almost identical with the number 629*54° that we obtained with quite 
different thermometers a year before (* Chem. Soc. Jour.,' 1895, p. 195). The same 
sample of antimony was used in both cases, and in our earlier work we noticed that 
this antimony behaved at its freezing point in the way peculiar to a pure substance. 
We think it is almost time for the text-books of chemistry to abandon the statement 
that antimony melts at 440°. 

Incomplete Cw*ves. 

In fig. 11, the line beginning at B above the silver-antimony curve, gives the 
result of adding bismuth, up to 19 atomic per cents., to silver. This promises to 
closely resemble the silver-antimony curve, and we regret that want of time has 
prevented us from completing it. 

In fig. 20 we give the bismuth-copper curve, which, if completed, would almost 
certainly resemble that of lead- copper. 

Fig. 12 is the curve of gold-copper. 

Fig. 13, the curve of thallium added to silver, is, so far as it goes, very straight, 
like the early part of the lead-silver curve. 

The remaining metallic pairs that we have examined require further experiment, 
we therefore do not give tables for them ; but the curves enable the numerical results 
to be read off with sufficient accuracy. 

From figs. 14, 15, 16, 17 it will be seen that the tii*st result of adding iron or nickel 
to copper, or of adding gold or platinum to silver, is to raise the freezing point. In 
one case only, that of iron added to copper, did we reach the higher limit of this rise ; 
it will be seen from fig 14 that after 3 atoms of iron a further addition produces no 
efiect on the freezing point, so that a flat occurs in the curve ; we have noticed several 
similar cases, where zinc is the solvent metal. In these cases of rise in the freezing 
point we hardly think it would be profitable, until the whole curve has been traced, 
to attempt to distinguish between the phenomena of the separation of isomorphous 
mixtures, solid solutions or compounds. 

In figs. 18 and 19 we give the curves for dilute solutions of aluminium in silver and 
in copper. We have traced these curves further, finding, as Le Chatelier had 
previously found, an intermediate summit at AICU3, and probably also at AlAgg ; but 
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we have beea troubled by tlie oxidation of the aluminium, and hope to get better 
results. Thei-e can be little doubt that the chemical compoumls formed by aluminium 
with other metals are unusually stable. 
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Freezing; |H>iiit cacvce for ditnte solatiuns of metals id iiilvcr or copper. 

Tho nnmbcra bolow tlio curve givo the Ccntigi-ndo tcrapcratare. 

Tbc uumbciii above the curve give tlic ntoiuic jKircdut^o of tho diiisolved metal. 



The experiments described in the present paper ^ve^e to a large extent carried out 
with apparatus purchased by funds supplied to us by the Gi-ant Committee of the 
Royal Society, and we wish here to thank thera for the iuiportant help that we huve 
received in this way. 
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In the Bakerian Lecture for 1894 (' Phil. Trans.,' vol. 185 A, p. 397), we gave an 
account of our work on the viscosity of some seventy liquids at diflferent tempera- 
tures between 0° and the ordinary boiling-point, and we discussed the inter- 
dependence of viscosity and chemical composition. Among the liquids dealt with 
on that occasion, there was no member of the important series of esters or ethereal 
salts, and, further, only one ether— ordinary ether or ethyl oxide — was included in 
the list. 

We therefore thought it desirable, in order to make the investigation more 
complete, to obtain data for members of these two classes of organic substances. 
The physico-chemical relationships previously established made such determinations 
of particular interest. Among the various connections traced between chemical 
constitution and viscosity, one of the most striking was the different effect which 
oxygen exerted upon viscosity according to the different modes in which it was 
assumed to be associated with other atoms in the molecule. The influence which 
could be ascribed to hydroxyl-oxygen differs to a most marked extent from that of 
carbonyl-oxygen, and, although only three cases were studied, it appeared that ether 
oxygen, or oxygen linked to two carbon atoms, had also a value which differed 
considerably from those of oxygen in other conditions. There was thus an additional 
reason for making observations on esters and ethers, since both contain ether-oxygen. 

In what follows we give the experimental values for the ten lowest fatty esters, 
carefully purified samples of which had been kindly placed at our disposal by 
Professor Sydney Young, F.R.S., to whom we desire to tender our thanks. 

At our suggestion Mr. R. E. Barnett, B.Sc, Assoc. R.C.S., prepared five fatty 
ethers, and determined their viscosity. An Appendix to this paper is devoted to an 
account by him of the best methods of obtaining these liquids. 

As we had the opportunity of making determinations of the viscosity of three 
different samples of isopentane and a sample of ethyl-benzene, which had been 
specially prepared and purified, the values obtained are also included in this paper. 

The last section of the paper deals with the discussion of the values given by the 
esters and ethers according to the methods adopted in our previous communication. 

8.3.97 
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Esters. 

Before introduction into the gUschrometer each sample was distilled from a small 
quantity of phosphoric oxide. In every case the boiling-point was almost constant 
during the distillation, and agreed closely with the value found by Young and 
Thomas {' Chem. Soc. Trans/, vol. 63, p. 1191, 1893). For this reason it was thought 
unnecessary to make determinations of any other physical constants for the purpose 
of gauging the purity of the samples, as the densities of liquid and vapour, the 
critical constants, &c., have been carefully determined by Young and Thomas, and 
may be obtained from the paper to which reference has been made. In each case 
we give the boiling-point as found by us, and as given by Young and Thomas 
(Y. and T.). In reducing the observations on viscosity we have employed the values 
of the density found by Young and Thomas, and the expressions for the thermal 
expansion given by Ei^asser (* Liebig's Annalen,' 218, 316). 



Methijl Foliate. H.COOCH3. 

Boiling-point constant at 31°'87. Bar., 76'2'6 millims. Corrected and reduced 
b.p. = 3r78 (31°-8. Y. and T.). 
Observations for viscosity gave : — 
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In reducing the observations we have used the value d{0°/4:'') = 1-00319 for the 
density, and the expression 

V = 1 + -02135824 t + -0410538 t^ - -0J8085 t"^ 



for the thermal expansion. 



Taking 



rf^ = -004263 
t^ - 0°-58 



7j3 = -003190 ri2 (calculated) = '003688, 
^3 = 29'''25 t^ (from curve) = IS'^'OT, 
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we obtain the formula 



1?. = 



0144673 



(68-234 + 0'^*' ' 



which gives results in good agreement with the observed values.* 



Ethyl Foi-male. H.COOCHJ.CH3, 

Boiling-pouit constant at 54°"66. Bar., 77 1" I raillitns. Corrected and reduced 
b.p. = W-25 (54-3, Y. and T.). 
Observations for viscosity gave : — 



1 

Left limb. 




Right 
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•003495 
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38-08 
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003337 
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002928 



The value d (0°/i°) = 0*9480 for the density, and the expression 

V = 1 + -02130917 t + -0319198 t' + -0780497 t^ 

for the thermal expansion, have been used in the reduction of the observations. 
Taking 

riy = -005025 1J3 = -002942 17, (calculated) = -003845, 

<i = 0°-46 «3 = 50°-03 <a (from curve) = 24°-22, 



* To save space, it has been deemed unnecessary to give the comparisons between the observed and 
calculated values, as was done in the first paper. There is no longer any need to offer proof of the 
validity of the Slotte formula as an empirical expression of the relation between viscosity and 
tempei*ature, especially in the case of liquids of the typo now studied. It may bo stated, however, that 
the comparison has been made in all casos, and that the general agreement is of the same order as that 
previously found. 

MDCCOXCVII. — A. L 
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we obtain the formula 



rit = 



22-2406 



(139-932 + 0^*^''"^ 



which gives results in good agreement with those observed. 



Propyl Formate. H.COOCHa.CHo.CHg. 



Boiling-point constant at 80'^'77. Bar , 757*0 millims. 
b.p. = 80^-89 (80^-9, Y. and T.). 

The following are the observations for viscosity : — 



Corrected and reduced 
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101-45 
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•006039 


15-54 


101-68 


-000048 


-0054,^6 
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101-60 


•000048 


-005459 


23-17 


101-65 
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•004971 


23-15 


101-57 


•000052 


•004979 
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101-61 
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-004553 
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38-54 


101-58 
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101-48 
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101-45 
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101-37 
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•003880 


54-15 


101-21 
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•00:i560 


54-14 


101-13 
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•003568 


61-55 


101-22 
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6158 


10112 
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•003319 


67-13 


101-45 
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-003124 


6713 


101-38 


•OOCJ077 


•003149 


74-97 


101-44 


•000081 


•002925 


75-00 . 


101-35 


•000081 


•002931 


77-54 

1 


101-39 


•000082 


•002859 


77-56 


101-30 


•000082 


•002863 



In reducing the observations we have used for the density at 0° the value 0*9287, 
and the expression 

V = 1 + 0011903 t + 05201033 t- + -0715776 t? 



for the thermal expansion. 
Taking 

ri^ = 006647 

t^ = 0^-35 



7).^ = -002861 >;.j (calculated) = '004361, 
^3 = 77^-55 t^ (from curve) = 34''-72, 



we obtain the formula 



Vi = 



35^3453 



(139-283 + ty^^'' 



which gives values in close agreement with the observed results. 
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Methyl Acetate. CH3.COOCH3. 

The sample boiled constantly at ST'^'SQ. Bar., 773*6 milHms. 
reduced b.p. = 57°-09 (57°-l, Y. and T.). 

The following are the observations for viscosity : — 



Corrected and 
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101-27 
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40-45 
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101-84 
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50-33 
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-000089 
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! 
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1 
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The value d (074°) = 0-95932, and the expression 

V = 1 + -02134982 t + -0087098 t^ + •0735562 V\ 



have been used in the reduction of the observations. 
Taking 

i^j = -004762 773 = -002727 772 (calculated) 

<i = 0''-34 ^3 = 54°-33 <^ (from curve) 



•003604, 
25''-32, 



we obtain the formula 



57-4012 



'!( = 



(154-499 + t) 



1-8636 ' 



which gives results almost identical with those observed. 



Ethyl Acetate. CH3.COOCH2.CH3. 

The boiling-point was constant at 77°-25. Bar. 761-8 millims. Corrected and 
reduced b.p. = 77^-18 (77°-15, Y. and T.). 

The results of the viscosity observations are as follows : — 

L 2 
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Temp. 
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In reducing the observations we have used d (074°) = 0'92436, and the expresssion 

V = 1 + -0012185 t + -0345587 f - 0876926 t\ 



Taking 



ri^ = -005763 rj^ — -002594 tj., (calculated) = -003866, 
t^ = 0^-25 fg = 74^-60 ^2 (from curve) = 33°-38, 



we obtain the formula 



Vi = 



45-32-2 



(135-423 + ty^^^ ' 
which satisfactorily reproduces the observed values. 

Proi^yl Acetate. CH3.COOCH0.CH2.CH3. 



The sample boiled between 101°-93 and 102°-00. 
and reduced b.p. = 101°-52 (101°-55, Y. and T.). 
Observations for viscosity gave : — 



Bar., 770-6 millims. CoiTected 



Left limb. 




R 


iglit limb. 




Temp. 


Press. 


Corn. 


7- 


Temp. 


Press. 


Corr. 


V' 


039 


10104 


•000034 


•007o49 


0-38 


101-03 


•000034 


•007674 


9-78 


100-95 


•000039 


•006645 


979 


JOO-87 


•000039 


•006673 


20-59 


100-81 


•000044 


•005757 


20-59 


100-79 


•000044 


•005768 


30-15 


100-86 


•000049 


•005102 


30-11 


100-81 


•000049 


•006115 


39-76 


100-93 


•000054 


•004562 


39-75 


100-86 


•000054 


•004564 


50-37 


100-98 


•000060 


•004064 


49-71 


100-89 


•000059 


•004097 


61-37 


101-00 


•000066 


•003621 


61-35 


100-93 


•000066 


•003628 


69-90 


101-01 


•000071 


•003328 


69 89 


100-92 


-000071 


•003334 


80-03 


100-97 


•000076 


•003027 
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The value 0*91016 for the density at 0°, and the expression 

V = 1 + -Ojl 19136 t + '00-11636 t- + Ojl 95991 <•', 

have been used in reducing the observations. 
Taking 

i7i = -007661 1^3 = -002602 ij^ (calculated) = '004465, 

<i = 0°-39 t, = 96°-75 ti (from curve) = 41°-76, 



we obtain the formula 



Vi = 



73-6005 



(125-269 -r 0^"'" 



which gives values in good agreement with those of observation. 



Methyl Propionate. CH3.CH2.COOCH3. 

The boiling-point was constant at 79°-66. Bar., 759-1 milliras. Corrected and 
reduced b.p. = 79°-70 (79°-67, Y. and T.). 
Observations for viscosity gave : — • 
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100-14 


•000067 


•003746 


45-68 


100-22 


•000071 


-003472 


45-60 


100-12 


•000071 


•003481 


52-64 


100-54 
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We have used 0*9387 as the value of the density at 0°, and the expression 

V = 1 + '0^3049 t + •O5I3275 t^ + -0746943 t^ 



in reducing the observations. 
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Taking 



rii = -005788 173 = -002677 t/s (calculated) = '003907, 
<i = 0°-38 <3 = 75°-85 <2 (from curve) = 34°-22, 



we obtain the formula 



»?' = 



74-898 



(146-621 + 0*"^-' 



which gives values which agree closely with those observed. 



Ethyl Propionate. CH3.CH2.COOCH8 . CII3. 

The boiling-point varied between 98°-95 and 99°-03. Bar., 756*5 millims. 
Corrected and reduced b.p. = 99°-14 (99°-0, Y. and T.). 
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In leducinjij the observations we have used 0*91240 for the density at 0°, and the 
expression 

V = 1 + -Ca 19971 t + -0514867 r- + 0710599 f^ 



fur the thermal expansion. 
Taking 

77j = -006890 

t^ = -o^-so 

we obtain the formula 



^8 

t 



3 — 



•004254 7/2 (calculated) = '004254, 
89^-69 ^2 (from curve) = 39°%38, 



Vi = 



72^981 



(133-905 + ty^^^*' 



which gives values in close concordance with those of observation. 
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Metlvjl Butyrate. CH3.CH2 CH3.COOCH3. 



The sample distilled between l02°-65 and 102°-67. Bar., 758'8 millims. Corrected 
and reduced b.p. = 102°-67 (102°-75, Y. and T.). 

Observations on viscosity gave the following results : — 
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In reducing the observations, we have used d (0 74°) = 0*92006 for the density, 
and the expression 

V = 1 + -0.113062 t + -0624809 t^ + '0336230 t^ 



for the thermal expansion. 
Taking 

7j^ = -007551 

f, = 0^-32 



7j3 = -002597 7j2 (calculated) = -004428, 
^3 = 98''-03 ^2 (froi^ curve) = 42°-13, 



the formula 



53-099 1 

^^ ~ (123-745 + ^)i«375 



IS obtained, which satisfactorily reproduces the observed values. 
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Methyl Isohutymte. (CH3)2.CH.COOCH3. 

The sample boiled between 92°03 and 92''05. Bar., 754'8 roillims. Corrected 
and reduced b.p, = 92''-26 (92°'3, Y. and T.). 





Left limb. 


i 




R] 


[gilt limb. 




Temp. 


Press. 


Corr. 


1 


Temp. 


Press. 

1 
100-08 


i 

Curr. ; 

■ 


1- 


0-35 


100 06 


-000039 


-006682 


0-22 


•000039 


•006696 


9-48 


99-97 


•000043 


-005904 


9-32 


99-89 1 


-000043 


•005925 


1812 


99-91 


•000047 


-005297 


1811 


99-82 


•000047 


•005301 


28-99 


101-36 


-000054 


-004660 


28-97 


101-26 


•000054 


•004660 


35-82 


101-16 


•000057 


•004314 


35-80 


10119 


•000057 


•004320 


44-70 


100-99 


•000062 


•003928 


44-63 


ioro4 


•000062 


•003937 


62-50 


100-91 


•000066 


•003626 


52-54 


100-84 


•000066 


•003636 


62-64 


101-23 


•000072 


•003289 


62-81 


100-74 


•000072 


•003289 


76-20 


101-25 


-000077 


•003035 


76-24 


10118 


•000077 


•003038 


79-78 


10119 


•000082 


-002814 


79-76 


101-11 


•000082 


•002812 


88-83 

1 


101-22 


•000087 


•002587 


88-86 


10113 

1 


•000087 


•002690 



The value 0*91131 for the density at 0^ and the expression 

V = 1 + -0012170 t + -0038334 t^ + -0722582 t^ 



have been used in reducing the observations. 
Taking 

7^1 = -000689 >73 = -002589 77.3 (calculated) 

t^ — 0°-33 ^3 = 88°-84 «2 (from curve) 



•0041G1, 
39°-20, 



we obtain the formula 



^i = 



98-0935 



(139-956 + tp^""' 



which gives values agreeing fairly well with the observed numbers. 



Ethers. 

Methyl Pro'pyl Ether. CH3.O.CH..CIJ2.CH3. 

A sample prepared from methyl iodide and sodium propylate was distilled from 
sodium wire, and the portion boiling between 39''-20 and 39°-28 was used in the 
observations. Bar., 762*5 milliras. Corrected and reduced b.p. = 39°-15. 

The following are the observations of viscosity :— 
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Left limb. 


RigHt limb. 


Temp. 


Press. 


Corr. 


V* 


Temp. 


Press. 


Corr. 


7- 


0-30 
5-16 
10-47 
1517 
20-09 
25-74 
2943 
35-03 


101-83 
101-65 
102-60 
102-53 
102-49 
102-4^ 
102-00 
101-61 


•000069 
•000072 
•000076 
-000079 
•000082 
-000085 
•000087 
•000090 


•003064 
•002912 
•002757 
•002630 
•002514 
-002385 
•002300 
•002187 


0-30 
512 
10-47 
1518 
20-11 
25 72 
29-53 
35-28 


101-78 
101-62 
102-53 
102-48 
102-42 
102-41 
102-08 
101-65 


•000069 
-000072 
•000076 
•000079 
•000082 
•000085 
•000087 
•000090 


•003065 
•002916 
•002761 
•002630 
•002512 
•002385 
•00-2301 
•002187 



In reducing the observations, Zander's value, 07420 for the density at 0°, and his 

expression 

V = 1 + -0214406 t + -0699280 t^ + -OySSSl? «' 

for the thermal expansion (' Annalen,' 243, 2), have been employed. 

Taking 

1^1 = -003064 1^3 = -002187 ijj (calculated) = '002589, 



<i = 0-'30 <3 = 35°-15 



the formula 



t.i (from curve) = 10°-80, 



^t 



8-4251 



(146-862 + ty^ 
is obtained, which satisfactorily reproduces the observed values. 

Ethyl Propyl Ether. CH3.CH2.O.CH2.CH2.CH3. 

Prepared from ethyl iodide and sodium propylate and dried over sodium wire. 
The portions used for viscosity observations boiled from 62°-93 to 62°-98. Bar., 747-7 
millims. Corrected and reduced b.p. = 63°-44. 



Left limb. 




Bi 

• 


gbt limb. 




Temp. 


Press. 


Corr. 


V- 


Temp. 


Press. 


Corr. 


V' 


082 


101-38 


•000054 


•003955 


^ 
0-38 


101-31 


-000054 


•003950 


5-66 


101-30 


•000057 


-003709 


5-64 


101-22 


•000057 


•003719 


10-63 


101-23 


•000060 


•003511 


10-68 


101-15 


-000060 


•003510 


15-65 


10114 


•000063 


-003323 


15-67 


101-10 


•000063 


•003326 


20-38 


101^10 


•000065 


-003162 


20-27 


10104 


•000065 


•003169 


25-39 


102-01 


•000069 


-003005 


, 25-30 


101-96 


-000070 


-003006 


30-11 


10200 


•000072 


-002863 


1 3006 


101-92 


-000072 


•002864 


3512 


101-91 


-G00074 


-002725 


i 3504 


101-89 


•OOC 074 


•002729 


3996 


101-75 


-000077 


-002600 


4001 


101-69 


•000077 


•002507 


4563 


101-59 


-000080 


•002466 


45-62 


101-52 


-000080 


•002466 


50-35 


101-53 


•000083 


-002364 


50-25 


101-49 


•000083 


•002362 


55-06 


101-40 


•000086 


•002262 


54-95 


101-36 


•000086 


•0022G6 


60-32 


101-32 


-OC0089 


•002157 


G003 


101-32 


•000089 


•002161 



MDCCCXCVII. — A. 



M 
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The value 0'7544 for the density at 0°, and the expression 

V = 1 + -0.213110 t + -0526162 t^ + -O7I56I7 ^^ 

given by Dobriner (* Annalen/ 243, 4), have been employed in reducing the 

observations. 

Taking 

Tjj = -003953 71^ = -002159 t)^ (calculated) = '002921, 

ty — 0°-35 



^3 = 60^-18 ^2 (from curve) = 28°-16, 



the formula 



284-675 



>?/ = 



(]83-;^55 -f-0^i«* 



is obtained. The agreement between the observed and calculated values is remarkably 
close. 

Dipropyl Ether. CH3.CH2.CH2.O.CH0.CH0.CH3. 



Prepared by Krafft's method, and submitted to repeated fractionation from sodium 
wire. The fraction used in the determinations of viscosity boiled between 89°*86 and 
89''-90. Bar. 760-8 milUms. Corrected and reduced b.p. == 89°-84. 

The observations for viscosity gave : — 



Left limb. 



Temp. 


Press. 


Corr. 


V' 


0-53 


101-92 


•000041 


•005359 


8-62 


101-76 


'000045 


-004821 


16-96 


101-35 


•000049 


•004355 


24-66 


101-29 


•000053 


-003980 


32-44 


101-12 


•000057 


•003653 


4046 


102-27 


•000062 


•003359 


4803 


101-93 


•000065 


•003113 


56-15 


101-86 


•000070 


•002877 


64-18 


101-71 


000074 


-002662 


72-48 


101-35 


•000078 


•002468 


81-53 


101-23 


000083 


•002280 


88-00 


101-25 


000087 


-002154 




0-64 
8-53 
16-94 
24-65 
32-47 
40-48 
48-10 
56-14 
64-14 
72-70 
81-42 
88-03 



Right limb. 



Press. 


Corr. 


r 

V' 


101-91 


•000041 


•005359 


101-77 


•000045 


•004831 


101-30 


•000049 


•004362 


101^26 


•000053 


•003990 


10106 


•000059 


003656 


102-31 


•000062 


003361 


101-86 


•000065 


003115 


101-82 


-000070 


•002876 


101-69 


•000074 


002667 


101-32 


•000078 


•002470 


101-19 


•000083 


002288 


101-17 


•000087 


002154 



The value d (070°) = 0-7633 for the relative density, and the expression 



V = 1 + -0212132 t + -0639318 t® — -O7I3644 ^^ 

obtained by Zander (' Annalen/ 214, 163), have been used in reducing the 
observations. 
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Taking 



71^ = -005359 7/3 = -002154 t;^ (calculated) = -003398, 
t^ = 0°-58 ^3 = 88°'01 t^ (from curve) = 39°-27, 



the formula 



Vi = 



104-068 



(148-362 + ty^^ 



is obtained, which gives values in good agreement with those observed. 



Methyl hohutyl Ether. CH3.0.CHo.CH.(CH3)2. 

Prepared from methyl iodide and sodium isobutylate and fractionated from 
sodium wire. In the case of this ether the process appeared to work more 
satisfactorily than in any of the others, the yield being almost quantitative. Two 
series of viscosity observations were made on this substance. 

The fraction used in the first set boiled between 59°*40 and 59°'43; bar. 763'8 millims. ; 
corrected and reduced b.p. = 59°*26. After the viscosity observations had been 
completed, this fraction was digested for two days with phosphoric oxide, and again 
distilled. 

The corrected and reduced boiling-point was practically the same as before, viz. , 
59^*29. A second set of viscosity observations was then made with this liquid, and 
as the results were practically identical with those of the first set, the second only 
are given below. A combustion gave the following results ; — 



Carbou 
Hydrogen. 



Fouud. 
68-22 
13-64 



Calculated. 
. 68-18 
. 13-64 



Observations for viscosity gave : — 



i 


Left limb. 




1 

Temp. 


Press. 


Corr. 

i 


'h 


o • 

0-37 


102-83 


000057 


003797 


7-00 


102-76 


000061 


003524 


14-54 


102-66 


000065 


003247 


21-31 


102-65 


000069 


003021 


28-92 


102-47 • 


•000073 


•002796 


35-98 


102-31 


"00D077 


•002619 


42-50 


102-26 


•000081 


•002461 


49-64 


102-22 


•000085 


•002309 


55-24 


102-10 


•000088 


•002193 



Temp. 



0-36 
6-85 
14-48 
21-40 
28-86 
35-98 
42-60 
49-86 
55-21 



Right limb. 



Press. 



102-78 
102-75 
102-61 
102-58 
102-42 
102-28 
10219 
10215 
10206 



CoiT. 



•000057 
•600061 
-000065 
-000069 
•000973 
•000077 
•000081 
•000085 
•000088 



-008797 
•008528 
•003245 
•003023 
•0U28U4 
•002620 
•002455 
•002302 
-a>2192 



M 2 



84 



DR. T. E. THORPE AND MR. J. W. RODGER ON THE RELATIONS 



As the thermal expansion of methyl isobutyl ether had not previously been 
determined, a series of measurements had to be made with the dilatometer, in order 
to obtain the data required for the reduction of the observations on viscosity. The 
apparatus and method employed were those described by Thorpe (' Chem, Soc, 
Trans./ vol. 63, p. 262, 1893}. 

The observations with the dilatometer gave : — 



T. 


Ob?. 


Calc. 


T. 


Obs. 


Calc. 


0-0 


2126-98 


2126-76 


1 

30-83 


2219 52 


221941 


4-82 


2140-45 


2140-48 


35-01 


2232-90 


2232-94 


1071 


2157-43 


2157-62 


40-48 


2250-96 


225103 


16-76 


2175-55 


2175-64 


46-OG 


2269-89 


2269-97 


20-75 


2187-78 


2187-79 


49-33 


2281-33 


2281-29 


25-80 


2203-56 


2203-46 


54-23 


2298-63 


2298-59 



The observed values lead to the following formula : — 

V = 212676 + 2'8216833 t + -00536623 t^ + -00001901 i\ 

from which the calculated values are obtained. 

Dividing by the first term and correcting for the expansion of glass, the formula 
for the absolute expansion is found to be 

V/ = 1 +.-0^135624 t + -05256232 «- + -0890132 i\ 

From this is calculated the following table giving the volumes of methyl isobutyl 
ether for everj" 10*^ between 0° and its boiling-point : — 



1 

! T. 


Vol. 


Diff. 


T. 

30 


Vol. 


Di£E. 





100000 




104324 


759 


5 


100685 


685 


35 


105099 


775 


10 


101383 


698 ; 


40 


105893 


794 


15 


102095 


712 


45 


106704 


811 


20 


102822 


727 


50 


107534 


b30 


25 


103565 


743 


55 


108384 


850 



The density at 0° was found to be 07507. 

Taking 

171 = -003797 1)^ = -002192 tj, (calculated) 
ty = 0°-36 <3 = 55°-22 f., (from curve) 



•00-2885, 
25°-9-2, 
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the formula 



Vi = 



122-591 



(174-318 -f 0""^"^ 



is obtained, which gives values agreeing well with those observed. 



Uthyl Jsohutijl Ether. CHa.CH^O.CH^CH. (CH3)o. 

A sample prepared from ethyl iodide and sodium isobutylate was distilled from 
sodium wire, and the portion boiling between 80^*74 and 80°'79 was collected sepa- 
rately. Bar. 750*2 millims. Corrected and reduced b.p. = 81^*18. 

The observations for viscosity gave : — 





Left limb. 




1 


Right 


limb. 




Temp. 


Press. 


Corr. 


V- 


1 
1 

1 Temp. 

1 


Press. 


Corr. 


! 


0-36 


103 68 


-000046 


-004800 


1 

0-36 


103-69 


•000046 


-004807 


7-34 


103-26 


-000049 


-004396 


7-34 


103-29 




•000049 


•004399 


1513 


101-98 


-000053 


•004001 


1507 


101-96 




•000053 


•004006 


21-61 


101-58 


•000056 


•003708 


21-80 


101-58 




•000056 


•003711 


28-22 


101-58 


•000060 


•003449 


28-06 


101-31 




•000060 


-C03458 


30-41 


101-39 


-000064 


•003200 


i 35-38 


101-36 




•000064 


-003200 


41-80 


100-87 


-000067 


•002992 


41-72 


100-82 




•000067 


•003000 


48-94 


104-00 


•000078 


•002793 


49-00 


103-97 




•000073 


-002790 


56-97 


102-39 


•000076 


•002613 


5601 


102-34 




000076 


-002617 


6318 


102-25 


•000080 


•002439 


6316 


102-11 




000080 


-002441 


70-69 


102-16 


-C00084 


•002277 


70-64 


102-11 




000084 


-002282 


77-43 


102-04 


•000088 


•002147 


77-53 

1 


10201 


•000088 


•002148 



As in the case of methyl isobutyl ether, determinations had to be made of the 
thermal expansion of this liquid. 
The observations with the dilatometer gave : — 



T. 


Obs. 


Calc. 


T. 


Obs. 


Calc. 


00 


2126-13 


2125-89 


48 09 


226785 


2267-87 


651 


2143-50 


2143-65 


56-81 


229519 


229515 


16-33 


2171-10 


2171-20 


63-84 


2320-91 


2321-06 


23-87 


2193-00 


2193-03 


7197 


2350-27 


23.50-12 


32-02 


2217-41 


2217-37 


76-50 


2366-82 


2366-83 


40-17 


2242-52 


2242-54 

1 









The observed values lead to the formula : — 

V = 2125'89 + 27009474 t + '00416124 t" + '00002225 ^^ 
from which the calculated values are obtained. 
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Dividing by the first term, and correcting for the expansion of glass, the formula 
for the absolute expansion is found to be 

V = 1 + •0.429999 t + -05199488^^ + '07105254 1^. 

From this is calculated the following table, giving the volumes of ethyl isobutyl 
ether for every 5° between 0° and its boiling-point : — 



T. 


Vol. 





100000 





100655 


10 


101321 


15 


101998 


20 


102688 


25 


103391 


30 


104108 


35 


104839 


40 


105587 



DifF. 



655 
^m 
677 
690 
703 
717 
731 
748 



T. 



45 
50 
55 
60 
65 
70 
75 
80 



Vol. 



106350 
107130 
107929 
108745 
109582 
110438 
111316 
112216 



Diff. 



703 
783 
799 
816 
837 
856 
878 
900 



A determination of the density at 0° gave 0*75445. This value and the above 
expression for the thermal expansion were used in reducing the observations for 
viscosity. 

Taking 

7}^ = -004804 rj^ = '002147 77^ (calculated) = '003212, 

^3 = 77°'48 t. (from curve) = 35^00, 



t^ = 0°'36 



the formula 



98-4046 



Vi = 



(152-69 4. <)W33 



is obtained, which gives values agreeing satisfactorily with the observed numbers. 



JsojjciUane, (CH3).CH.OHo.CH3. 

In our previous conimunication we gave a series of values of the viscosity 
coefficients of a sample of isopentane lent to us by the late Professor Scborlemmer. 
The quantity of liquid was very small, and the boiling-point varied by nearly 3^ during 
the distillation. For these reasons, and also from the fact that the sample was obtained 
from petroleum, we thought it advisable to make additional observ^ations on the 
viscosity of this substance, ond, if possible, on a product obtained from a different 

source. 

We have been able to examine three different samj)les of isopentane made 
respectively from English, Scotch, and Irish fust^l oil by direction of the Photometric 
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Standards Committee, in the laboratory of the Royal College of Science, by 
Mr. Alfred Greeves. 

The English fusel oil was obtained from potato spirit, the Scotch from spirit 
prepared from a mixture of maize and barley, and the Irish from spirit made from 
barley alone. In each case the fusel oil was fractionated, and the portion boiling 
between 128° and 132^ was used in the preparation of the isopentane. 

The alcohol was converted into the iodide, which was washed with a solution of 
soda, then with water, and after drying over calcium chloride was carefully 
fractionated. 

The iodide was reduced by means of a copper-zinc couple, and the mixture of 
isopentane and amylene thus produced was placed over excess of bromine for two 
days. The product was then separated from the bromine, washed with an ice-cold 
solution of soda, and then submitted to fractionation, which affords a ready method 
of separating the isopentane from amylene dibromide. As a further precaution 
against the presence of traces of amylene, amylene dibromide, or amyl iodide, the 
product was treated with fuming sulphuric acid for some hours. As this acid 
attacks isopentane to some extent, on removal from the acid the product was washed 
with dilute soda and then with water to remove sulphur dioxide ; it was next dried 
over ordinary sulphuric acid for some days, then over sodium wire, and finally 
submitted to fractionation. 

The observed boiling-points were : — 

I. From English amyl alcohol . . 28°-17 to 28°-27. Bar., 765-9 millims. 
11. „ Scotch „ „ . . 28°-10 to 28°'I2. „ 762-5 

III. „ Irish „ „ . . 27°-65 to 27°-70. ,, 750-3 

Corrected and reduced boiling-points : — 



I. II. III. 

27°-99 28°-04 • 28''04 



These values are considerably lower than most of the published determinations of the 
boiling-point of isopentane. They are almost identical, however, with that recently 
found by Young, and by Young and Thomas, viz., 27"'95 ('Proc. Phys. Soc.,' vol. 13, 
pp. 607 and 666, 1895). 

Determinations of vapour density : — 



I. 


II. 


III. 


36-05 


35-78 


35-55 


35-61 


35-62 


35-63 



Found 

Calculated; 35-83. 

The following are the observations for viscosity : — 
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T. 



Temp. 


Left limb. 


1 
I 




R 


igbt limb. 




Press. 


Corr. 


7- 


Temp. 
0-44 


Press. 


Corr. 


V' 


0^45 


90-68 


•000064 


•002785 


99-61 


•000064 


•002782 


5-16 


90-60 


•O0O0G6 


-002651 


515 


99-55 


•000066 


•002644 


10-82 


99-57 


•000069 


-002514 


10-85 


99-50 


•000069 


•002491 


15-33 


90-53 


•000072 


•002393 


15-34 


99-48 


•000072 


•002383 


20-29 


99-51 


•000074 


-002282 


20-22 


99-47 


•000075 


•002275 


2516 


09-53 


•000077 


•002174 1 


2515 


99-48 


•000077 


•002170 



II. 



Left limb. 



Temp. 


Press. 


Con*. 
-000064 


7- 
•002759 


\ Temp. 


0-35 


100-05 


i 
0-37 


5-68 


99-95 


•000067 


002607 


5-67 


10-21 


99-84 


•000070 


•0024^8 


' 1004 


15-67 


100-58 


•000074 


•002354 


! 1565 


20-46 


100-55 


•000076 


•002244 . 


20^46 


23-90 


100-53 


•000078 


•002172 


23-88 

i 



Rigbt limb. 



Piess. 


Corr. 


1 


10003 


•000064 


•002760 


9993 


-000067 


•002606 


99-80 


•000070 


•002494 


100-56 


•000074 


•00-2357 


100-50 


•000076 


•002248 


100-46 


-000078 


•002171 



III. 



Left limb. 



Rigbt limb. 



Temp. 
0^31 


Press. 


Corr. 


■ 


Temp. 


Press. 


101*18 


•000065 


•002767 • 


0-35 


101-14 


5-62 


101-11 


-000068 


-002612 i 


5^60 


10105 


10^00 


10103 


-000071 


•002471 


10-94 


100-97 


1602 


100-84 


•000074 


•002357 


15-07 


100-83 


19-87 


100-73 


•000076 


•002262 


1988 


100-69 


23-44 


100-68 


•000078 


•002185 \ 

i 


23-49 


100-64 



Corr. 


1 

'• i 


•000065 


•002765 


-000068 


•002C07 


•000071 


•002472 


•000073 


•002361 


-000076 


•002268 


•000078 


•002193 



In reducing the observations we have used Professor Young's value, 0*6392 for the 
density at 0°, and the expression 

V = 1 + -02146834 t + -05509626 t^ + '086979 t\ 

given by Thorpe and Jones {loc. cit). 
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The comparison of the values given by these three samples with those given by 
the petroleum sample (A.) is contained in the following table. 

In the case of each sample two curves were plotted, and the coefficients were read 
oflF at every 5°. The means of these values are given in the table, which also shows 
at each temperature-interval the differences between the coefficients of samples II., 
Ill.y and A, and that of I. 



Temp. 


I. 


II. 


III. 


A. 


V' 


n- 


Difference. 


V' 


Difference. 


n- 


Difference. 


o 


5 
10 
15 
20 
25 


•002797 
•002651 
•002521 
•002398 
•002283 
•002175 

1 


•002769 
•002624 
•002494 
•002371 
•002255 
•002149 


•000028 
•000027 
•000027 
•000027 
•000028 
•000026 


•002776 
•002627 
•002495 
•002375 
•002264 
•002158 


•000021 
•000024 
•000026 
•000023 
•000019 
•000017 


•002726 
•002583 
•002456 
•002340 
•002233 
•002130 


•000071 
•000068 
•000065 i 

•000058 ; 

•000050 1 
•000045 ; 

1 



The table shows that no two samples gave precisely the same values. No. I. — the 
isopentane derived from potato spirit, giving the largest, and A — the isopentane from 
petroleum, the smallest value. 

The values given by No. I. are about I'l per cent, larger than those given by 
No. II., and 0'9 per cent, larger than those given by No. III., whilst they are 2*5 per 
cent, larger than those given by the petroleum^ hydrocarbon. It is evident, therefore, 
that the isopentane from petroleum was not a pure product, and further that on 
preparing the hydrocarbon from amyl alcohol in the manner just described, although 
the boiling-points and vapour-densities of the three samples are practically the same, 
yet, as regards their viscosities, slight differences can be detected, which can only be 
due to the difference in the origin of the samples. 

Apparently, the lower the boiling-point and the higher the viscosity the more 
likely is it that the substance is pure ; we, therefore, regard the values for ')^ given 
by No, 1. as nearest to the truth. It may be that isoamylene, which is less viscous 
than isopentane, may be present to some extent in Nos. II. and III. 

In what follows we have used the coefficients given by No. 1. sample. 

Taking 

1^1 = -002783 1^8 = -002172 ri^ (calculated) = 002458, 



t^ = 0°-44 
we obtain the formula 



«3 = 25-15 



t^ (from curve) = 12°-50, 



391-101 



Vi = 



rr - 9 



(208-6 + ty^^^ 



which gives numbers in close agreement with those observed. 
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Mean. temp. 


*/• 


Difference. 


Observed (mean). 


Calculated. 


0-44 
5-15 
10^83 
15-33 
20-25 
2515 


•002783 
•002647 
•002502 
•002388 
•002279 
•002172 


•002783 
•002649 
•002499 
•002389 
•002276 
•002172 


000000 

-•000002 

1 ^^^^ 


^^^Vl 1 1 1 l<^^^ 


-000001 

+ •000003 

000000 



The above coefficients are, on the average, only about 1*5 per cent, smaller than 
those found for normal pentane, whereas the numbers given by the original sample of 
isopentane were about 4 per cent, smaller. 

On substituting the above for the original values, the relationships previously 
traced between the viscosity magnitudes of the paraffins are slightly altered. Since, 
however, all the lower paraffins we examined were prepared from petroleum, we do 
not at present propose to make the substitution, as the values already given probably 
express the relative eflfect of chemical nature more correctly than would be the case 
if the hydrocarbons were prepared partly by other methods. As regards the absolute 
value of the viscosity coefficients, there can be little doubt that the numbers afforded 
by the isopentane fi*om amyl alcohol aie to be preferred. 



Ethyl Benzene. CgHfi.CHj.CHg. 



The specimen of ethyl benzene previously examined was prepared by fractionating 
a sample obtained from Kahlbaum, whereas its three isomers, the xylenes, were 
prepared for us by Dr. G. T. Moody from the pure sodium salts of the corresponding 
sulphonic acids. As Dr. Moody kindly placed at our disposal a quantity of ethyl 
benzene, also prepared from the sodium salt of its sulphonic acid, a substance 
crystallizing in beautiful plates and having the formula CeH^.C^Hg.SOgNa + iH^O, 
we carried out a fresh series of viscosity observations. 

On distilling from sodium wire, the boiling-point varied between 136^'05 and 
136°-10. Bar., 764-3 millims. Corrected and reduced b.p. 135°-86. 

The value given by the original sample was 135°*92. 

The following are the viscosity observations : — 
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Left limb. 




Right 


1 limb. 




Temp. 


Press. 


Corr. 


7- 


Temp. 


Press. 


Corr. 


V' 


6-28 


100-74 


-000029 


•008699 


0-27 


10065 


1 
000029 1 


008706 


14-35 


100-68 


•000035 


-007149 


1422 


10062 


000035 1- 


007166 


24*98 


100-69 


•000039 


-006252 


2502 


10063 


000039 i ' 


006258 


39-86 


100-75 


•000046 


•005270 


39-84 


100-67 


000046 1 


005281 


53-60 


100-73 


-000052 


•004573 


5338 


100-65 


000052 ! 


004580 


65-42 


101-10 


-000058 


•004076 


6539 


101^04 


'000058 


•004080 


77-68 


101-14 


•000063 


•003650 


77-66 


101^06 


000063 


•003654 


89-84 


101-15 


-000069 


•003296 


89-86 


10106 


000069 


003291 


105-96 


100-48 


•000076 


•002900. 


105-93 


100-39 


000076 1 


•002901 


11916 


100-53 


-000082 


•002622 


11917 


1 100-46 


•000082 


•002625 


131-89 


100-57 


•000088 


•002392 


13197 


' 100^49 

1 


000088 

i 


•002890 



In reducing the observations we have used the value 0*8832 for the density at 0°, 
and for the thermal expansion the expression 

V = 1 + 0386172 t + -0625344 fi — -0818319 ^, 

given by Wbger (* Annalen/ vol. 221, p. 67). 

On plotting the above values the coefficients (II.) contained in the third column of 
the following table were obtained. The second column gives the coefficients (I.) 
found from the original sample of ethyl benzene, and the differences between the two 
series of values are given in the last column. 





n 


f. 




Temp. 






Difference. 








I. 


II. 








•00874 


•00874 


00000 


10 


-00758 


•007575 


•000005 


20 


006665 


•00665 


•000015 


30 


-00592 


•00590 


•00002 


40 


-00529 


•005265 


•000025 


50 


•00477 


•00474 


•00003 


60 


-00432 


•00429 


•00003 


70 


-00394 


•00391 


•00003 


80 


'00360 


•003575 


•000025 


90 


-003305 


•003285 


•00002 


100 


-003045 


•00303 


•000015 


110 


•002815 


•002805 


•00001 


120 


•00262 


•00261 


-00001 


130 


•002435 


•002425 


•00001 



At low temperatures the values are identical, and at high temperatures the new 
sample gives coefficients which are the lower by about 0*4 per cent. Between 30° 
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and 90° the differences reach a maximum, but never amount to more than 0'7 per 
cent. The conclusions based upon the coefficients r/ given by the original sample 
remain, therefore, unaltered, and we do not think it necessary to deduce a new 
formula of the Slotte type to reproduce the values given by sample No. 2 ; 
because, when the temperature range is so extended as 130°, the average diflFerence 
between calculated and observed values is as great as the above diflFerenoes between 
the coefficients of the two samples. The formula already given for ethylbenzene, 
although derived from the values for sample No. 1, may still be taken to give values 
as near the truth as it is possible to obtain by means of a formula of the Slotte 
type from the coefficients given by sample No. 2. 

Graphical Representation op Results. 

The relative position of the viscosity-curves of different members of the series of 
esters and ethers is shown in the following figures. The ordinates are viscosity- 
coefficients multiplied by 10^, and the abscissae are temperatures. 

Esters (fig. 1 ). 

The esters investigated were the three lowest formates, the three lowest acetates, 
the three lowest propionates, methyl butyrate, and methyl isobutyrate. Fig. 1 
represents the curves obtained. The first noteworthy point in connection with the 
curves is, that in all cases their slope is comparatively small, and varies but little 
with the temperature. In this respect the esters differ to a most marked extent from 
the acids and alcohols from which they are derived, since one of the characteristic 
features of these two classes of compounds was the large effect exerted by temperature 
upon viscosity, and the large extent to which this effect altered as the temperature 
altered. The behaviour of the esters, therefore, is a further argument in support of 
our conclusion that the presence of the hydroxyl-group is the main cause of the 
exceptional course of the curves for the acids and alcohols, for it proves that when by 
the mutual interaction of an acid and alcohol the hydroxylic nature of both is 
destroyed, the resulting compound gives a curve in no way resembling those of the 
reacting substances. Indeed, the curves for the esters resemble in shape those of 
non-associated liquids in general ; they give no indication of the presence of molecular 
aggregates. This is, of course, in harmony with the mass of physical evidence, which 
goes to show that, with very few exceptions, hydroxy-liquids alone contain molecular 
aggregates. 

As regards the disposition of the curves, it has to be noted, in the first place, that 
according to the general rule obeyed in homologous series of simple liquids, they 
follow one another in the order of the molecular weights of the esters. Passing 
along the diagram from below upwards we have, first, the curve for methyl formate. 
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then the curves for its next higher homologues, the isomers methyl acetate and ethyl 
formate ; then come the curves for the next higher homologues, the isomers ethyl 
acetate, methyl propionate, and propyl formate ; and, lastly, the curves for the next 
higher isomeric homologues methyl isobutyrate, ethyl propionate, methyl butyrate, 
and propyl acetate. Passing to the relative position of the curves for isomeric esters, 
it is noticeable that, where the compaiison is possible, the formate has at any tem- 
perature, the largest viscosity-coefficient. The curve for ethyl formate lies to the 
right of that for methyl formate, and the curve for propyl formate is far to the right 
of those for ethyl acetate and methyl propionate ; indeed, at low temperatures it 



Fig. 1. 



§ 



ESTERS. 



I METHYL FORMATE 
5 ETHYL FORMATE 
• PROPYL FORMATE 

2 METHYL ACETATE 

4 ETHYL ACETATE 
10 PROPYL ACETATE 

5 METHYL PROPIONATE 
8 ETHYL PROPIONATE 




9 METHYL BUTYRATE 
J METHYL I80BUTYRATC 



to 



40 



00 



60 



100 



almost coincides, and at high temperatures it actually coincides, with the curve of its 
higher homologue^ methyl isobutyrate. It is more than likely that the large viscosity- 
coefficients of the formates are associated with the fact, previously established, that 
of the five lowest fatty acids, formic acid has, at low temperatures, the largest 
coefficients, and that these coefficients are larger than they might be expected to be 
even on making allowance for molecular aggregation. 

On comparing the isomeric propionates and acetates, it is seen that although the 
curve for ethyl acetate is very slightly to the left of that for methyl propionate, the 
curve for propyl acetate is far to the right of that for ethyl propionate. This is 
the result of the influence exerted by the symmetry of the molecule in lowering 
the viscosity. In the first case the acetate is a symmetrical compound and the 
propionate is unsymmetrical ; in the second case both compounds are unsymmetrical. 
In conformity with the general rule, the curve for methyl isobutyrate lies well to the 
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left of that of methyl butyrate — it is, indeed, to the left of those of any of its isomers. 
The curves of methyl butyrate and propyl acetate are interesting inasmuch as, 
contrary to what holds in most series of related substances, they cut one another. 
At 0° the coefficient of the acetate is the larger by about 1*4 per cent., while at 100^ 
the coefficient of the butyrate is the larger by about 2*4 per cent. 



Ethers. 

Five ethers have been dealt with in the previous part of this paper. The curves 
obtained are given in fig. 2, which also contains, for the sake of comparison, the curve 
for ethyl ether. As in the case of the esters, the eflFect of temperature on viscosity 
is small, and does not vary much as the temperature alters. 

Pig. 2. 



o 
o 









\ 


\"^v 






ETHERS. 


1 OIETHVL exNLR 








2 METMYL-PROPVL ETHER 
4 ETMYL-PROPYL ETHER 


s^ - ^"^^ 






6 OIPROPYL ETHER 


^^^^x. -^--^ 






3 HETHVL-ISOBUTYL ETHER 


^^^>^^ - - 






6 ETHVL-I50BUTYL ETHER 




^ ^ ^^ 


** ^ _^ 





eo 



40 



60 ' 



60 



On passing along the diagram from below upwards the order of the curves is : 
diethyl ether, methyl propyl ether, methyl isobutyl ether, ethyl propyl ether, ethyl 
isobutyl ether, and dipropyl ether. They follow, therefore, in the order of the mole- 
cular weights of the compounds. 

As regards the curves of isomers, it is noticeable that diethyl ether, the symmetrical 
isomer, has at all temperatures a lower viscosity than methyl propyl ether. 

Again, as in the case of esters, of the isomeric ethers the iso-compound has the 
lowest viscosity ; the curve for methyl isobutyl ether lies below that of ethyl propyl 
ether, and the curve for ethyl isobutyl ether lies below that of the symmetrical isomer 
dipropyl ether. This last comparison is interesting as showing that the presenoe of 
an iso-linkage has a more important effect in reducing the viscosity than the mere 
symmetry of the molecule. 

In our previous paper an effect of symmetry similar to that which holds for the 
esters and ethers was shown by diethyl and methyl propyl ketones ; the symmetrical 
J8omer had the lowest viscosity. 
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The following tables contain the coefficients of viscosity read off from the working 
curves at intervals of 10°. Similar values for the new samples of isopentane and 
ethyl benzene have already been given on pp. 89 and 91 respectively. 

CoBFTiciBNTS of Viscosity (Dynes per sq. centim.). 

Estefi's. 



Temp. 


Methyl Formate. 


Ethyl Formate. 


Propyl Formate. 


Methyl Acetate. 
•00478 


Ethyl Acetate. 







•00429 


•00505 


•00668 


•00578 


10 


•00384 


•00448 


•00584 


•00425 


•00507 


20 


•00347 


•00402 


•00516 


•00381 


•00449 


30 


•00317 


00362 


•00459 


•00344 


•00401 


40 




•00328 


•00411 


•00312 


•00360 


50 




•002995 


•00371 


•00284 


•00326 


60 




• • 


•003365 


a a 


•002965 


70 




• • 


•003065 


. a 


•00270 


80 




• • 


•00280 




• • 



Temp. 


Propyl Acetate. 


Methyl 
Propionate. 


Ethyl 
Propionate. 


Methyl 
Batyrate. 


1 

Methyl 
Isobutyrate. j 


o 




•00770 


•00582 


•00693 


•00759 


•006725 


10 


•006655 


•00512 


•00604 


•00657 


•00587 


20 


•00581 


•00454 


•00532 


•00575 


•00518 


30 


•00511 


•00408 


•00472 


•00508 


•00461 


40 


•00455 


•00368 


•004225 


•00453 


•00413 


50 


•00408 


•00334 


•003805 


•00407 


•00372 


60 


•003675 


•00304 


•00346 


•003675 


•003375 i 


70 


•003335 


•002775 


•003135 


•00334 


•00307 


80 


•003035 


• • 


•00286 


•00304 


•00280 


90 


•00276 


• • 


•00262 


•00278 


•00256 


100 


•00250 


• • 


• • 


•00256 


1 



Ethers. 



Temp. 


Methyl Propyl 
Ether. 


Ethyl Propyl 
Ether. 


Dipropyl Ether. 


Methyl Isobutyl 
Ether 


Ethyl Isobutyl 
Ether. 


10 
20 
30 
40 
50 
60 
70 
80 


•00307 
•00277 
•002515 
•00228 


•003965 

•00354 

•003175 

•002865 

•00260 

•00237 

•002165 

• • 

• • 


•00540 

•00474 

•00420 

•00375 

•Oa3375 

•003045 

•00277 

•00252 

•00231 


•00381 

•00340 

•003065 

•00277 

•00252 

•00230 

a • 

• • 

• • 


•00482 

•00425 

•003785 

•00339 

•003045 

•002765 

•00251 

•00229 

•002105 
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ConcltLsio7is relating to the Graphical Representation of the Results. 

Both ethers and esters give no evidence of molecular aggregation and conform to 
the rules that — 

(1.) In homologous series the viscosity is greater the greater the molecular weight, 

(2.) An iso-compound has a smaller viscosity then a normal isomer. 

(3.) The more symmetrical the molecule of an isomeric compound the lower is the 
viscosity. 

As regards the esters themselves it is noteworthy, where the comparison has been 
made, that — 

(4.) Of isomeric esters the formate has the largest viscosity. 

Algbbbaical Representation of the Results. 

The following table gives the values of the constants in Slotte's formula for the 
esters and ethers. Here the formula is written in the shape i/ = C/(l + hty instead 
of that already used, viz., i/ = C/(a -f 0"- ^ ^^* ^^ course, the value of 17 at 0°, and 
since, in general, the curves do not cross one another, relationships exist between the 
values of C for the different substances similar to those just discussed and which 
hold regarding the position of the viscosity curves. 



CONSTAN' 


rs in Slcite's forn 


lula 17 = C/(l + I 


)t)\ 


Methyl formate. . . . 


0. 

•004301 


6. 
•014655 


n. 
08325 


Ethyl formate . 






•005048 


•007197 


17006 


Propyl formate . . 
Metnyl acetate . 






•006679 


•007179 


19154 






•004781 


•006472 


1-8636 


Ethyl acetate 






•005783 


•007384 


1-8268 


Propyl acetate . . 
Metihyl propionate 






•007706 


•007983 


18972 






•005816 


•006820 


1-8972 


Ethyl propionate . 






•006928 


•007468 


18914 


Methyl butyi*ate . 






•007587 


•008081 


1-8375 


Methyl isobntyrate 




•006720 


•007144 


19405 


Diethyl ether . . . 




•002864 


•007332 


14644 


Methyl propyl ether . 
Ethyl propyl ether 




•003077 


•006809 


15863 




•003969 


•005454 


21454 


Dipropyl ether . . 




•005401 


•006740 


1-9734 


Methyl isobutyl ether 
Etiiyl isobutyl ether . . 


•003813 


•005737 


20109 


•004826 


•006549 


19733 



Since the values of n and 6 are interdependent, their individual magnitudes need 
not show any definite relationships to the chemical nature of the substances. It is 
easy to prove, however, by the method already adopted, that the temperature 
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coefficients are in reality closely related to chemical nature. If the denominator of 
the left-hand side of the equation 17 = C/(l + hty be expanded, and if terms 
involving higher powers of t than t^ be neglected, we obtain an expression of the 
shape 1/ = C/(l + ^8^ + yt^). Such an expression closely reproduces the observed 
values of esters and ethers. This is shown in the following table, which also gives 
the values of fi and y. 

Formula 7) = G{1 + I3t + yt^). 





P' 




t 


iy X 105 


17 X 10* 


DifF. 




7- 


(Calc). 


(Obs.). 


X 10«. 


Methyl formate .... 


•01220 


-01497 



30 


318 


317 


-1 


Ethyl formate . . . 




•01224 


0-3086 


50 


299 


299 





Pit)pyl formate . . . 
MetiiYl acetate . . . 
Ethyl acetate . . . . 




•01375 


0-4519 


80 


280 


280 







•01206 


0-3370 


50 


283 


284 


1 




•01349 


0-4117 


70 


269 


270 


1 


Propyl acetate . . . 
Methyl propionate . . 
Ethyl propionate . . 
Methyl bntyrate . . . 




•01514 


0-642,3 


100 


252 


250 


-2 




•01294 


0-3958 


70 


277 


277 







•01412 


0-4701 


90 


261 


261 







•01485 


0-5025 


100 


.254 


256 


2 


Methyl isobntyrate . . 




•01386 


0-4657 


90 


256 


256 





Diethyl ether . . . 




•01074 


0-1828 


30 


214 


212 


-2 


Methyl propyl ether 
Ethyl propyl ether . 




•01080 


02156 


30 


229 


228 


-1 




01170 


0-3655 


60 


216 


216 





Dipropyl ether . . 




•01330 


0-4363 


80 


231 


231 





Methyl isobutyl ether 




•01154 


03345 


50 


230 


230 





Ethyl isobutyl ether . . 


•01292 


0-4119 


80 


209 


210 


1 



The last four columns in the table go to show that even at high temperatures 
where, from its mode of derivation the formula should be least satisfactory, it gives 
values agreeing closely with those observed. Under t is given a temperature near 
the boiling-point of the liquid; under (calc.) and (obs.), the calculated and observed 
values, respectively, of the viscosity-coefficients at <, and the difference between the 
values is given in the last column. It is clear that in all cases a formula of the above 
type will closely reproduce the observed values of ly, and, consequently, ^ and y may 
be regarded as the temperature-coefficients of the different substances. It will be 
seen from the table that the magnitudes of P and y are closely related to chemical 
composition. From the fact that the value of n for methyl formate happens to be 
less than unity, the value of y for this ester is negative, and hence its coefficients 
cannot be satisfactorily compared with those of the other substances, as they are all 
positive. Excluding methyl formate, the table shows that in general — 

(1.) In any homologous series ^ and y increase as the molecular weight increases. 

(2.) Of isomeric compounds the iso-compound has the smallest coefficients. 

(3.) Ethyl ether, the symmetrical isomer, has smaller coefficients than methyl 
propyl ether. 

MDCCCXCVII. — A. 9 
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(4.) As regards norrDal isomeric esters, the formate has the largest and the 
propionate the smallest coefl&cients, and the values of the acetate are larger than of 
the butyrate. 

Comparison of Viscosity Magnitudes at Comparable Temperatures. 

In what follows we deal with the relationships which exist between the various 
viscosity magnitudes — the viscosity-coeflBicient, the molecular viscosity, and the 
molecular viscosity work — first, at the boiling-point, and, second, at temperatures of 
equal slope, the slope adopted being that employed in our previous paper, viz., 0"04323. 



A. Comparison of Viscosity Magnitudes at the Boiling-point. 

Esters. 





Viseosity-Coeffioients. 
7 in dynes per sq. centim. 


Moleonlar Viscosity. 

t/ in dynes per sq. centim. 
X speoifio molecular area 


Molecular Viscosity VV ork. 

rj in dynes per sq. centim. 
X specific molecular 


i 


/S XV • 


in sq. oentims. X 10^ 


vol. in cub. centims. x 10^. 


li 


iethyl. 


r 

1 
Ethyl. 1 Propyl. 

! 


Methyl. 


Ethyl. 


Propyl. 


Methyl. 


i 
Ethyl. 1 Propyl. 


Formate . . 


312 


289 


1 

278 


492 


555 


620 


195 


1 

243 293 


Acetate . . 


266 


253 246 


508 


667 


626 


222 


268 


315 


Propionate . 


265 


242 


565 


614 


• • 


266 


309 


• • 


Butyrate . . 


250 


I 
■ • • • 


630 


• • 


• • 


317 


• • • • j 


Isobutjrrate . 


251 


• • 


• • 


633 


• • 


. • 


318 


• • 


• • 


Ethers. 


1 


Viscosity-Coefficients. 


Molecular Viscosity. 


1 

Molecular Viscosity Work. 




ff in dynes per sq. centim. 


Tj in dynes per sq. oentim. 


rf in dynes per sq. centim. 




X specific molecular area 


X specific molecular 




Ak X\J • 


in sq. centim 8. X 10*. 


vol. in c 


jub. centim. x lO'*. 


Methyl propyl . 211 


471 


222 


Ethyl propyl . . 210 


534 


269 


Dipropyl . . . 


212 


601 


320 


Diethyl . . . 


205 


459 


217 


Methyl isobntyl 


210 


534 


269 


Ethyl isobutyl . 


208 


593 


316 



A.S regards the esters, it will be seen that the different series follow the rule obeyed 
in most homologous series, viz., that the viscosity -coefficients diminish as the mole- 
cular weight increases. All the differences are negative, and diminish as a series is 
ascended. 



BETWEEN THE VISCOSITY OF LIQUIDS. AND THEIR CHEMICAL NATURE. 99 



Of the isomeric butyrates the iso-compound, in conformity with the general rule 
(compare p. 599, Part I.), has the larger coeflScient. The ethers, however, afford an 
additional instance of an homologous series (compare pp. 590 and 592, Part I.) 
in which the different members have nearly the same viscosity at the boiling-point. 
On comparing the values for diethyl ether and methyl propyl ether the symmetrical 
compound, as in the case of the ketones (compare pp. 599 and 605, Part L) has the 
lower viscosity. 

The exceptional character of the formates is no doubt connected with the excep- 
tional behaviour of formic acid, the molecular viscosity of which is abnormally large, 
greater, indeed, than that of acetic acid (compare pp. 591 and 610, Part I.). 

In our previous paper we showed that the values of CHg varied in different series, 
but that on making allowance for the influence of molecular complexity and of 
differences in chemical constitution (compare p. 606, Part I.), we concluded that the 
probable value of the effect of CHg on the molecular viscosity of comparable liquids 
was 62. It is satisfactory to find that this number is almost identical with the mean 
value now given by the esters and ethers, tis derived from the thirteen available 
differences, viz., 61 db 6. 

As regards molecular viscosity work it will be seen that the differences between 
the formates and acetates are nearly constant and in mean about 25 ; whilst the 
remaining differences given by the esters are also fairly uniform, viz., 46, the mean 
value given by the ethers is 50. The general mean, 48 ± 3, corresponds with that 
arrived at in our former paper, viz., 47. 

The Valve of Ether Oxygen. — Since the effect of CHg on the molecular viscosity 
and molecular viscosity work of the esters and ethers is the same as the value 
adopted in our previous paper, we may assume that the values of the atomic con- 
stants of carbon and hydrogen there used also apply in the case of the esters and 
ethers. If we further assume that the value of carbonyl oxygen is the same for the 
ethers as for the ketones, we have all the data for calculating the value of ether 
oxygens. The results are given in the following tables : — 

Esters. 





II 


II 








C»H2hOO<. 


CllHgwO. 


o<. 






f,cP (Obs.). 


(Calc). 


- — 


Methyl formate 492 


372 


120 


Etlivl fnrniate . , 




» • • 


565 


434 


121 




Propyl ! ur III Jitc . , 






620 


496 


124 




Meiliyl Hcetnte . , 




1 • * 


; 508 


434 


74 




l']tli\ 1 :icet»t(! . . , 




1 • • 


567 


496 


71 




Propyl ac('f:itr . , 






1 626 


558 


68 




Metliy piopionate . 






i 565 


496 


69 




P]f hyl propionate 






614 


558 


56 




Methyl butynite . , 






630 


558 


72 




Methyl isobutyrate , 






633 


573 1 


60 





O 2 



100 
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Ethers. 





C»H2i,+20^. 

7^3 (Obs.). 


(Calc). 


. o<. 


Diethyl 

Methyl propyl 

Kthyl propyl 

Dipropyl 

Methyl isobutyl 

Ethyl isobntyl 


459 
471 
534 
601 
534 
593 


408 
409 
470 
532 
485 
547 


51 
63 
61 
69 
49 
46 



As regards both molecular viscosity and molecular viscosity work, the formates — 
as was to be expected from what has been already stated — ^give values which are 
much larger than tliose of other compounds. Of the remaining liquids the general 
mean of the values of ethers and esters as i*egards molecular viscosity is 62 db 8- 
The variations of the individual values are no doubt large, arising mainly from the 
fact that in the case of normal isomers the same calculated value is deducted from 
the observed numbers, no regard being paid to the effect of symmetry of the 
molecule, etc., on the viscosity. A quantitative measure of these effects will only 
be possible after a much larger number of compounds has been investigated. There 
can, however, be no question of the large differences which exist between the atomic 
constants of hydroxyl oxygen, carbonyl oxygen, and ether oxygen. 

Taking the value found above, we may now write as the probable values of oxygen 
in the three different conditions — 



1 

Hydroxyl oxygen .... 
Carbonyl oxygen .... 
Ether oxygen 


Molecular 
Viscosity. 


Molecular 
Viscosity Work. 


196 

248 
62 


102 
41 
37 



These numbers, of course, can only be regarded as provisional ; they are mainly put 
forward as confirming the conclusion already indicated in our previous paper, that 
the constitution of oxy -compounds largely affects their viscosity. 



BETWEEN THE VISCOSITY OF LIQUIDS AND THEIR CHEMICAL NATURE. 101 



B. Comparison of Viscosity Magnitudes at Temperatures of Equal Slope. 

Esters. 



Formate . 
Acetate . < 
Propionate 
Butyrate 
Isobntyrate 



Viscosity-Coefficieuts. 
fl in dynes per sq. cm. 
X 105. 



Methyl. 


Ethyl. 


345 


336 


328 


327 


334 


336 


338 


• • 


335 


• • 



Propyl. 



336 
333 



Molecular Viscosity. 

7 in dynes per sq. cm. 

X specific mol. area, 

in sq. CHL x 10*. 



Molec. Viscosity Work. 

ff in dynes per sq. cm. 

X specific mol. vol., 

in cb.c. X 10*. 



Methyl. 


Ethyl. 


538 


635 


613 


713 


720 


822 


826 


• • 


819 


• • 



Propyl. 



734 

822 



Mebhyl. 


Ethyl. 


212 


276 


265 


333 


334 


407 


408 


• • 


405 


t • 



Propyl. 



344 

408 



Ethers. 



Methyl propyl. . . . 
Ethyl propyl .... 

Dipropyl 

Diethyl 

Methyl isobntyl . . . 
Ethyl isobntyl. . . . 


Viscosity-Coefficients. 
1} in dynes per sq. cm. 
X 105. 


Molecular Viscosity. 
ri in dynes per sq. cm. 
X specific mol. area, 
in sq. cm. X lO*. 


Molec. Viscosity Work. 
7 in dynes per sq. cm. 
X specific mol. vol., 
in cb.c. X 10*. 


302 
310 
318 
295 
311 
312 


648 
755 
865 
635 
757 
849 


300 
373 
451 
295 
374 
444 



It will be seen, in the case of both esters and fethers, that the viscosity-coefficients 
at temperature^ of equal slope are fairly concordant amongst themselves, and tend, 
in the case of the ethers, to become larger with increase of molecular weight. In 
the case of the ethers— diethyl and methyl propyl — the symmetrical compound, 
under all conditions of comparison, has the smaller value ; in this respect the ethers 
resemble the ketones. 

As in the case of the comparisons at the boiling-point, the formate has a larger 
molecular viscosity than any of the isomers (compare ethyl formate and methyl 
acetate ; propyl formate and ethyl acetate) — another indication of the specific influence 
exerted by the formyl group. The values of other normal esters obey the rule that 
the more nearly the number of carbon atoms in the acid radicle approximates to the 
number in the alcohol radicle the lower is the molecular viscosity. Methyl isobutyr- 
ate gives a smaller value than methyl butyrate; a similar result, was found in the 
case of six comparisons in our previous paper. 
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In any group of normal isomeric esters, the formate has the largest value of mole- 
cular viscosity work (compare ethyl formate with methyl acetate ; propyl formate 
with ethyl acetate). The other members of the group have values which are prac- 
tically identical (ethyl acetate 333, methyl propionate 334 ; propyl acetate 408, ethyl 
propionate 407, methyl butyrate 408. Methyl isobutyrate follows the general rule 
in giving a smaller value than the methyl butyrate. 

Values for ether oxygen at temperatures of equal slope have been calculated using 
the values given in our previous paper for CH^ and carbonyl oxygen, but it is evident 
that the values afforded by the esters are not independent of molecular weight, as 
they diminish, without exception, as any series of esters is ascended. Moreover, it 
is not possible to allow for the fact already noted that the molecular viscosity of an 
isomeric ester is the smaller the more nearly the number of carbon atoms in the 
acid radicle approximates to the number in the alcohol radicle. The main result, 
however, comes out as clearly as in the first condition of comparison that ether 
oxygen has invariably an effect on molecular viscosity widely different from the 
effects of hydroxyl oxygen and carbonyl oxygen. Thus, in the case of molecular 
viscosity, the values obtained were — 

Hydroxyl oxygen 166 

Carbonyl oxygen 198 

Ether oxygen 51 

Although these numbers can only be considered as first approximations, they 
clearly indicate, as already stated, that the constitution of oxy-compounds profoundly 
affects their viscosity. 

The following table shows the temperature at which the viscosity ciures have the 

slope -04323 :— 

Esters. 



Formate .... 

Acetate 

Propionate . . . . 

Butyrate 

Isobntyi^atc . . . . 


Methyl. 


Ethyl. 


Propyl. 

60°1 
69-9 

. . 

• • 


2d'-7 
347 
49-7 
68-5 
60-7 


37*7 
49-6 
62-6 

• • 

• • 



Ethers. 

o 

Methyl propyl 1*6 

Ethyl propyl 224 

Dipropyl 45*8 

Diethyl —2-7 

Methyl isobntyl 187 

Ethyl isobutyl 378 
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It will be noticed that in all caseff an increment of CHo brings about an increase in 
the temperature of equal slope, and in all cases the increase becomes greater as the 
series is ascended. In any group of normal isomers the formate has the largest 
temperature value and, with the possible exception of ethyl propionate, the remaining 
esters in the group have almost the same value. According to the general rule, 
methyl isobutyrate has a lower value than methyl butyrate, and, as in the case of the 
ketones, of the two ethers, diethyl and methyl propyl, the symmetrical isomer has 
the lower equal-slope temperature. 



Appendix. 

Chi the Preparation of Ethers. By R. E. Barnett, B.Sc, Assoc. R.C.S. 

The ethers prepared and used for viscosity observations were methyl propyl, ethyl 
propyl, dipropyl, methyl isobutyl, and ethyl isobutyL 

The most rapid and economical method of preparing certain ethers is undoubtedly 
the " continuous etherification " of alcohols by means of sulphuric acid, first used by 
BoULLAY and investigated by Wiluamson. Although it has been shown, originally 
by Williamson ('Annalen,' 81, 77) and later by Norton and Presoott ('Amer. 
Chem. Joum.,' 6, 241), that this method is applicable to the preparation of mixed 
ethers, there are always formed, as would be expected, considerable quantities of the 
two possible simple ethers containing the same alkyl radicles. The great diflSculty of 
separating any one ether from such a mixture, and the absence of any certain chemical 
method of ascertaining the presence of isomers, render this method particularly unsuit- 
able for preparing ethers for physical investigation. The liability of the higher fatty 
alcohols to oxidation by the sulphuric acid, which limits the application of this method 
to alcohols containing not more than three carbon atoms (Norton and Prescott, loc. 
cit.)^ is partially obviated by the employment of the sulphonic acids of benzene, 
naphthalene, and similar compounds (Krafft, * Berichte,' 26, 2829). 

Although it is evident that the d priori objections mentioned above apply equally 
to this method, it was tried in preparing dipropyl ether. Employing benzene- 
sulphonic acid, a liberal supply of which we owe to the kindness of Messrs. Brooke, 
Simpson, and Spiller, considerable difficulty was found in getting anything like 
complete etherification. Much propyl alcohol always came over with the ether, and 
as their boiling-points only differ by some seven degrees, the mixture was difficult to 
separate by fractionation. A better result was obta.ined by passing the first product 
through the acid again, but still much alcohol was present. After a rough separation, 
the ether was repeatedly treated with sodium wire, until further action practically 
ceased. The resulting product was fractionated four times in a Lebel-Henninoer 
apparatus. It was evidently a mixture, containing presumably also di-isopropyl and 
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propyl isopropyl ethers. The total range of boilifig-poiiit was from 85® to 90° (uncor.), 
while the boiling-point of dipropyl ether is 90"7 (Zander, 'Annalen/ 214, 163). 
This product showed, as far as distillation can show, the presence of fer greater 
proportions of isomeric compounds than the mixed ethers prepared from the same 
propyl alcohol in the manner presently to be described ; this appears to confirm the 
view expressed above of the tendency to the formation of mixed ethers in these 
processes, and the consequent augmentation of the proportions of isomeric compounds 
present in the alcohol employed. The preparation of di-isobutyl ether by this process 
was also attempted by using naphthalene sulphonic acid, but the difficulty of complete 
etherification and the very impure product formed caused the process to be abandoned. 

Excluding the method depending upon the action of silver oxide upon alkyl iodides 
(Erlenmeyer, ' Annalen,' 126, 306 ; Linnemann, * Annalen,' 161, 37), the only other 
available processes are those based upon the condensation of alcohol with alkyl halides 
in tlie presence of an alcoholate or hydroxide of an alkyl metal, or of triethylamine. 
The last-named substance was employed by Reboul (* Compt. Rend.,' 93, 69). As 
his method involves the use of sealed tubes, and does not prevent the formation of 
define, it was not tried. 

The method described by Chancel ('Compt. Rend.,' vol. 68, p. 726; *Annalen,' 
vol. 151, p. 305), and previously used by Balard, has the advantage of dispensing 
with metallic sodium, and has consequently been frequently employed. Chancel 
prepared methyl, ethyl, propyl, and amyl propyl ethers by acting upon a mixture 
of propyl alcohol and powdered caustic potash with the alkyl iodide. The formation 
of the dipropyl ether, which is the only one fully described, was attended with the 
production of much propylene, especially in the presence of excess of alkali. The 
boiling-points given are so widely different from those of Dobbiner and other 
subsequent investigators that Chancel's ethers must have been very impure, 
probably firom the presence of undecomposed iodide. Lieben and Rossi (* Annalen,' 
vol. 158, p. 167) tried Chancel's process, using butyl iodide with caustic potash 
and ethyl alcohol, and found that two-thirds of the iodide was converted into ethyl- 
butyl ether. Saytzew (* Joum Prakt. Chem.,' (2), vol. 3, p. 88), using the same 
substances and a similar method obtained an amount of butylene representing about 
one-fourth of the iodide employed. Markownikopf (* Annalen,' vol. 138, p. 374), 
obtained ethyl isopropyl ether as a bye-product in the action of potassium cyanide in 
alcoholic solution upon isopropyl iodide. He observed that the amount of ether 
produced increased with the strength of alcohol employed, reaching the maximum 
with absolute alcohol. 

In trjdng this method, roughly-powdered caustic potash was added to propyl 
alcohol in a flask, and after cooling, ethyl iodide was poured in. The mixture was 
warmed on a water-bath under a reflux condenser ; the action rapidly became very 
vigorous, and a considerable quantity of gas was evolved. After some time, when 
the reaction appeared to be complete, the liquid portion was distilled off* and treated 
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with calcium chloride. It boiled entirely between 63° and 68°. On treatment with 
sodium it became evident that this product contained a very large quantity of 
undecomposed ethyl iodide, and it was found practically impossible to purify it by 
any means short of further etherification. In a second experiment more alkali was 
used, and in this case the mixture of propyl alcohol and caustic potash was kept hot, 
and ethyl iodide added through the reflux condenser at intervals. Gas was still 
given off, and the product obtained again boiled between the same limits and 
contained much iodide. 

It will be seen that the disadvantage of Chajjcel's method is that the large 
quantity of caustic alkali converts much of the alkyl iodide into define, while, on 
the other hand, unless a great excess of potash is used, the product contains 
undecomposed iodide. 

Although an alcoholic solution of caustic alkali is stated to contain a large pro- 
portion of alcoholate, yet the other method, in which the alkali metal is dissolved in 
the pure alcohol, differs very markedly from Chancel's, and, as will be seen from 
the experiments presently to be described, is greatly superior as a quantitative 
method for the preparation of ethers. This does not, however, inunediately appear 
from the existing records. Bbuhl (' Annalen,' vol. 200, p. 177) acted upon sodium 
ethoxide in alcoholic solution with propyl bromide ; he found propylene evolved, and 
the yield of ether low. Zander ('Annalen,' vol. 214, p. 163) employing sodium 
propylate with propyl iodide, obtained only a 25 per cent, yield of dipropyl ether. By 
the use of solid sodium ethoxide and butyl bromide, Lieben and Eossi obtained 
ethyl butyl ether as chief pixxiuct, with a small quantity of butylene; but this 
experiment was performed in a sealed tube and is consequently not quite comparable. 
It is noteworthy, however, that only 1*5 times the theoretical quantity of the 
ethoxide was used, while to decompose the less stable butyl iodide Saytzew (loc. 
cit.) had to use six times the calculated amount of potassium hydroxide in Chancel's 
process. 

A careful comparison of all the above-mentioned results with others by Balard, 
GuTHBiB, and Williamson, has led, in the light of experiments described below, to 
conclusions which may be stated as follows ; they refer to the preparation of ethers 
containing alkyl radicles from methyl to amyl inclusive. 

i. The action of a solution of sodium in an anhydrous alcohol upon an alkyl halide 
tends quantitatively to the production of an ether,* and differs markedly from the 
action of an alcoholic solution of an alkaline hydroxide. 

ii. In preparing mixed ethers by this reaction, the halogen-derivative should 
contain the alkyl radicle of lower molecular weight, the reaction then being 
apparently the more simple and regular, and the yield better the greater the diffe- 
rence between the two alkyls. 

iii. Where the use of the halogen-derivative of propyl or a higher alkyl becomes 

♦ Cf. Hecht and Coniiad (* Zeitfl. Physik. Chem.,' 3, 450), on this reaction. 
MDOCCXCVn. — ^A. P 
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unavoidable, the bromide, or sometimes the chloride, should be substituted for the 
iodide. 

The secoud of these conclusions finds some support in the work of Silva (' Compt. 
Rend./ 81, 323), who showed that when a mixed ether is decomposed by hydriodic 
acid the higher radicle becomes an alcohol and the lower an iodide. 

Although the rule given may seem obvious in view of the known instability of the 
higher alkyl iodides, it is shown above that in practice it has been generally disre- 
garded. A possible reason for this is the increasing difficulty of dissolving sodium as 
we ascend the series of alcohols. In the work recorded below, it was not found 
possible in any reasonable time to dissolve more than one molecular proportion of 
sodium in two or three of propyl or isobutyl alocohols. The consequent waste of 
alcohol may be obviated by the use of the following continuous process, by means of 
which the conversion of alkyl iodides and alcoholates into ether can be carried out 
in almost theoretical proportions. 

A WuBTZ flask of about a litre capacity has the side-tube (which should be nearly 
at right angles to the neck) lengthened to about a metre^ and this surrounded by 
the outer tube of a condenser for nearly its whole lengtli :to secure efficient conden- 
sation. The flask is placed on a water-bath, and by inclining it until the condenser 
slopes upward at some 30° with the horizontal we have a reflux apparatus, while a 
simple rotation through 60° downwanls adapts it for distillation. 

Placing it with the condenser doping upwards, 1 50 grams of the alcohol (propyl or 
isobutyl) is introduced through the neck, which is fitted with an easily-removable 
cork. A clean dry bottle, wide mouthed and stoppered, is tared, and about 30 grams 
of clean sodium put into it. It is again weighed, so that at any time the amount used 
can be ascertained ; if dry and well-stoppered, oxidation is only superficial. Some 
pieces are cut off and introduced into the flask ; it dissolves rapidly at first with 
evolution of heat. More sodiiun is added at intervals, taking care not to use more 
than can be dissolved within a reasonable time; say 20 to 22 grams for 150 grams 
alcohol. The water-bath is heated, as if the solution be allowed to cool it solidifies. 
Directly the sodium has dissolved, the cork in the neck is replaced by one carrying a 
bent tap-funnel, in which the iodide (methyl or ethyl) is placed. This is allowed to 
flow in small portions into the thick liquid ; the flask is gently rotated to prevent 
the heavy iodide sinking to the bottom and causing violent bumping, and in a 
moment the whole mass beicomes clouded by the separation of sodium iodide. The 
whole of the iodide is gradually added in this way, the amount being that calcu- 
lated for three-fourths of the sodium present. With this proportion, though but 
little more than equimolecular, there was never a trace of iodide in any of the 
distillates. 

After a short digestion the condenser is turned down without interrupting the 
boiling, and the ether distils over. It is accompanied with but little alcohol, possibly 
on account of the alcoholate still in solution raising the boiling-point. Directly the 
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distillation slackens, the condenser is turned up again, and more sodium introduced ; 
a fuither quantity of ten or twelve grams can be dissolved in the remaining alcohol. 
An amount of alkyl iodide, three-fourths of that required for the total quantity of 
sodium alcoholate now in the flask, is added as before, and so a second quantity of 
ether obtained. It is possible to continue this process so that the final amounts 
of sodium and alcohol unutilised shall bear as small a proportion to the total ether 
produced as we please, especially if the alcohol obtained by fractionation of the early 
distillates be added to the flask ; but time and the accumulation of sodium iodide 
fix a practical limit. 

The ethers prepared in this way wei'o methyl-propyl, ethyl-propyl, methyl-isobutyl, 
and ethyl-isobutyl. The dipropyl ether was prepared by Krafft's method, as already 
described. The methyl and ethyl iodides used were prepared by myself. The 
alcohols were obtained from K^hlbaum ; the propyl alcohol boiled between 95^7 and 
97°"0 (corr.), and the isobutyl alcohol from 106°-4 to 108° (corr.). Each ether was 
repeatedly fractionated in a Lebel-Henninger apparatus, and the main fraction, after 
frequent and prolonged digestion with sodium wire, boiled within about half a degree. 
It appeared to be practically impossible to obtain an ether which would show abso- 
lutely no gas bubbles on the introduction of fresh sodium wire, so one was compelled 
to consider the drying complete when the amount of this trifling action became 
constant on each successive addition of wire. This minute quantity of moisture 
would appear to have no effect upon the viscosity observations, as an ether after 
repeated treatment with phosphoric oxide gave results almost identical with those 
given by the liquid before treatment. (See p. 83.) 
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IV. On the Capacttf/ ami Residual Charge of Dielectrics as Affected by Tempera- 
ture ami Time. 

By J. HoPKiNsoN, F.R.S., ami E. Wilson. 

Received December 15, 1896,— Read January 28, 1897. 

Before describing the experiments * forming the principal subject of this communi- 
cation, and their results, it may be convenient to shortly state the laws of residual 
charge. 

Let Xt be the potential at any time < of a condenser, e.gr., a glass flask, let y^ 
be the time integral of current through the flask up to time ^ or, in other words, 
let yi be the electric displacement, including therein electric displacement due to 
ordinary conduction. If the potential be applied for a short time w, let the dis- 
placement at time <, after time w has elapsed from the application of force ««-•• 
be a:4_^t|»((w)dck> ; this assumes that the effects produced are proportional to the 
forces producing them ; that is, that we may add the effects of simultaneously- 
applied electromotive forces. Generalise this to the extent of assuming that we may 

add the effects of successively-applied electromotive forces, then y^ = x^^^ ^ (w) dta. 

Jo 

This is nothing else than a slight generalisation of Ohm's Law, and of the law that 
the charge of a condenser is proportional to its potential. Experiments were tried 
some years ago for the purpose of supporting this law of superposition as regards 
capacity. It was shown that the electrostatic capacity of light flint glass remained 
constant up to 5,000 volts per millimetre (*Phil. Trans.,' 1881, Part II., p. 365). 
The consequences of deviation from proportionality were considered (* Proc. Roy. Soc.,' 
1886, vol. 41, p. 453), and it was shown that, if the law held, the capacity as 
determined by the method of attractions was equal to that determined by the method 
of condensers ; this is known to be the case with one or two doubtful exceptions 
{ibid.^ p. 458). Rough experiments have been made to show that residual charge is 
proportional to potential ; they indicate that it is (*Phil. Trans.,' vol. 167, Part II.). 

The integral y^ = x^^^ iff (oi) do) includes in itself ordinary conduction, residual 

Jo 

* These czperiments were commenced in the summer of 1894, and we have to thank Messrs. 
C. J. Evans and B. E. Shawcross for vidaable assistance rendered during the period of their 
Demonstratorship in the Siemens Laboratory, King's College, London. 

12.4.97 
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charge and capacity. Suppose that from i = to ^ = ^, a?/ = X, and before that 

time Xi = 0, then y/ = X m|» (co) c?oi, and -^' = i/r (t) ; thus ^ {t) is the conductivity 

after electrification for time t. It has of course been long known that in stating the 
conductivity or resistance of the di-electric of a cable, it is necessary to state the 
time during which it has been electrified ; hence ^ {t) is for many insulators not 
constant. ^{^) may perhaps be defined to be the true conductivity of the condenser, 
but at all events we have ^ {t) as the expression of the reciprocal of a resistance 
measurable, if we please, in the reciprocal of ohms. For convenience we now 
separate i/r (oo ) = j8 from i/r (w) and write for i/r (oi), t|» (co) + A If we were asked to 
define the capacity of our condenser we should probably say : " suppose the con- 
denser be charged to potential X for a considerable time and then be short-circuited, 
let Y be the total quantity of electricity which comes out of it, then Y/X is the 

capacity." If T be the time of charging jy^ = X I {^ (oi) + jS) ^«* a* th® moment 

Jo 

fT+e 
{}\f (w) + fi] c?a> aft^er time t of discharge. The 

amount which comes out of the condenser is the difference of these, or 

Y==XJ[V(w)+i8c?co-pVH + i8^wj ; if ^ be infinite 1/^(0=0, and Y=X^^ 

or we now have capacity expressed as an integral of i/r (cj) and measurable in micro- 
farads, and it appears that the capacity is a function of the time of charge increasing 
as the time increases. Experiments have been made for testing this point in 
the case of light flint glass, showing that the capacity was the same for 1/20000 
second and for ordinary durations of time (* Phil. Trans.,' 1881, p. 356), doubtless 

f» ^ ^ M/200C0 ri 

t/r (a>) dw is small compared with I MtoSd^a. Now I ^ (oi) cfoi, when t 
1/20000 Jo Jo 

is indefinitely diminished, may be zero, have a finite value, or be infinite ; in fact it 
has a finite value. The value of ^ (co) when oi is extremely small can hardly be 

observed ; but I t|» (oi) dco, when t is small, can be observed. It is therefore con- 
Jo 

venient to treat that part of the expression separately, even though we may 

conceive it to be quite continuous with the other parts of the expression. I ^ (oi) cicu, 

Jo 

when t is less than the shortest time at which we can make observations of ^ (oi), 
is the instantaneous capacity of the condenser. Call it K and suppose the form of 
1^ to be so modified that for all observed times it has the obsei'ved values, but so 

that I tp (cj) c^o) = 0, when t is small enough. 
Jo 

Then y^ = Kcc< -f- I a?/.. {^ (co) -f- P\ d(o. Here the first term represents capacity, 

Jo 

the second residual charge, the third conductivity, separated for convenience, though 
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really all parts of a continuous magnitude. Suppose now our condenser be submitted 
to a periodically varying electromotive force, that 

ajj = A cos pt, 
then 

yi == A j K COB pt +1 cosp{t — 03)1^ (w) + j8] c?ft) I 

= A s K COB pt + cos pt I coBpa)\lf (oi) rfck) + sin pt sin ^)(wi^ (w) do} |. 

The effect of residual charge is to add to the capacity K the term coBpo)^ (w) c?ck>, 

Jo 

whilst the term Bin pt Bin pto^o) do) will have the effect of conductivity as regards 

Jo 

the phases of the currents into the flask. Thus the nature of the effect will depend 
upon the form of the function ijf (w). An idea may be obtained by assuming a form 

C 
for ^ (<k)), say yjt (co) = — , where m is a proper fraction. This is a fair approximation 

to the truth. Then 

I coBpo)^ (ck>) rfoi = r (1 — m) cos (1 — m) ir/i/p^^'^, 

Jo 





»Q0 



Binpci}^ (co) d(o = V(1 — m) sin (1 — m) 7r/2//>^'"*. 

Jo 

If m is near to unity, capacity is almost entirely affected ; otherwise the effect is 
divided between the two, and dissipation of energy will occur. It is interesting to 
consider what sort of conductivity a good insulator such as light flint glass, according 
to this view of capacity, residual charge, and conduction, would have at ordinary 
temperatures if we could measure its conductivity after very short times of electrifica- 
tion ; if, in fact, we could extend the practice used for telegraph cables and specify 
that the test of insulation should be made after the one hundred millionth of a second 
instead of after one minute, as is usual for cables. The capacity of light flint 
measured with alternating cuiTents with a frequency of two millions a second is 
practically the same as when measured in the ordinary way ; that is, its capacity will 
be 67. Its index of refraction is 1*57 or fi^ = 2'46, or, say, 2*5. We have then to 
account for 4'2 in a certain short time. The current is an alternating current, and 
we may assume as an approximation that it will be the residual charge which comes 
out in one-sixth of the period which produces this effect on the capacity ; therefore 

1/12x10* 

^ (<k)) rfoi = 1^ X capacity of the flask as ordinarily measured. The capacity 



of a fairly thin flask may be taken to be 1/1,000 microfarad to 2/1,000 microfarad ; 

fl/l2xl0« 
\l^{(o)da) to be 10"^ farad; if t/»(o>) wei'e constant during 


this time its value must be 12 X 10^ X 10"^ = -^ ohms"^ about. The value of i/r (oi) 



f 
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is far from constant, and hence the apparent resistance of that extraordinarily high 
insulator, a flint-glass flask, must be, for very short times, but still for times 
enormously large compared with the period of light waves, much less than 80 ohms, 

[Added 11th March, 1897. — Somewhat similar considerations are applicable to 
conduction by metals. Maxwell pointed out that the transparency of gold was 
much greater than would be inferred from its conductivity measured in the ordinary 
way. To put the same thing another way — the conductivity of gold as inferred 
from its transparency is much less than as measured electrically with ordinary 
times. Or the conductivity of gold increases after the application of electromotive 
force. Suppose then we have a current in gold caused by an electromotive force 
which is increasing, the current will be less than it would be if the electromotive 
force were constant, by an amount approximately proportional to the rate of increase. 
If w be the current, i the electromotive force, ?^ = af — j8f • where a is the 
conductivity as ordinarily measured. This gives us the equation of light trans- 

mission af • — )8f " = -j^ assuming that we have no capacity in the gold. 

Professor J. J. Thomson gives as a result of some experiments by Drude that the 
capacity of all metals is negative. This conclusion is just what we should expect, if 
we assume, as Maxwell has shown, that the conductivity of metals increases with 
the time during which the electromotive force is applied.] 

The experiments herein described are addressed to ascertaining the efifect of 
temperature, first on residual charge as ordinarily known, second on capacity as 
ordinarily known, third to examining more closely how determinations of capacity 
are affected by residual charge, fourth to tracing the way in which the properties of 
insulators can continuously change to those of an electrolyte as ordinarily known. 
The bodies principally examined are soda-lime glass, as this substance exhibits inte- 
resting properties at a low temperature, and ice, as it is known that the capacity of 
ice for such times as one-tenth of a second is about 80, and for times of one-millionth 
of a second of the order of 3 or less. 

Residual CHAnoB as affected by Temperatube. 

Experiments on this subject have been made by one of us which showed that 
residual charge in glass increases with temperature up to a certain temperature, but 
that the results became then uncertain owing to the conductivity of the glass 
increasing. These experiments were made with an electrometer, the charge set free 
in the flask being measured by the rate of rise of potential on insulation. We now 
replace the electrometer by a delicate galvanometer and measure the current directly 
without sensible rise of potential. 

Fig. 1 gives a diagram of connections. The glass to be experimented upon is 
blown into a thin flask F, with thick glass in the neck to diminish the effect of 
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cbat^ creeping above the level of the acid, and is filled with sulphuric acid to the 
shoulder ; it is then placed in sulphuric acid in a glass beaker, which forms the 
inner lining of a copper vessel consisting of two concentric tubes l>etween which oil 




/vy/ 



is placed. Thermometers, 1\ Tj, placed in the acid outside the jar and in the oil, 
are made to register the same, or nearly the same, temperatures when taking obser- 
vations, but Tj gives the temperature taken for the flask. Tbo flask is heated by a 
Bunsen burner placed under the copper vessel. Two electrodes a, c, insulated from 

MDCCCXCVn. — A. Q 
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one another, and from the flask by means of sealing wax and glass tubes, dip into 
the sulphuric acid forming the inner coating of the jar, and similarly, electrodes h, d 
dipping into the outer acid make connection with the outer coating. The acid inside 
and out was made to wet the flask up to a level higher than the acid would reach at 
the highest temperatures. 

The four electrodes, a, 6, c, d, are connected respectively by thin copper wires, 
with four mercury cups 1, 2, 3, 4, cut in a block of paraffin, and, by means of a 
reversing switch a, 6 and c, d, can be connected respectively to mercury cups 5, 6. 
Cups 5, 6 are connected respectively to 7, 8 by thin wires, which can in turn be 
connected with or disconnected from the source of charge 9, 11. 

The steady potential difference of about 1,500 volts is obtained from a Siemens 
alternator A, in series with a revolving contact maker B fixed to the alternator shaft 
and making contact once per complete period, there being six periods per revolution. 
The contact-maker is set to make contact when the potential difference is a maximum. 
A condenser C, and a Kelvin vertical electrostatic voltmeter V, are placed in parallel 
between the connecting wires leading to mercury cups 9, 11. 

The galvanometer G has a resistance of 8,000 ohms and is inclosed in an iron box 
which acts as a magnetic shield. The box is supplied with a small window for the 
ray of light to pass through it from an incandescent lamp to the mirror from which 
it is reflected back through the window to a scale at a distance of 12 feet from the 
mirror. The divisions on this scale are i^th of an inch apart, and an average 
sensibility for this instrument is '3 X 10"^ ampere per division of the scale. The 
galvanometer is supplied with a shimt S, and has its terminals connected to mercury 
cups 13, 14 on the paraffin block. These mercury cups are connected to cups 10, 12 
respectively, which can at will be connected to 7, 8, by one motion of the glass 
distance-piece g forming part of the reversing switch which places 9, 11, or 10, 12, in 
contact with 7, 8. A switch is so arranged that 13, 14 can be connected at will, 
that is, the galvanometer is short circuited. 

The process of charging, discharging, and obsei*ving, is as follows : — Near the 
observer is a clock beating seconds which can be distinctly heard by the observer. 
Initially, the cups 9, 11, are disconnected from 7, 8 ; but 5, 1, and 6, 2, are connected. 
At the given moment the reversing switch is put over connecting 7, 9, and 11, 8 ; 
the jar is then being charged through electrodes a, h. This goes on for the desired 
time, during which charging volts and zero of the instrument are noted. At the end 
of the time required for charge, the main reversing switxjh is put over connecting 
7, 10, and 8, 12 ; next the subsidiary switch is put over connecting 3 to 5 and 4 to 6, 
and on opening the short-circuiting switch, the spot of light is deflected and allowed 
to take up its natural state of movement determined by residual charge, readings 
being taken at stated epochs after discharge is started. This whole operation, 
including an adjustment of the shunt when necessary, was so speedily accomplished 
that reliable readings could be taken 5 seconds after discharge is started. By using 
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two electrodes, polarization of electrodes is avoided, and the gradually-diminisbin^ 
current through the galvanometer is that due to residual charge. The conductivity 
of the jar is determined hy removing the glass distance-piece g, connecting 7 to 9, 
8 to 12, and 10 to 11, and noting the steady deflection on the galvanometer for a 
given charging potential difference. 

In the ice experiment, the conductors from 3, 4, are used both for charging and 
discharging. The form of condenser used when dealing with ice and liquid dielectrics 
is shown in fig. 2. It consists of seven platinum plates, a, h, c, d, e, f, g, each measuring 
2 inches by 3 inches, and of a thickness '2 millim., separated from each other by a distance 
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of 2*7 mUlims. To each plate are gold-soldered four platinum wires — two top and two 
bottom. Plates a, c, e, g, form the outer coating of the condenser, and are kept in 
their relative positions by cross connecting wires h, gold-soldered to the wires at each 
end of each plate. Similarly, plates h, d,f, which form the other and inner coating 
of the condenser, are fixed relatively to one another by cross connecting wires t. The 
relative positions of the two sets of plates are fixed by glass rods 1, 2. The terminals 
of the condenser are, for the inner plates the prolonged wire 3, and for the outer 
plates the wires 4, 4. These are bent round glass rods 3, 6, which resting on the top 
of a beaker support the plates in the fluid. The glass tubes on the wires 3, 4, 4, are 
for the purpose of securing good surface insulation. The glass beaker is conical, so as 
to remain unbroken when freezing the distilled water within. This was accomplished 
q 2 
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by surrounding the beaker with a freezing mixture of ice and salt, the lower 
temperature being obtained by further cooling in carbonic acid snow. 

The same blue flask, which was the subject of the earlier experiments, was mounted 
as shown in fig. 1, and the residual charge observed for various temperatures. This 
glass is composed of silica soda and lime ; the colour is due to oxide of cobalt in small 
quantity. 

Out of a large number of experiments the data in Tables I. and II. give the general 
character of the results. 

Table I. 



Time in 
seconds. 


15^ C. 


34i. 


54|. 


70. 


85. 


117. 


132. 


Remarks. 


10 


246 


• • 


. « 


. . 


. . 


9770 


7256 


Bine flask. 6th and 7th 


15 


• . 


376 


1176 


2785 


5445 


. • 


. . 


November, 1894. Sen- 


20 


121 


265 


1030 


2586 


4100 


3590 


3010 


sibility of galvanometer, 


30 


87 


209 


892 


2070 


2980 


2150 


1735 


•378 X 10-». Duration 


60 


46 


131 


683 


1320 


1510 


950 


778 


of charge, 2 minntes. 


120 


22| 


91 


483 


720 


688 


440 


350 


Charging volts, 1250 


300 


H 


62 


256 


260 


210 


164 


107 
less than 




600 


. . 


• • 


123 


110 


• . 


86 


59 





Table II. 



Time in 
seconds. 


14" C. 


55. 


70. 


110. 


137.. 


Remarks. 


10 

20 

60 

120 

300 


205 

99 

38 

17 

5 


1230 

837 
594 
308 


2850 

1560 

878 

314 


11740 

4790 

1212 

487 

134 


12400 

4340 

990 

366 

. • 


Bine flask. 13th November, 1894. Sen- 
sibility of galvanometer, '407 X lO"*. 
Duration of charge, 2 minutes. Charging 
volts, 1250. 



Table III. 



3rd January, 1895. 


4 January, 1895, 


Remarks. 


Time in 
seconds. 


S'C. 
5 min. 
charge. 


117 
1 min. 


117i 
1 min. 


8'C. 
5 min. 
charge. 


122 
1 min. 


122i 
1 min. 


10 
20 
30 
60 
180 


75 
43 
30 
18 


123 
105 

80 

. . 


268 

148 

109 

73 

66 


70 
44 
32 
19 
7| 


400 

240 

69 


1100 
664 

240 
68 


New window glass flask. Sensibility of 
galvanometer, '358 X lO"*. Reust- 
ance of flask, 8** C, 3340 X 10« ohms. 

Charging volts, 1500. 



CAPACITY AND RESIDUAL CHARGE OP DIELECTRICS. 117 

The figures given are the deflections of the galvanometer in scale divisions corrected 
for the shunt used. Recalling that one scale division means a known value in 
amperes, that a known potential in volts is used, these figures can readily be reduced 
to ohms "^ The capacity of the flask is 00026 microfarad at ordinary temperatures 
and times, and the specific inductive capacity of its material under similar conditions 
is about 8. Hence one could reduce to absolute conductivities of the material. It is 
more interesting to consider how fast the capacity is changing. Take the first result 
given in Table III. for another flask 75 at 10 seconds ; this means a conductivity 
75 X 0-358 X 10"Vl>500 = about 0179 X 10"^^ and this is, of course, the rate 
in farads per second at which the capacity is changing in that experiment compared 
with a capacity of the flask ^-lO"^ microfarad measured with the shortest times, or, 
to put it shortly, the flask owing to residual charge is changing capacity at the rate 
of about 3 per cent, per second. These figures also show that the residual charge up 
to 20 seconds increases greatly with the temperature; the residual at 60 seconds 
rises with the temperature up to about 70° C. or 80® C, and then diminishes ; residual 
charge at 300 seconds begins to diminish at about 60° C. One may further note the 
way in which the form of the function i|r (w) changes as temperature rises. Compare 
in Table I. the values for 20 and 30 seconds, the ratios are : — 

Temperature. . . 15 34^ 54^ 70 85 117 132, 
Katio 1-39 1-27 1*16 1*25 1*38 1"67 174. 

In other words, if we expressed ^ (w) in the form C/<**, we should find m first 
diminishes as temperature rises to 54°, then increases as the temperature further 
rises. This has an important bearing upon the effect of residual charge on apparent 
capacity and resistance. 

It will be noticed that the residual charge, for the same time, at high temperatures, 
is somewhat greater in Table IL than L The results in Table I. were obtained oa 
November 7th, 1894 ; those in Table II. on November ISth, 1894. There is no doubt 
but that heating this glass and submitting it to charge when heated, alters the 
character of the results in such manner as to increase residual charge for high 
temperatures. To test this more thoroughly, a new flask was blown out of window 
glass composed of silica lime and soda without colouring matter, and on January 3rd, 
1895, was charged and discharged in the ordinary manner. After the results given 
in Table III. for January 3rd were obtained, the flask was charged for 21 minutes at 
1,500 volts, the direction of charge being reversed after 10 minutes, the temperature 
of the flask being 133°^ We see that on Jsmuary 4th, Table III., the same effect is 
observed, namely an apparent increase in residual charge for the same time at high 
temperatures. This may probably be attributed to a change in the composition of 
the material by electrolysis. 
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Capacity, 

(a.) Low Freqicency. 

Fig. 3 gives a diagram of connections, showing how the apparatus is arranged for 
the purpose of determining the capacity of poor insulators, such as window glass or 
ice. at varying temperatures. This is a bridge method, the flask F being placed in 
series with a condenser of known capacity K, and on the other side non-inductive 
resistances R^, Rg. By means of keys ^j, h^y the bridge can be connected to tlie poles 
of a Siemens alternator A ; its potential difference is measured on a Kelvin multi- 
cellular voltmeter V. On the shaft of the alternator is fixed the revolving contact- 
maker B, which makes contact once in a period, and the epoch can be chosen. 




The Kelvin quadrant electrometer Q has one paii' of quadrants connected to a pole 
of the revolving contact-maker B, and the other to a mercury cup 4 in a block of 
paraffin. The other terminal of B is connected to the junction between F and K ; by 
means of mercury cups 1, 2, 3, the electrometer can be connected through the contact-* 
maker to either end, or to the middle of the bridge. 

The compensating resistance R is the resistance due to pencil lines drawn on fine 
obscured glass strip,* about 12 inches long and f inch wide, contact being made at 
each end by means of mercury in a small paraffin cup, and the whole varnished whilst 
hot with shellac varnish. A series of these resistances was made, ranging in value 
from a few megohms to a few tens of thousands of ohms. For the purpose of these 
experiments a knowledge of their actual resistance is of no moment, although for the 
purpose of manipulation their resistances are known. 

The method of experiment is as follows : — Mercury cups 1 and 4 ai'e connected by 
a wire, placing the electrometer and contact-maker across F, and the contact-maker is 
moved until it indicates no potential. Cups 3, 4 are now connected, and resistance R 
is adjusted until the electrometer again reads zero. After a few trials, alternately 

• See ' Phil Ma^.,' March, 1879. 
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placiug the bridge between 1, 4 and 3, 4, and adjusting R, the potentials ai-e brought 
into the same phase^ that is, the potential across the electrometer is zero in each case 
for the same position of the contact-maker. Mercury cups 2, 4 are now connected, 
the contact-maker B is adjusted to the point of maximum potential, and R^, R^ 
adjusted until balance is obtained. We now know that K/F = R1/R2. 

^^3 is the ordinary key supplied with the electrometer, which reverses the charge on 
the quadrants or short circuits them. The range of frequency varies from 100 to 7 
or 8 complete periods per second. 

(b.) High Frequency. 

For high freciuencies a method of resonance is used,* and the appaiutus shown in 
lig. 4. The primary coil consists of 1, 9, or 160 turns of copper wire 4 feet in diameter, 





Fig4f 



having a condenser K^ in its circuit and two adjustable sparking knobs a, h. The 
secondary is placed with its plane parallel to that of the primary, and usually at a 
distance of 4 or 5 feet from it ; adjustable spark knobs c, d are provided in its circuit, 
which consists of 1, 9, or 160 turns of copper wire of the same diameter as the primary. 
The diameter of the wires for the I, 9, and 160 turns are respectively 5*3, 2*65, and 
1 '25 millims. A Ruhmkorff coil excites the primary. Between the spark knobs c, d 
are placed the capacity to be found F, and a large slide condenser E. The method 
is one of substitution, that is to say, maximum resonance is obtained with both 
condensers attached by variation of K ; F is removed and maximum resonance again 
obtained by increase of K. In order to bring K on the scale for the two maxima, it 
is necessary to adjust K^, the condenser in the primary. This condenser consists of a 

* This method, we find, has been used by Thwino, * Physical Society's Absti*acts,' vol. 1, p. 79. 
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sheet of ebonite with tin-foil on either side ; three such condensere are available, and 
by variation of the area of tin-foil, if necessary, a suitable value for K^ was speedily 
obtained. Platinum-foil was used for the electrodes in the acid inside and outside the 
jar in the glass experiments instead of wire, as shown in fig. 1, in order to secure that 
the connections should not add materially to the self-induction of the circuit, 
The frequency is calculated from the formula 



where 



Frequency = 2,y|^oo-^^ 

K is the capacity in secondary in microfai'ads, 
L is the self-induction in centimetres. 



where 



L = iiryv^a i log, ~ 2 j 

n is the number of turns on the secondary, 
2a is the diameter of the ring = 4 feet, 
2r is the diameter of wire on secondary. 

When n = 1, L = 4230 centimetres. If K be taken '00096 microfarad the fre- 
quency is 2*5 X 10®. 

The lowest frequency we have tried with this apparatus is when 7i = 160 
L = 136 X 10®. If K be taken -0028 microfarad, the frequency is 8,400. 

That the capacity of some kinds of glass does not vary much with a moderate 
variation of temperature is known ('Phil. Trans.,' 1881, p. 365). Experiments were 
tried on the same blue flask as before, using the method in fig. 3. The results 
obtained and many times repeated for a frequency of 70 or 80 are given in Table IV. 
As the specific inductive capacity of this flask, measiu:ed in the ordinaiy manner, is 
about 8, it appears that at 170° it is about 21. Knowing from the results in 
Tables I. and II. how great was the residual charge for high temperatures and short 
times, it appeared probable that the result would depend upon the frequency. This 
was found to be the case, as shown by the results of November 26, 1894, Table IV., 
the appai'ent capacity being somewhat more than one-half at frequency 100 of 
what it is at frequency 7*3. Experiments on the window-glass flask show the same 
result. 

The next step was to determine whether or not this large increase of apparent 
capacity was due to residual charge. To do this tlie resonance experiments fig. 4 
were resorted to and the capacity of the flask was determined with a frequency of 
about 2 X 10® ; it was found to be sensibly the same whether the flask were hot 
or cold. The results show that the capacity varies from 185 to 198 in arbitrary 
units with a variation of temperature from 25:J-° to 127''. With frequency 8,400 the 
capacity varies from 240 to 285 in arbitrary units for a variation of temperature 
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from 21^ to 122°, but here the sensibility was not so good as with the higher 
frequency. We conclude that the apparently great capacity of this glass at a 
temperature from 120° to 170° is due to residual charge, but that the effects of this 
part of the residual charge are not greatly felt if the frequency is greater than 
about 10,000 a second. 

The extent to which the capacity of the window-glass flask is affected by the 
frequency at ordinary temperatures, 8° C, is shown by the following figures : — 



Frequency .... 12 

Capacity '00075 



39 
•0008 



70 
•001 



Table IV. 



20th November, 1894. 
Freqnency, 72 ; volts, 70. 


2 1st November, 1894. 
Freqnency, 85 J ; volts, 71 J. 


1 

26th November, 1894. 
Temperature, 120° C. 


Tempera- 
ture. 
C. 


Capacity of 

nask in 

terms of itself 

at 15°. 

1 

131 
1-66 
2-6 


Tempera- 
ture. 
C. 


Capacity of 

flask in 

terms of itself 

at 25° C. 


Frequency. 


Rg/R). 

1-27 

111 

•87 

•78 

•75 


Remarks. 

Standard conden- 
ser unaltered 
throughout ex- 
periment 


15 

92 
117 
154 

1 


2H 

64* 

96 
120 
170 


1 

105 

1-27 

1-59 

2-61 


7-3 
12 
394 
7l| 

100 



CoNDUcrriviTY after Electrification for Short Times. 



The Battery. — This consists of 12 series of small storage cells, fig. 5, each series 
containing 50 cells. The poles of each set of 50 cells are connected to mercury 
cups in a paraflSn block, and numbered 1, 3, 5, ... 21, 23, on the positive side; 
2, 4, 6, . . . 22, 24, on the negative. Cups 6, rf, are connected to the poles of the 
56 cells in the Laboratory, and therefore, by connecting rf, 1, 2 . . . 21, 23, together 
on the one side, and 2, 4, . . . 22, 24, 6, together on the other side, the cells can 
be charged in parallel. For the purpose of these experiments, a large potential 
difference is required ; this is obtained by removing the charging bars, and replacing 
them by a series of conductors connecting a? to I, 2 to 3 . . . 22 to 23, 24 to y. In 
this manner, the whole of the 600 cells are placed in series with one another. 
Across the terminals «, y, are placed a condenser K3 of about 4*3 microfarads, and a 
Kelvin vertical electrostatic voltmeter V. In order to change over quickly, and for 
the purpose of safety, the charging bars and connections for placing the cells in series 
are mounted on wood. 

MPCOCXCVIL — A. R 
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The Contact Aiyparatus. — This consists of a wooden pendulum carrying lead 
weights i(?i, w^, which were not moved during the experiments. The penduhim is 
released from the position p by the withdrawal of a brass plate, and, swinging 
forward, strikes a small steel contact piece /, carried on a pivoted arm of ebonite. 
The initial position of this ebonite arm is determined by a contact pin e, about 
'^ inch diameter, contact being maintained by a spring m with an abutting rod 
insulated from a brass supporting tube by means of gutta-percha. This insulated 
rod is continued by a copper wire to the insulated pole of a quadrant electrometer Q. 
The brass supporting tube is continued by means of a metallic tape covering on the 
outside of the insulated wire, and is connected to the case and other quadrant of 
the electrometer. If, then, the pendulum be released from position p^ the time which 
elapses between the terminal piece g first touching the plate /, and the time at 
which contact is broken between c and the insulated stop is the shortest time we 
have been able to employ in these experiments, its duration being '00002 second. 

For longer times an additional device, shown in plan only, is used. It consists of 
a brass pillar A, which carries a steel spring S, and which is moved to and fro in 
V-shaped slides by means of a screw provided with a milled head n, which is 
divided into twenty equal parts on the outside surface. A pointer fixed to the 
frame indicates the position of the head, and a scale on the brass slide shows the 
number of revolutions of the head from zero position. The pendulum steel piece g 
is of suflScient width to touch the spring S as it moves forward and strikes the 
plate f. The zero of the spring S is determined electrically by moving forward the 
pillar A, and noting the position of the milled head when contact is first made, the 
steel piece g being in contact with fy but not disturbing its initial position. The 
plate /is connected by a flexible wire with the slides which are in connection with 
the spring S through its support h. When, therefore, the spring S leads the plate/ 
by any distance, the time of contact is that time which elapses between g first 
striking S and the severance of contact between the pin e and its stop, always 
supposing that g keeps in contact with S. A good deal of trouble was experienced 
before making this contact device satisfactory. The ebonite arm carrying c and / 
was originally of metal, /being insulated; but inductive action rendered the results 
untrustworthy. Then again, the spring S, when first struck by the pendulum 
evidently again severed contact before / was reaxjhed. To get over this diflSculty a 
subsidiary series of fine steel wires were attached to S, so that as the pendulum 
moves forward the wires are one after the other struck. In order that the pendulum 
should not foul these wires or the spring S on its return to position p^ it was slightly 
pressed forward by the hand at its central position. 

The method adopted is that of the bridge. Starting from mercury cups a:, we 
proceed by a fine wire to the terminal i, and thence, by a wire passing down 
the pendulum, to g. From g we pass through spring S and the piece / diu-ing 
contact to one end of the bridge. The flask F, or condenser to be experimented 
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upoiii is placed in series with metallic resistances a, these forming one arm of 
the bridge, the condensers Kp K2 forming the other arm. The stop e is connected 
to the junction between a and F ; and the junction of Kj, Kj is connected to the 
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case of the electrometer by the outer couductor of the insulated wire leading to the 
instrument. The whole of the pendulum arrangement is supported on paraffin feet. 

In the first instance pencil lines on glass were used for a, and K^, K2; but, 
for short times and varying current densities it was proved that these were 
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unreliable, when a knowledge of their actual resistance at the time of contact 
is taken to be the same as measured in the ordinary way on a Wheatstone bridge. 

Ttnie of ContacL — The connections were altered from those in fig. 5 to those 
in fig. 6. Eight dry cells having low internal resistance were used for charging. 
In fig. 6 let K be the capacity of the condenser, equal to ^ microfarad. Let k be 
the capacity of the quadrant electrometer at rest in zero position, equal to 
'000015 microfarad. Let R be the insulation resistance of K, and r the resistance 
through which the condensers are charged. Let E be the E.M.F. of the battery, 
V be the E.M.F. of condenser, and t the time of contact in seconds. 

Then 

(K+i-)V+| = A(E~V) 

To determine E. Let R=a, K = 0, 7*=0; the deflection of the electrometer 
needle from zero after the pendulum has struck gives E in scale divisions. 




To determine t. Let K be known and great as compared with k. Let R = oc , 
and let r be such that the steady deflection from zero, V, after pendulum has struck, 
is about equal to half E. 

V = E (1 - c-Kr), 

which gives 

t = rK log. 



E 



E - V 
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The following are the values of t iu seconds, so deduced, in terms of revolutions 
of the milled head n from zero : — 

Turns of milled head from zero. 

^ 1 2 3 4 5 6 

Time of contact in seconds. 

•00002 -00035 -00099 0028 -006 '009 'Oil 01 4 

The experiments have so far dealt with frequencies ranging from 2 X 10^ 
to 8,000, and 100 to 10. The gap between 8,000 and 100, during which the great 
effects of residual charge become apparent, is filled up by experiments with the 
])endidum apparatus just described. An attempt was made to fill up this gap 
by means of the method shown in fig. 6, from which the effect on the capacity 
could be found for various times of contact, but this method was finally abandoned 
and used only for the determination of times of contact. 

Refemng to fig. 5, F is the same window-glass flask mentioned above, and 
mounted as in fig. 1 ; a is a non-inductive metal resistance, the effect of the capacity 
of which was at the most, when a is large, only capable of disturbing our experi- 
ments to the extent of eight per cent., but in most cases the disturbance is a 
small fraction of this ; K^ is a one-third microfarad condenser, and Kg the large 
slide condenser used in the other experiments. The advantage of this method 
of experiment is that the charging potential diffei'ence V is great, and the actutJ 
ohmic resistance of a is small as compared with that of the flask F. In this manner 
the effect of the instantaneous capacity of the flask is overcome at once and the 
after effects due only to residual charge can be examined directly. The results are 
shown in Table V. 
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Table V.— Window-Glass Flask. 16th-3l8t October, 1896. 

a. Resistance box. 

Kj. Jrd m.f. = 118,000 divisions of large slide condenser. 

Kg. Large slide. When at zero = 100 of its own scale divisions. 

When at 435 = -00146 m.f. 
K = '0005 m.f. from highest frequency resonance experiments. 
In the diagram, fig. 7, giving curves of conductivity and time for given temperature, 

1 centim. vertical = 2 X 10"® (Z^^ t). 
1 centim. horizontal = 2 X 10"* {fy seconds. 
Therefore, area X 4 X 10""^ gives capacity in microfarads. 



Time of contact. 



Tenperatare of Flask, Va-^ C. 



Tarns 

of 
mUled 
httad. 







•5 

•5 

10 

1-0 

20 

30 



Tknein 
seconds. 




•00002 

•00002 

•00035 

•00099 

•00099 

•0028 

•0060 



160 
430 

160 

70 



Large 

slide . ,^ I 

P'tf " oh.12. 



BesifltoiDoeof 
Flask in lO* ohms. 



aK 



-A. 



•0056 
•0090 

•105 

•130 



•000794 
•00117 



From 



399 
280 



From 



25 
2-0 



• • 



• • 



48 
90 



48 



90 



1000 
rough 



o 
in 10-^ 



-286 



• • 



•0208 
•0111 



•001 






A^aiB 

nqoare 

centime. 



54-57-8° C. 



•00002 

•00002 

•00035 

•00035 

•00099 

•00099 

•0028 

•0060 

X 



160 
430 
430 
160 
160 
160 
70 



•00608 

•0094 

•055 

•025 

•065 

•062 

•075 



m/. 



110 
1625 

2205 



•000044 
•000065 

•000068 



•00139 


7-45 


276 


•200 


1 


•00142 


327 


210 






1/330000 


122 


12-2 


•085 


10-7 


/l-6xlO" 


114 


11-4 




1 

1 


. • 


29-5 


295 


•035 


18-6 


* • 


281 


281 






• . 


52 


52 


•019 


26-2 


1 
1 


170 


•0059 



•000043 
•000074 
•0001 



F=: 

- j!e 

in m/. 



•000565 
•000588 



•000543 
•000574 
•0006 
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Table V.— Window-Glass Flask. 16th-31st October, 189G— (continued). 



Time of contact. 



Temperatore of Flask, 80° C. 



Tunis 

of 
milled 
hefcd. 







•5 

10 

2-0 

30 



Time in 
secondf. 



•00002 

•00002 

•00035 

•00099 

•0028 

•0060 



X 



Large 

slide 

position 



160 
430 
430 
430 
430 
160 



inio< 

ohms. 



t 
-IS 



•0041 

•0079 

•023 

•066 

•100 

•065 



= A. 



•000058 
•0063 
1/16 X 10^2 



• • 



Besistance of 
Flask <y in 10* ohms. 


e 
inlO-« 


[Ut 
•' e 


-It. 


From 


From 


AxMin 




a + Ae 
a + c 


'h 


(^0- 


iqaaie 
oentim*. 


m/. 


252 


1^86 


•435 






204 


1-80 








51 


51 


•196 


23-3 


•000093 


14-7 


14-7 


•068 


38-25 


•000153 


223 


22-3 


•045 


541 


•000216 


295 


295 


•034 


763 


•000381 


65 


•0154 



F» 

^ e 

inm/. 



•000593 
•000653 
•000716 
•000881 









•00002 


430 


•0047 


•00002 


430 


•0043 


•00035 


430 


•0177 


•00099 


430 


•020 


•0028 


430 


•025 


•0060 


430 


•029 


oc 



110-112^0. 







•5 

1^0 

20 

30 



•00020 

•000091 

1/16 X low 



1^88 


105 


•714 






•973 


•96 








39 


39 


•256 


24-5 


•000098 


4-5 


4-5 


•222 


441 


•000176 


5^6 


56 


•178 


78-7 


•000316 


66 


65 


•164 


1136 


•000568 


8-5 


•118 



•000598 
■000676 
•000815 
•00107 



Window-Glass Flask. 2nd November, 1896, 



Time of contact. 



Tenpenttare of Flask, 12fi° C. 




•5 
1 
2 
3 
4 
5 



•00002 

•00035 

•00099 

•0028 

•0060 

•009 

•Oil 



oc 



430 
430 
430 
430 
430 
430 
430 



•0035 

•0082 

•0105 

•012 

•0133 

•0135 

•0135 



1/89000 



•779 


•780 


128 




• 


183 


183 


•546 


32-7 


•OOOISI 


234 


2-34 


•427 


55-5 


•000222 


2-68 


2^68 


•373 


708 


•000283 


297 


2^97 


•337 


1022 


•000511 


3-0 


30 


•333 


103 


•000515 


30 


30 


•333 


103 


•000515 




800 


•333 



•000631 

•000722 

•000783 

'000101 

•00101 

•00101 



145« C. 





•5 

1 

3 
4 



•00002 


430 


1 

•0018 


•00035 


430 


•0032 


•00099 


430 


•004 


•0028 


430 


•0048 


•0060 


430 


•0043 


•009 






•Oil 




! 



• • 



•401 
•713 
•892 
•959 
•959 



•401 
•713 
•892 
•959 
•959 



2-49 






140 


50^8 


•000255 


112 


83 


•00033 


104 


93 


•00037 


1-04 


93 


•00037 

i 



•00075 
•00083 
•00087 
•00087 
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Table V. (continued). — 10th November, 1896. 
Window-Glass Flask. Solder used instead of Acid. 



Time of contact. 


a in ohms. 


Besisiance 
of flask c in 


1 

Temperatnre of 
flask -C. 


1 

e 






10* ohms. 


in 10~* ohms"!. 


r -00002 


•7 


•000156 


abont 350 


6410 


J -00099 


1^5 


•000334 


„ 350 


3000 


1 -0028 


1^5 


•000334 


„ 350 


3000 


LOii 


1-5 


•000334 


„ 350 


3000 


•00002 


18 


•00446 


285 


224-0 ! 


•00002 


130 


•0290 


229 


34-5 


•00002 


200 


•0446 


219 


22-4 


f -00002 


270 


•0602 


203 


16-G 


J 00099 


3:^0 


•0736 


202 


13-6 


] 006 


370 


•0825 


200 


12-1 


L014 


370 


•0825 


200 


12-1 


Sammary of 










rosnlts with acid. 










•00002 


1000 


•223 


160 


4-48 


•00002 


1800 


•400 


143 


2-5 


•00002 


4700 


105 


112 


•71 


•00002 


4100 


186 


80 


•43 1 


•00002 


6080 


2-76 


55 


•2 


•00002 


5600 


399 


15 


•28 



Let Ki, K2, and F be discharged and let the potential difference V be applied to 
the bridge for time t. Let c be the ohmic resistance of the flask at the end of time t. 
Let K be its instantaneous capacity which is found by resonance at frequency 
2 X 10^. Let V be the potential across a. Then 



V 

a 



V-i; 



+ (V - vy 



V 



a + c [ a J 



ft f C c+c "1 

We know a, K, and f, and measure 1 1 + — e^"^^^ v • 

a -f c [ a J 

Now c is large compared to a, hence = — , therefore c""^^' is known ; let it 



a+c 



equal A. Then we have 



K 



2 



ft -f Ac 



a + c Ki + Kg 



We have reduced a consistent with fair sensibility until the correction due to 
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instantaneous capacity is so small as to be almost negligible, that is, until — : — - is 



sensibly equal to 



K 



a -}- c 



I 



How far we have been able to carry this can be seen by an inspection of Table V. 

It is only for the shortest time of contact that the correction for c""^ becomes at all 

sensible. 

Fig. 7. 




'C0£ 



-005 <X>4 ^005 O06 

T/ma of cofiCACd //? Seconds, 



007 



ooe 



O09 



All temperatures from 15° to 145° were obtained by heating the flask as mounted 
in fig. 1 ; for 200® to about 350° acid was taken away and a solder, melting at about 
180° C, substituted. Since the solder only half filled the flask the conductivity 
should be about doubled for 200° to 350° when comparing with the lower temperatures. 

Since — is the conductivity of the jar at time t, let curves of conductivities be 
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drawn in terms of times of contact in seconds. Fig. 7 gives these curves, which have 
been plotted from Table V. They show that, after a given time of contact, the effect 
of residual charge gradually diminishes as the temperature increases, until only the 
conductivity of the jar for infinite times is experienced. For instance, at about a 
temperature of 250° the table shows that the whole effect of residual charge has died 
away after 1/10,000 of a second. The total capacity of the jar at time t will be 

f' 1 1 
— dt t\ where K is the instantaneous capacity which has been found 
C CQC 

by resonance to be = '0005 microfarad for frequency 2 X 10^ 

Kj = 118,000 divisions of the large slide condenser. 

The curves in fig. 7 have been integrated, and their area up to '0028 second, when 
reduced to microfarads and added to K, shows that, for time of contact '0028 second, 
the total capacity, which is '000588 at temperature 15*4°, is '00087 at tempera- 
ture 145^ This total capacity diminishes as the times of contact diminish, until we 
get to the results which resonance has shown ; and then the capacity of this flask is 
sensibly the same for all temperatures when the frequency is of the order 2 X 10® per 
second. 

Ice. 

Ice was next examined, both in regard to its residual charge and its capacity. 
The residual charge is considerable, and increases as the temperature rises. 
Table VI. gives the residual charge of ice at two temperatures: the higher is 
produced by a freezing mixture of ice and salt, and is about — 18° C. ; the lower by 
placing carbonic acid snow round the beaker, the whole being wrapped in thick felt. 
The apparent capacity depends on the frequency, as shown by the results in 
Table VII. At — 18° the capacity is twice as great with frequency 10 as with 77'6. 
At the lower temperature the capacity is greater for frequency 9 than for frequency 
77'6, in the ratio 1*39 to unity. 

The specific inductive capacity of ice was next determined, with a high frequency, 
by resonance : it was found to be about 3.* Decreasing the frequency to about 
10,000 rendered the method by resonance less sensitive, but it is certain that the 
specific inductive capacity is, for this frequency, of the order 3 rather than 50. We 
conclude that the great deviation of ice from Maxwell's law is due to residual 
charge, which comes out between frequencies 10,000 and 100. 

Our next step was to determine the resistance c, as in the case of glass, by the 
method shown in fig. 5. The platinum plates, fig. 2, were used, and to observe the 
temperature of the ice a platinum wire of resistance 1*32 ohms at 0° C. was frozen in 
the ice and surrounded the condenser. Table VIII. gives the results. K the 
capacity as given by the resonance experiments with frequency 2 X 10® was '00022 

fi 1 1 
— dt ^ we find that at time '0028 the total 
^ ^« 

* Thwino finds 2-86 to 3*36 ; Blondlot 2 ; Perrot 2-04. 
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capacity is '0038 at — 30° C, whereas it is for the same time '0065 at — 18° C. 
The curves of conductivity are given in fig. 8, and show the same character of 
results as those in the case of glass^ %. 7. 



Fig. 8. 




OOi 



s 



-002 005 '004 -005 

Time of Concaci in Seconds^ 



*= 



007 



•000 



Table VL 



Time in 
seconds. 


About 
- 18° C. 


About 
-30'. 


Remarks. 


10 
20 
60 
90 

1 


2800 
760 
377 
347 


866 

314 

74 

44 


Charging volts 890. 8th December, 1894. 
Duration of charge, \ minute in each case. 
Resistance at 945 volts. 
- 18* C, 7-2 X 10« ohms; - 30% 326 x 10« ohms. 



Table VII. 



8th December, 1894, - 18** C. about. 


8th December, 1894, - 30** C. about. 


Frequency. 


Capacity. 


iVequenoy. 


Capacity. 


77-6 
10 


•01 
•019 


77-6 
9 

• 


•0072 
•01 



u 2 
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Table VIII.— Ice. 5th November, 1896. 

a = Resistance box. 
Kj = ^rd m.f. 
Kg = Large slide condenser. 

K = Instantaneous capacity of ice condenser = '00022 m/. See Resonance, 1 9th 
November, 1895. 




1 

2 
3 

5 

6 

8 

10 

11 



Time of contact. 


Temperature of Ice, - 18" C. 


Taras 

of 
milled 
head. 


Time in 
secondfi. 


Large 

slide 

.position 

K,. 


a 
inlO« 
ohms. 


t 


Resistance of Con- 
denser in 10^ ohms. 


1 

e 
, in lO-« 

1 


J c 




K + ( y~dt. 

' 

in w/. 


From 
a + Aa 


1 

From 


Area in 

square 

centims. 


m.f. 





•00002 


430 


•00019 
00022 


10-200 


•0424 


■0424 


236 








i 


•00035 


430 


•00096 


. . 


•214 


•214 


467 


16-8 


•0034 


•00362 








•OOiO 


1 
t 












1 


•00099 


430 


•003 
003 


• • 


•669 


•669 


149 


2515 


•005 


•00526 


2 


•0028 


430 


•0059 
0060 


. • 


1-32 


1-32 


•758 


31-4 


•00628 


•00650 


3 


•006 


430 


•0078 
0079 


• • 


1-74 


1-74 


•575 


374 


•0075 


00772 


4 


•009 


430 


•0095 


. . 


212 


212 


•472 


39-2 


•0078 


•00802 


5 


•Oil 


430 


•Oil 
Oil 


• • 


245 
2-45 


2-45 
2-45 


•408 


40 


•008 


•00822 


6 


•ou 


. . 


•Oil 


. . 


2-45 


245 


•408 


40 


•008 


•00822 


7 


. . 


. . 


•012 
043 


• • 


268 
2-90 


268 
290 


•373 
'346 


40 


•008 


•00822 


9 


■ • 


430 


013 


. . 


290 


2-90 


'346 


40 


•008 


•00822 



The italics give the result of a seoond experiment. 



Temperature of Ice, - SZ"* C to - 27'' 0. 



•00002 

•00035 

•00099 

•0028 

•006 

•009 

•Oil 

•014 



430 
430 
430 
430 
430 
430 
430 



• . 



430 
430 



00045 


1/7 X 10-«> 


•100 


0015 




•334 


006 




112 


014 




312 


021 




4^68 


0255 




569 


032 




713 


039 
043 




8^7 
959 


045 




100 



•100 
•334 
112 
312 
4-68 
569 

713 

8^7 
959 
10- 



10 




299 


93 


•893 


142 


•320 


17-9 


•214 


224 


•176 


23-9 


•140 


251 


•115 




•104 




•100 





•00186 

•00284 

•00358 

•0045 

•0048 

•0050 



•00208 

•00306 

•00380 

•0047 

•0050 

•0052 
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[A.dded January 18th, 1897.] 

Castor Oil. 

This oil was obtained from Messrs. Hopkin and Williams, and was tested as 
supplied. The platinum plates, fig. 2, were submerged in this oil. Resonance 
experiments give, for frequency 2 X 10^ a capacity equal to 105 divisions on the 
lai-ge slide condenser. For long times the method was not that shown in fig. 3, but 
a bridge method, used in the earlier experiments,* in which a Ruhmkorff coil is used 
for exciting. This test gives 139 scale divisions on the same slide condenser. In 
air the plates have capacity 30 scale divisions. We see, therefore, that at frequency 
2 X 10^ the specific inductive capacity would be 3*5 as against 4*63 for long times. 

The short-time contact experiments, fig. 5, give the results in Table IX., the 
temperature of the oil being 6^C, from which we see that residual charge in this oil 
is considerable. The total capacity after time of contact '006 second is '00034 ; 
whereas, with high frequency by resonance, it is '000287 microfarad. The curve 
in fig. 9 gives the relation between conductivity and time of contact, and has been 
plotted from Table IX. 



Fig. 9. 




'OOB 



•003 -004 -003 

Time of ConCacC in Seconds . 



-006 



-007 



-006 



• See • Proc. Roy. Soc.*, vol. 43, p. 160. 
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Table IX.— Castor Oil. 16th November, 1896. 

Kj = ^ microfarad Condenser ; Kg = lai'ge slide Condenser. 

K = '000287 microfarad from High Frequency Resonance Experiment. 
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Glycerine. 

This glycerine was obtained from Messrs. Hopkin and Williams, and has been 
tested for purity and dried very carefully by Mr. Herbert Jackson, of the Chemical 
Department of King's College, London. The platinum plates, after careful cleaning 
in benzene, caustic-potash, and water were thoroughly dried and submerged in the 
glycerine in a beaker, the whole being placed in a glass receiver over a strong 
dehydrating agent. After exhaustion, just sufficient air was admitted to render the 
space inside sufficiently non-conducting to stop discharge between the terminals of 
the condenser which are sealed into glass tubes supported by an indiarubber stopper. 
The short-contact experiments show that the apparent resistance is 60,000 ohms, 
whether the time of contact be '00002 or •OOl second, showing that there is no 
residual charge. The resonance experiments with high frequency give '005 micro- 
fanid for the capacity with glycerine, whereas with air the condenser had '000082 
capacity ; the specific inductive capacity is, therefore, about 60. A test made as with 
castor oil with a Ruhmkorff at low frequency was difficult, but a fair approximation 



♦ Takon from a^r^i, since the negative value obtained from ? is nntrostworthy, probably 

owing to K being still too lai-ge. To satisfy Maxwell's law, K should = 000176 micix>farad. 



CAPACITY AND RESIDUAL CHARGE OP DIELECTRICS. 



135 



was muAe by introducing a suitable compensating leakage into one of tbe otbor 
condensers of the bridge.* The result indicated a capacity between 50 and 60. 

Water. 

The platinum plates (fig. 2) were placed in ordinary distilled water in a beaker 
which was cooled to 0° C. by a surrounding brine solution composed of water, common 
salt and ice. The experiments with the short-contact apparatus show no material 
diflference in the apparent resistance, whether the time of contact be '00002 or 
•00099 second ; the apparent resistance for these times is 379 ohms. The effects of 
residual charge in water do not affect the resistance within the range of times of 
contact given by this apparatus. 



[Added March 17th, 1897.] 

Oil of Lavender. 

This oil was supplied by Messrs. Hopkin and Williams : it was tested with the 
short-contact apparatus, fig. 5, K^ = '33, Kg = '0015 microfarad. The charging 
potential was 1250 volts ; the following figures give the results : — 

Time of contact in seconds . . -00002 '00099 -0028 '006 '01 

a in ohms 9500 14000 14500 14800 14800 

The high frequency resonance experiments give specific capacity 3*89 : the 
frequency being of the order 2 X 10®. 

Two experiments were made at low frequency. First, the Bridge method, fig. 3, 
which gives the following results, the temperature of the oil being 16°C. : — 

Frequency Charging Specific. 




Capacity. 



5-6 
4-34 



Second, the Bridge method with RuhmkorfF coil as used in the castor oil experi- 
ments. Temperature 14°C. Specific capacity 4*18. 

Experiments have been made by Stankewitsch (' Wied. Ann.,' 52), showing a 
variable capacity for oil of lavender. We, however, have not succeeded in obtaining 
any result so high as his. 

* This appears to have been done by Nernst, * Physical Society's Abstract,* vol. 1, p. 38. 
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V. Impact ivith a Liquid Surface ^ Studied by the Aid of Listantaiieous Photography. 

By A. M. WoRTHiNGTON, M.A.^ F.R.S., Professor of Physics, Royal Naval 
EngineeHng College, Devonport, aiid R. S. Cole, M.A. 

Received September 25, 1895,-— Read February 6, 1896. 

[Plates 1-8.] 

Preliminary Statement by Professor Worthington. 

In three papers, published in the 'Proceedings'* of the Society, in 1877 and 1882, 
I had the honour to communicate to the Society the results of experiments on 
various classes of impact with a liquid surface which may all be conveniently referred 
to as "splashes." The splashes studied were those produced (i.) by a liquid sphere 
falling on a horizontal solid plate, (ii.) by a liquid sphere falling into a liquid, (iii.) by 
a solid sphere falling into a liquid. 

The phenomena were examined by means of an electric flash of very short 
duration, which by a suitable mechanism could be so timed as to illuminate the 
splash at any stage which it was desired to observe, within three or four thousandths 
of a second. After a sufficient number of repetitions to secure accuracy, a drawing 
was made of the configuration thus revealed, and when one stage had been 
suflBciently studied, the obsei'ver passed on to a later stage. Since, however, each 
drawing was made from a separate, though similar splash, it was not possible to 
obtain accurate information about those details which were at once too minute to bo 
seized in such single, momentary glimpses, and too unstable to be capable of exact 
reproduction in another splash. 

A photograph, which can be studied at leisure, is under such circumstances 
indefinitely more valuable than a drawing, and produces that confidence in one's 
knowledge of the facts without which speculation as to the causes can hardly proceed. 
But, at the date when the observations were made, photographic plates, sufficiently 
sensitive to respond to such extremely short exposures were not obtainable, and my 
eflEbrts to secure photographs were unsuccessful. A year and a half ago, encouraged 
by Professor Boys's success in the photography of flying bullets, I returned to the 
attempt, being also so fortunate as to obtain the co-operation of my colleague at 

* *Proc. Roy. Soc.,' 1877, vol. 25, pp. 261 and 498, and 1882, vol. ^4, p. 217. 
MDCCOXCVIL — A. T 3,5.97 
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Devonporfc, Mr. CoLB, and after taking advice from Professor Boys, and exchanging 
my old self-induction spark for the much shorter Leyden-jar spark that had been 
employed by Lord Rayleigh* for a similar purpose, we obtained aftrer a few weeks 
of failure, some preliminary photographs wliich were shown at the Koyal Institution, 
May 18, 1894.t These photographs, while amply confirming the old drawings, gave 
so much new and detailed information as to make It seem worth while to go over the 
whole ground again. Of this review, which is our joint work, the following com- 
munication is the first instalment. — A. M. W. 

Fig. 1. 




Method of Takijig the Photographs. — The method consists in letting fall, simul- 
taneously with the drop, a metal timing-sphere. This in its fall passes between two 
other insulated spheres connected to the inner coats of two large, oppositely-charged 
Leyden-jars that stand on the same badly-conducting table. From the outer coata 
of these jars wires are led into the dark room, and there terminate in a spark-gap 
between magnesium terminals at the focus of a small concave mirror. The timing- 
sphere, in it3 fall, discliarges the inner coatings of the two Leyden-jars, and this 
produces a simultaneous discharge at the spark-gap between the outer coatings, and 
it is this that illuminates the splash. 

Fig. 1 is a magnetic releasing key, of which two were used on the same eleotrio 

• See ' Nature,' July 16, 1891, p. 249. 

t ' Oh the Splash of a Drop and Allied Phenomena ' — & Friday Evening Diaconrae. This will be 
fonad to contain a resumi of all previonfl papeiB. See also in 'Nature,' July 5, 1894, a paper by 
Mr. CoLK. 
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circuit, one in the dark room for releasing the drop or sphere whose splash is to be 
photographed, and the other in the Uvboratory for releasing simultaneously the timing- 
sphere. 

A B is a light wooden rod, about 20 centims. in length, and rather stouter than a 
lead pencil ; this is pivoted at C. At the end B is fixed a metal ring (R), on which the 
timing-sphere (T) can be placed. At the other end (A) is fixed a thin strip of tinned 
iron plate (D), which is held down by the electromagnet beneath it against the 
pressure of a catapult made of an indiarubber ring stretched between the two hooks 
E and F. On cutting off the current of the electromagnet, the end A is tossed up by 
the catapult, and thus T is left in mid-air free to fall from rest. The end B is 
prevented from rebounding, and thus possibly interfering with the fall of T, by 
impaling itself on a suitably placed pin, which is hidden from view in this diagram, 
but is seen at H in fig. 2. 

The releasing key in the dark room is precisely similar to this, with the exception 
that when a liquid drop is to be let fall it carries, instead of the ring R, a small and 
deeply concave watch-glass, on which, when well smoked, a drop of milk or water will 
lie with little or no adhesion. 

On breaking the circuit of the two electromagnets the- drop and timing-sphere are 
thus simultaneously released, and the former makes its splash at the moment that 
the latter, by passing between the fixed spherical terminals P and Q, insulated by 
supporting blocks of paraffin wax, discharges the Leyden-jars. 

The timing of the spark is effected by adjusting the height of fall of the timing- 
sphere, which is done by sliding the releasing key up or down its vertical supporting 
rod, the height being read off on a millimetre scale which was pinned against a firmly 
fixed and well planed, oak batten. 

The general arrangement of the apparatus is shown in fig. 2. 

It will be noticed that on the left-hand side of either figure there is an idle 
releasing lever. This projected over the edge of the table, and was used instead of 
the right-hand lever when the height of fall was more than about 2 metres, the 
paraffin blocks carrying P and Q being then put on the tioor. Instead of the rough 
electrometer figured, a pith ball, hanging by a cotton-thread from the upright stem 
of one of the jars, was more frequently employed to show the extent to which 
charging had proceeded, of which also the sound of brush discharges was a useful 
indio-ation, for, in order to secure a bright spark, we generally charged the jars up to 
the limit determined by leakage. 

Photographic Apparatus and Details. — The chief necessity is to secure adequate 
illumination, and for this as little light as possible must be wasted. After many 
trials the difficulty was successfully met by using as a mirror a concave watch glass 
of a width about equal to that of the area to be illuminated, and very approximately 
parabolic in form and sufficiently deep for the focus to be very nearly in the plane of 
its circular edge. This glass was found to be sufficiently ** silvered " by means of a 

T 2 
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sheet of thin tinfoil rubhed smooth over the inside, and renewed occasionally after it 
had become too much dimmed by magnesium oxide. This mirror, with the sparking 
wires close in front of it, was brought within 8 or 9 centims. of the place of impact, 
and, in order to bring out the details of the configuration to the greatest advantage, 
the beam of light was directed down on the surface at an angle of between 30° and 
45° with the horizontal, and the camera was so placed that the line of sight was at 
right angles to the plane of incidence of the axis of the illuminating beam, and also 
inchned at about 30° to the horizontal {fig. 2). 




BARK ROOM 



BaCCeiy. ConiicC key 
ArrangemeDt of apparatus far photograpliiiig splashes. 

The camera employed was an ordinary quarter-plate camera. For our earlier 
observations the ordinary camera lens was exchanged for a single quartz spectacle 
lens with the object of avoiding the absorption of useful actinic .rays by glass. This, 
however, gave imperfect definition in parts of the field away from the centre, and the 
position of the best actinic focus was also troublesome to find. And we soon found 
that the illumination was amply sufficient for the ordinary lens. This had a focal 
length of 15 centims. and was used with full aperture of 2*22 centims., and placed at 
such a distance from the splash as to give an image three-fourths (linear) of the real 
size. 

The plates used were Thomas's cyclist, and were developed in complete darkness 
by treatment with a saturated solution of eikonogen for about 40 minutes, according 
to the advice kindly given us by Professor Boys. 

In order to identify the photographs it was necessary to number the negatives, 
and, to escape the difficulty of doing this in pitch darkness by scratching the tihn or 
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otherwise, we adopted the plan of "numbering the phenomenon" by means of a 
ticket which was photographed simultaneously. 

The Duratimi of the Spark, — Although it was not necessary for the success of our 
experiments that tlie spark should be excessively short, yet we cannot doubt that its 
effective duration was less than three-milHonths of a second. This was ascertained 
by photographing by its means a cardboard disc, 22 centims. in diameter, roughly 
graduated round its edge with pen and ink, and kept rotating by means of a small 
electromotor at a rate of between 52 and 54 revolutions per second. This rate of 
rotation was ascertained by smoking the back of the disc and touching it with a 
style attached to an oscillating tuning-fork, or with the fork itself, and the result 
was confirmed with a second fork. The edge of the disc was thus found to be 
moving at about 36*5 metres per second (or about 78 miles per hour) during 
exposure, yet no trace of motion is apparent in the photographs. A motion of one- 
tenth of a millimetre during illumination would correspond to less than three- 
millionths of a second, and would have produced in the photographs a blurring of 
three-fourths of one-tenth of a millimetre which, with a lens, would certainly be 
visible. This interval of less than three-millionths of a second bears to one second 
just about the same ratio as a day to a thousand years. 

Although the outside limit thus obtained is 30 times greater than the effective 
duration of the spark employed by Professor Boys with his flying bullets, yet we 
think it worth while to mention the result, for it shows how excessively short is the 
exposure necessary for taking even very detailed *' objective views" as distinguished 
from shadow photographs requiring no camera. 

It may be mentioned here that the illuminating spark-gap was sometimes as much 
as 3 '3 centims. wide ; that the two jars were of not quite equal capacity, the lesser 
consisting of a set of jars and presenting an area of about 4000 sq. centims. and a 
mean thickness of dielectric of about 0*3 centim., while the potential difference was 
such as would make a spark leap across from P to Q when the distance between 
them was about 3 centims., P and Q being spheres of 2 centims. in diameter. 

The Accuracy of the Timing. — The interval between the release of the drop 
and the production of the illuminating spark is liable to slight variation, chiefly 
from two causes — (i.) irregularity in the potential difference between the two 
terminals P and Q, on account of which the spark would leap through varying 
distances to meet the timing sphere before it reached the line of centres, and 
(ii.) want of consonance in the rates of demagnetization of the two magnets. Thus, 
after long running, one magnet would get hotter than the other, and again an 
alteration in the strength of the magnetizing current was found to shift slightly the 
stage of the splash revealed by the spark* Nevertheless, after allowing the current 
to run for a few minutes, and after taking a few preliminary discharges, a condition of 
affairs was reached so steady that changes in the height of fall of the timing-sphere 
corresponding to intervals not greater than 2 or 3 thousandths of a second, produced 
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a very steady progress through the phenomenon, and in four test experiments that 
were made by photographing a solid sphere falling past a divided scale, three 
consecutive trials, made under ordinary good conditic^ns, agreed within ^oo second, 
while the fourth was not in error by as much as yooo second. 

When, however, the splash, not of a solid sphere, but of a falling drop was being 
observed, a further cause of irregularity was introduced by the oscillations set up in 
the drop itself on its release, and by the slight adhesion between it and the 
supporting watch-glass. This adhesion is proved in the case of a water drop by its 
invariably carrying down with it a little lamp-black from the smoked surface. A drop 
of milk, on the other hand, carried down very little, and on this account, and probably 
also because of the greater viscosity of milk, the splash of a drop of milk is less 
troublesome to follow in its initial and most rapidly changing stages than is that of a 
drop of water. We had also reasons to suspect that after setting a drop in place on 
the watch-glass the film of intervening air gradually escaped and led to a suctional 
adhesion if the release were too long postponed. Dusting the watch-glass, after 
smoking, with lycopodium powder appeared to diminish the sidhesion. 

Nevertheless, when care was taken to preserve regularity in the procedure, the 
same one of us always manipulating the Wimshurst machine and the laboratory 
releasing key, and the other the dark-room releasing key and the setting of the drop 
in place, the apparatus worked and worked well, and if the steps taken between 
tl^e photographs of a series are as much as i o^ b o of a second, reversals of the proper 
order will be exceptional, and there is no difficulty in obtaining stages at closer 
intervals if desired. 

We found, however, that between series of photographs taken on diiferent days 
thei'e were sometimes noticeable breaches of continuity in the timing, which may be 
attributed to changes in the potential difference between P and Q, and therefore in 
the distance from them of the timing sphere when the flash took place, and perhaps 
to other causes that escaped our notice ; we have consequently distinguished photo- 
graphs taken on different days by letters placed just above the right-hand comer. 

For the rest it may be observed that it has not yet seemed worth while to press 
the a^ocuracy of the timing much beyond what is required for a complete record of 
the consecutive phenomena. 

Kq misapprehension can arise as to the times assigned, if it is remembered that 
they refer to the setting of the apparatus, and are liable to such uncertainties as have 
been mentioned* 

The Photography — Series I. (Plate 1), consisting of 33 photographs, gives the splash 
of a wa,t^ drop, weighing '2 of a gram,,* falling 40 centims. into milk mixed with water, 

* Drops of a constant size were obtained from a vertical glass tube, connected by indiarubber tubing, 
with a wide funnel, in which the level was slightly higher than the mouth of the delivery tube. The 
experimental drop was made up of a definite number (1, 2, 3, or 4) of such drops, caaght in a smoked 
and lycopodium- dusted watok-glass and thus conveyed to the releasing cup. 
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scale I of actual size (linear). The first 7 or 8 show the evolution and rise of the 
crater to its maximum height, which is attained in about two hundredths of a second ; 
this crater then remains poised with but little change for another hundredth of a 
second (figs. 8 to 12), and then (figs. 13 to 20) in about two and a half hundredths 
more widens out and subsides till nothing but a lobed rim is left above the surfaced, 
surrounding a central hollow (fig. 20). This is followed by the rise of a central 
column carrying the liquid of the original drop on its summit. The distinction 
between the more transparent water at the top and the comparatively opaque adherent 
milk below is quite observable in the original of Photograph (22) though hardly 
apparent in the reproduction, and, in all, the lamp-black carried down by the drop 
is seen to be collected chiefly at the summit. The rise of the column takes 
about x^o second (figs. 21 to 26), and its subsequent subsidence (figs. 27 to 29) 
about j^jf second more. In Photograph 24 is seen the first appearance of an out- 
ward-spreading ripple. Photographs 26 to 30 show how the base of the column 
gradually flattens down into a " cake " of liquid, whose edge marks the position of the 
next well-marked ripple, while figs. 31 , 32, and 33 show how by the oscillatiohs of the 
centre, a third '* cake " is superposed on this, contributing the third outward-spreading 
ripple and so on. We were not able conveniently to follow the phenomenon further, 
through the laboratory being too low for the height of fall necessary for the timing- 
sphere at these late stages. 

It should be mentioned that it is known (Worthington, 'Proc. Roy. Soc.,' 1882, 
vol. 34, p. 217) that the subsidence of the central column gives rise to a vortex ring 
that descends through the liquid.* 

The reason for mixing milk with the water into which the drop fell was to secure 
something which would photograph. It was found that the addition of milk in the 
proportion of about one part of milk to three of water, though it must have reduced 
the value of the surface tension, did not make any decided or very noticeable change 
in the phenomena. If pure milk was used the crater thrown up was indeed some- 
what higher and had longer arms, indicating a smaller eflSiciency of the surface tension 
in opposing the rise of the liquid. 

Series 11. (Plate 2). — This gives, in 37 photographs, the splash of a milk drop of 
diameter *75 centim. (circa) falling 100 centims. into water. Scale f linear, as far as 
No. 18 (the single quartz lens being used). Thence onward f linear (with the ordinary 
lens of the camera). In Nos. 15-18 a little milk was added to the water to make the 
photographs clearer, and from 19 onward a good deal of milk (about one part of milk 
to three of water). In this splash the crater rises to a greater height and closes 
completely over the central hollow, opening again, however, very shortly afterwards 
to make way for the column that rises from the base, and whose subsidence produces 
"cakes" as before. In Photograph 18 the bubble has apparently not yet burst 
before its top is struck by the column rising inside. Sub-group A consists of special 

* See also Thomson and Newall, * Proc. Roy. Soo,,' 1886, vol. 39, p. 417, 



144 PROFESSOR A. M. WORTHINGTON AND MR. R. S. COLE 

studies showing the bubble opening quite centrally round the emergent column, and 
the fact that the base of this does not photograph shows how completely the original 
milk drop is collected at the top of the column. Sub-group B illustrates what 
happens when, as in Photograph 18, the top of the bubble is struck by the colimin 
and burst at one side. Under the influence of the surface tension, rotundity of form 
is soon regained, and by the time the stage of Photograph 21 is reached all traces of 
previous irregularities have disappeared. 

Examination with a lens of Photographs 3, 4, and 5 shows how the drop, on first 
entering, punches a very sheer-walled hole.* From the fact that these early stages 
photograph so well as compared (see next series) with corresponding stages when the 
drop is of water and the liquid is milk, we infer that the first liquid thrown up is 
milk drawn from the fringe of the drop itself. It must be remembered that owing to 
the closeness of the camera, front and back parts of the crater cannot be quite in 
focus together. The first flow of the liquid appears to be very much along the 
surface, afterwards it is much more perpendicular to the surface, and this alone 
appears sufficient to account for the sharp curling-over of the edge of the crater 
(Photographs 4 to 6) ; for superposition of the photographs seems to show that in the 
early stages each particle continues to move for some distance in the straight line 
along which it was first projected from the surface. As to the reason of the closing 
in of the crater we shall make some remarks in connection with the next series. 

Series III, (Plate 3). — This gives, in 24 photographs, the splash of a water-drop 
weighing '4 gram, falling from a still greater height, 137 centims., into milk mixed 
with water. Taken with the quartz spectacle lens. Scale ^ linear. The crater 
closes up at a much earlier stage and forms a bubble which becomes smoother in out- 
line as the liquid drains down its sides or distributes itself more evenly over its walls. 
This bubble may remain closed (Photograph 16) or may open at a comparatively early 
stage, following the course shown by Photographs 13, 14, and 18. Or it may be 
from the first much depressed by the heavy mass of liquid at its top (Photofifi*aphs 11, 
15, and 17). Sub-group A shows the configurations of early stages when the water- 
drop is exchanged for an equal drop of milk and falls into water. The increase in 
visibility is very marked. The original of No. 1 A bears examination with a lens. In 
Sub-group B the crater obtained was smaller than usual, perhaps through the drop 
striking the water in a very prolate form, as in Series I., Photograph 1. 

With respect to the closing-in of the crater, it will be noticed that in Photographs 6, 
7, and 8, the upper edge is surmounted by a rim of greater thickness than the walls 
below ; there can be no doubt that the accumulation of liquid here is due to the 
upward flow being checked by the surface tension. When such an annular rim is 
formed, an elementary calculation shows that the centripetal acceleration with which 

* So much of the detail of the original photographs has been lost in the reproductions that it is only 
in fig. 5 that the edge of the vertical cliff of liqnid is visible at the far side of the crater. This edge 
marks the free horiEontal surface of the, as yet, undisturbed liquid. 
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it will contract under the influence of the surface tension exceeds the inward 
acceleration of the cylindrical walls of the crater arising from the same cause, so 
long as the diameter of the rim is less than 1 '61 of the thickness of the wall. Although 
this must be a vera causa in determining the more rapid contraction of the upper 
portion of the crater, yet it may not be the sole cause. Photograph 8, and pai*ticularly 
Photograph 2^, of the sub-group suggest that there may be a diminution of air- 
pressure within the crater, owing to the descent of its base whereby the crater is in 
part forced in by excess of external air-pressure. (See also, with a lens. Photograph 5 
of Series IX.) 

It appears to be characteristic of all closing bubbles that the arms are inclined 
outwards (see also Series II. and IX.), as if they were being dragged in by the 
contracting rim from which they spring. In an opening bubble they are much more 
erect (Series IIL, 13 and 14), or even inclined inwards (No. 18). A late stage 
in a bubble is also differentiated from an early one by the greater smoothness of its 
surface, and by the absence of very small drops in air above it, such smaller drops 
having apparently had time to agglomerate into larger. 

Splashes of Solid Spheres. — The remaining Series exhibit the splash of solid 
spheres. It was already known (Worthington, *Proc. Roy. Soc.,' 1882, loc. cit.) 
that the disturbance set up by a very smooth and well-polished sphere is quite 
different from that due to the impact of the same sphere when rough or wet, and it is 
a matter of great interest to find that the difference is quite pronounced from the first 
instant of contact. 

Series IV. (Plate 4) gives, in 17 photographs, the splash of a well-polished sphere 
of ivory, 1*9 centim. in diameter, falling 60 centims. into water mixed with milk, con- 
tained in a glass bowl about 1 foot deep and 9 inches in diameter (scale f linear). In 
order to secure that the splash shall follow the lines here recorded, the polishing with 
a dry cloth or wash-leather must be repeated just before each observation, and after 
this the sphere must be handled aa little as possible ; with these precautions a stone 
sphere behaves in just the same way. Photographs No. 2 and No. 3* show that the 
liquid rises over and surrounds the sphere with a thin close-fitting sheath. Figs. 5 
and 6 show a subordinate side-sheath, which, without doubt, was due to the fact that 
the sphere had a crack in it, which occasionally carried down air with it, and 
disturbed the symmetry of the splash. In Photograph No. 7, however, the symmetry 
is complete, and it is neariy so in Photograph No. 8. When any failure of the 
polishing occurs, the liquid is kept away from the sphere, and the splash, instead of 
being almost noiseless, is accompanied by a sound of bubbles rising to the surface and 
bursting. Photograph No. 4 shows this driving away of the liquid, and our note-book 
records that this splash was attended by " noise, bubbles," &c. In Photograph No. 8 
there is a similar sign of roughness on the right-hand side. Very important is the 
information given by the shadow thrown across the surface in such figures as 8 and 9. 

* The ligbt markiDg on the right side of Photograph No. 3 is due to a flaw in the negative. 
MDOCCXCVII. — ^A. U 
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The sphere has passed below the surface, yet this is almost undisturbed, and there is 
no trace of the equivalent quantity of displaced liquid. Indeed, in Photograph No. 9 
(as in Photograph No. 3 of Series V.) there is an indication of a slight depression 
surrounding the small column. The conclusion we arrive at is that the general level 
of the whole liquid surface rises simultaneously with the entry of the sphere, or, at 
any rate, after an interval corresponding to the velocity of sound through the liquid. 
Direct evidence of this will be given later. But the surface, though undisturbed, is 
no longer the surface of dead liquid. Already in Photograph No. 9, and in the 
corresponding Photograph No. 3, of the next series, there are traces of convergent 
radial stream lines, indeed, the slight depression is itself evidence of velocity ; in 
Photograph No. 10, after a relatively long interval, the base of the column has 
gathered liquid, and Nos. 11, 12, and 13, which are coincident in point of time, show 
the very considerable column that subsequently rises (No. 13 probably owes its double 
column to some such antecedent condition as is shown in Photographs 5 and 6). 
Photographs 15 and 16 show the curious and characteristic manner in which this 
column topples over, while No. 17 shows how it occasionally succeeds in attaining a 
more considerable height. 

Series V. (Plate 5) shows the similar splash of a rather smaller stone sphere, 
1 *5 centim. in diameter, falling through the same height of 60 centims. Examination 
of No. 2, with a lens, shows how, on the front side, the sheath (owing, no doubt, to 
imperfect polishing) has been driven away from the surface of the sphere, while at 
the back it has run up almost to the vertex. Of this splash we recorded that 
*' bubbles were heard." Photographs 4 to 9* are all characteristic of the manner in 
which the column breaks up or topples, and appear to deserve record, if only to help 
future observers in what is sometimes a rather puzzling identification. 

Series VI. (Plate 6) was taken with a large stone sphere 3 '2 centims. in diameter, 
falling only 14 centims. (scale f linear), with a view to obtaining further information 
about the displaced liquid. In Photograph No. 1, the plate was accidentally exposed to 
a spark beforehand. No. 2 shows very well the rise of the sheath. No. 4 is interesting 
as illustrating in a very complete manner the influence of some slight roughness on 
one side only. The puckering of the sur&ce, which is strongly marked in No. 5, 
seems to us to show that lines of flow near the surface when once determined are 
very persistent, for we should otherwise expect to find a gradual thickening of the 
sheath as the vertex is approached, but not these separate radial streams. In No. 6 
the general surface is wery level, while the amount of liquid in the column can hardly 
be 1^ of the volume of the whole sjAere. It still remained, however, just doubtful 
whether a very gradual sloping-off* of the surface might not provide, in a manner not 
easily noticed, accommodation for a large amount of liquid just round the place of 
impact. We, therefore, choosing the narrower vessel of No. 8 to make the pheno- 
menon more apparent, filled it brim-full and placed the lower edge of a card 

* The dark Bireak on the left side of No. 9 is an accidental flaw Qn the plate. 
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millimetre scale, just in contact with the liquid surface at one side. Photograph 
No. 9 shows the general rise of level due to the entry of the sphere. The rise at the 
edge of the scale is about 3 millims., but the rise at the spout of the vessel is much 
more marked, though this is at a greater distance from the place of impact, and the 
liquid enveloping the sphere seems to rise very abruptly out of the flat surface on 
this side. We think that all the facts point to rise of level at great distances from 
the impact even when the vessel is much wider. 

When the ivoiy sphere, which when dry and well polished gave the splash of 
Series IV., was allowed to fall loet into the liquid, all other circumstances remaining 
the same, the splash of Series VII. (Plate 7) was obtained, which from the very 
first is entirely different. The wetting was effected by dipping the sphere into the 
bowl of milky water in which it was to fall and then shaking off as much as possible 
of the adherent liquid, but in all cases the splash quickly becomes unsymmetrical, 
probably through the liquid during the fall drifting to one side of the sphere, indeed, 
in all the figures from 4 onward, but especially in 4 and 5, there is seen a tendency 
to behave as a smooth dry sphere on the left-hand side where convergent foldings 
may (in the original photographs) be seen on the surface. The confusion arising 
fi-om this want of symmetry made it seem unprofitable to examine this splash any 
further. 

This disturbing want of symmetry entirely disappears, however, when we employ a 
rough sphere, as in Series VIII. and IX. (Plate 8). In Series VIII. the impinging 
sphere was of marble 1*5 centims. in diameter, and the height of fall was 15 centims. 
The sphere was on each occasion dried and then well rubbed with emery paper. 
When dipped into the liquid it was at once " wetted " in the usual sense of the 
term. Yet the liquid on impact seems to do anything but wet it. The first flow is 
evidently very much along the surface away from the place of impact, and the 
subsequent behaviour of the crater, as far as Photograph No. 14, is very similar to 
that of Series I., which was due to the impact of a liquid sphere. Indeed, 
figs. 8 to 10 of this series hardly differ from Nos. 17-20 of Series I. In the column 
that afterwards emerges there is, however, a very wide difference. In each case it 
rises from the bottom of a hollow, but in the present series it is a far finer jet and 
moving with much greater velocity. This jet was, in fact, observed with the naked 
eye, in continuous daylight, to rise even to a greater height than that from which 
the sphere had fallen. 

Comparing the crater of this series with that of Series I., we observe that while 
the outside dimensions are not very different, the crater of the present series is 
distinctly thinner in the wall, also that the number of lobes or arms is larger. The 
number seems always to be decided at a very early stage, and to be due, as was 
suggested (Worthington, 'Proc. Roy. Soc.,' 1882, loc. cit), to the instability of the 
annular rim. Thus, in Series I., fourteen appears to be a frequently recumng number 
in the earlier stages, and in Series VIII., twenty-six or twenty-eight, and in both 
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series the number afterwards diminishes, often by coalescence, as the annulus subsides 
and thickens. This view of their origin appears to gain confirmation from thefeict 
that there is a larger number in the crater with the thinner walls. It is not, however, 
easy, even from the photographs, to estimate the number very accurately. The 
reader will best ascertain the nature of the diflSculty by trying. Sometimes, on 
account of the foreshortening of the front rays, these are more easily counted in 
the image of the crater, that is, reflected by the smooth liquid surface in front of it. 

In Series IX. ^ we have the splash of a rough stone sphere, 1*25 centims. in diameter, 
falling 60 centims., into milky water. Photograph No. 1 shows even better than 
No. 1 of the previous series the way in which the liquid, from the very first, is 
driven away from the sphere. The subsequent crater is very like that of Series II. 
or III. obtained from a liquid sphere, and the manner in which the bubble is formed 
does not seem to difier materially from the course followed in Series III. It is 
perhaps doubtful whether the creasing on the left of the neck of the bubble in 
Photograph No. 5 is due to an excess of external air pressure, as suggested on p. 145, 
or whether it is a puckering due to radial inflow, as when the sheath doses over a 
smooth sphere. 

This series terminates the record of phenomena that we have at present to lay 
before the Society. We hope next year to be able to complete the survey, and to 
obtain information as to what is proceeding below the surface, and to secure also a 
succession of photographs of different stages of the same identical splash. 

It will have been noticed that useful information is yielded by the comparison of 
one kind of splash with another, and for this reason it appears desirable that the 
study of each shall be fairly complete and minute. Observations that we have already 
made on the impact of a drop with a solid surface, seem to throw light on some of 
the phenomena that are here described. 

In presenting the results so far obtained without waiting for a further accumulation, 
we are influenced by the reflection that there can be, happily, no . doubt about the 
accuracy of the photographic record, and by the hope of eliciting from competent 
judges some expression of opinion as to the value of the investigation, with 
suggestions as to the points which it would be most profitable to elucidate. So little 
seems to be known about the actual behaviour of real, as opposed to imaginary fluids- 
that we cannot but think that trustworthy information about the motions that follow 
very simple initial conditions may prove of real value, and not of merely curious 
interest. 
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LoDOB, Oliveb. — Experiments on the Absence of Mechanical Connexion 
between Ether and Matter. 

Phil. Trans., A, 1897, vol. 189, pp. 149-166. 

Aberration problems— aberrational effect due to rotation. 

rxxlgo. Oliver. Phil. Trans., A. 1897. vol. 189. pp. 149-166. 

Ether and Matter, absence of mechanical connexion ; viscosity of ether ; 
rotational ether motion. 

Lodge, Oliver. Pliil. Trans., A, 1897, vol. 189, pp. 149-166. 

Tnt.erference fringes, reflected from moving matter. 

Lodge, Oliver. Phil. Trans . A. 1897. vol. 189, pp. 149-166. 

Light, influence of Motion of Matter upon ; velocity near moving matter ; 
effect of rotating magnetic and electric fields. 

Lodge. Oliver. Phil. TranB., A. 1897. vol. 189, pp. 149-166. 
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YI. ExjyerinieiUs on the Absence of Mechaniccd Connexion between Ether and 

Matter. 

By Oliver Lodge,* F.R.S.^ Professor of Physics in University College^ Liverpool. 

Received January 19, — Read March 4, 1897. 

The conclusion of the experimental part of a previously published memoir, on 
"Aberration Problems and the connexion between Ether and gross Matter," dated 
March, 1892, and published in the 'Phil. Trans.,' Series A, for 1893, p. 777, is as 
follows : — 

"The velocity of light between two steel plates moving together in their own 
plane, an inch apart, is not increased or diminished by so much as a^th part of 
their velocity." 

Since that date, of March, 1892, a considerable number of further experiments 
have been made, tending to confirm and extend the above conclusion ; and of these 
experiments it is the object of the present communication to give a brief account. 
The general plan of experimenting having been suflSciently indicated in the previous 
memoir, no more details will now be related beyond those necessary to make the 
record of use to a later student of the subjectt The figures on pp. 759, 761, 767 
illustrated the apparatus used. 

The chief conclusion of the theoretical part of the former paper (p. 752) is that no 
first-order effect of purely irrotational etherial motion can ever be optically detected ; in 
other words, that as long as the motion of a medium is characterised everywhere by a 
single-valuedl potential function, the course of all observable rays through it, however 
reflected and refracted they may be, is independent of the motion (no matter how the 
waves may be tilted), and the time of journey along any given path through any kind 
of material is likewise perfectly definite, and independent of the motion, except for 
experiments directed to the second order of aberration-magnitude. 

Hence no attempt to disturb the ether by using a spoked wheel, or revolving bars 

• Assisted hj Mr. Benjamin Dayiis. 

t It raay be argued that the details of an experiment having a negative result should not be published ; 
but to me it seems that their publication in that case is more essential than in any other, because on 
them alone can a judgment be made as to how far the problem has been attacked in a careful and 
responsible manner, and because an answer " no," tohen reaUy attained^ is just as definite and positive a 
reply to some questions as an answer ** yes." 

X The epithet ^* single- valued " should be explicitly pi-efixed to the words '' potential function " iu 
§ 29, p. 752, of the memoir referred to, * Phil. Trans.,' A, 1893. 
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or paddles, would have a chance of success, unless there existed a trace of something 
akin to viscosity by which the medium could be got hold of, and as the previous 
arrangement of apparatus seemed as well calculated as any other to detect the 
existence of a trace of viscosity, whereby ether in the immediate neighbourhood of 
moving matter should sooner or later be more or less carried along by it, no funda- 
mental change in the mode of experiment seemed necessary ; only improvement in 
details, and some modifications, in order to secure a closer and a wider generalisation. 

Hitherto the experiments had been conducted with a pair of hard steel disks like 
circular saws, clamped together on a vertical axis, at a distance apart of one inch. 

These disks had been spun, at a speed not exceeding 1250 revolutions a minute in 
the most accurate experiments, and the effect of the motion on a bifurcated beam of 
light, whose two halves travelled in opposite directions several times round in the 
space between the disks, was observed. One half of the light travelled in the same 
sense as the motion, while the other half travelled in the opposite sense ; the two 
half beams were made to interfere in the field of view of a micrometer eye-piece, and 
a shift of the central band of the system by so much as the hundredth pai*t of the 
width of a band could be observed. In making the above careful estimate of the 
result, however, the safe course was taken of assuming that Vo*^ ^^ ^ band shift was 
the minimum certainly detectable. 

There were some modifications still to be made before accepting a definitely 
negative result of experiment. 

1st : to steady the motion, so that quantitative readings could be taken without 

tremor at a much higher speed of rotation. 
2nd : to continue the motion for some considerable time, and to narrow the light 

channel or watx^h the effect close to a disk. 
3rd : to increase the mass of the revolving matter. 
4th : to magnetise the revolving material. 
5th : to electrify it. 

The connexion looked for between ether and matter being something of the 
natui^e of viscosity, the space between the disks may be considered rather wide ; 
though it is difficult to suppose that any motion generated at the surface of the disks 
in a substance possessing any of the properties of an ordinary fluid, should not spread 
into the nearly enclosed space between them. It may, however, be conceivably 
argued that this diffusion of motion might take considerable time, and hence the 
modification labelled No. 2 above was called for. The modification No. 3 is to meet 
the argument that, even though a viscous connexion between ether and matter were 
disproved, it did not follow that there was not another mode of connexion com- 
petent to transmit motion fipom one to the other, viz. : the unknown kind of 
connexion which is concerned in gravitation ; and to display any effect on this,, 
a large mass must be used. 
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Probably the mass necessary to demonstrate any action of the gravitational kind 
would be impractically large, unless the earth itself could be used. Now, by staking 
out mirrors at the corners of a field, it is arithmetically quite possible to ari'ange 
for a perceptible shift of the bands due to the rotation of the earth, if it carries ether 
round with it ; but it does not seem possible to experimentally observe that shift, 
unless some method could be devised of making the observer and his apparatus 
independent of the rotation. 

It is to be observed, that since a motion of the disks relatively to the observer 
and the light causes no eflFect, the ether being stationary, it follows that a motion of 
the light and observer would produce an effect, since they would be moving 
relatively to the ether. Hence if, instead of spinning only the disks, the whole 
apparatus, lantern, optical frame, telescope, observer and all were mounted on a turn- 
table and caused to rotate, a reversible shift of the bands should be seen. It would 
not matter in the least whether the disks were revolving or not, and they might just 
as well be absent. The effect would be of an aben^ational kind, the opposite light 
beams being accelerated and retarded by the motion appropriately. In an actual 
experiment of this kind, centrifugal force would give some trouble by introducing 
strains, and rapid rotation would be uncomfortable for the observer ; but really rapid 
rotation should be unnecessary to show the effect. My present optical apparatus 
mounted on a. turn-table revolving 4 times a minute should show something, viz. : 
•j^th band shift each way. A certain amount of discomfort during the accelerative 
stages of any speed could hardly be avoided, and even during steady motion there 
would be some inconvenience ; for instance, at 30 revolutions a minute the observer's 
weight, at a metre and a half from the centre, would be half as much again, and 
would be inclined at 45° to the vertical. This, however, might be tolerated. 

If the ether is stationary near the earth, that is, if it be neither carried round nor 
along by that body, then a single interference square, 1 kilometre in the side, would 
show a shift of rather more than one band width, due to the earth's rotation in these 
latitudes; see p. 772, * Phil. Trans.,' 1893. But as the effect depends on the area 
of the square, a size of farame capable of mechanical inversion is altogether too small ; 
there may, however, be some indirect ingenious way of virtually accomplishing a 
reversal of rotation — something for instance based on an interchange of source and 
eye— and if so, it would constitute the easiest plan of examining into the question 
of terrestrial ether drift. 

If matter conceivably drags the ether with it in proportion to its mass, an ordinary 
lump of matter can hardly be expected to cope with the heart and to shift it in 
opposition to that body ; nevertheless, since nothing is known on the subject one 
way or the other, it was thought well to give a more massive body a chance, by 
rotating a solid piece of iron about three-quarters of a ton in weight, and with 
a much narrower groove or channel cut in it for the passage of the light. It was 
easy to arrange at the same time for the magnetisation of this piece of iron when 
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desired, so as to be able to attack the question above, numbered 4, without additional 
expense. Accordingly, I ordered from Messrs. Mather and Platt an oblate spheroid 
of best Swedish iron, a yard in diameter and half a foot thick, with a deep channel 
or groove half an inch wide cut into its rim to a depth of one foot all round. It 
was not found practicable to make the iron all in one piece, and accordingly it was 
constructed of two pieces bolted together, and its section is shown in fig. 1. 

Fig. 1. 




Oblate Spheroid for Whirling Machine. 



The bottom of the groove was wound with wire to a depth of ^\ inches, the wire 
used being No. 20 B.W.G. double silk-covered copper; and of it 14 lbs. 10 ozs. 
was wound on, in 94 layers of 9 convolutions per layer, the central iron core being 
1 foot thick. The ends of the wire come out through small holes drilled for the 
purpose, with balancing holes drilled at equal opposite radii so as to leave the centre 
of gravity undisturbed, and the wire was then tightly bound with tape and steel to 
resist centrifugal force. 

The free ends of the covered wire were clamped to the surface of the disk and led 
to a set of insulated brass rings on the upper part of the axle, so that an electric 
current either steady or commutated could conveniently be supplied whenever 
desired. 

The resistance of the wii-e coil was measured by one of my students as 29'9 ohms, 
and its insulation resistance was just short of 2 mogohms. The length of the wire ia 
about 1 kilometre or two-thirds of a mile. 

The magnetising current was usually supplied from the town mains, at 110 volts 
nominal, which gavo a current of 3*8 amperes through the coil of 846 turns, and 
accordingly developed a magneto-motive force of 4000 cgs. 

The lines of force so generated streamed across the half inch gap from the one half 
of the oblate spheroid to the other, being rather more plentiful in the deep parts of 
the channel. But the course of the beam of light only partially penetrated into the 
most intense region, and its mean track was situated about 4'6 inches from the 
periphery ; so at this place I asked a student to measure the magnetic field excited 
by various strengths of current (by the common method of suddenly snatching out a 
small exploring coil and comparing the galvanometer throw with that caused by an 
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earth inductor in the same circuit thrown over two right angles). There was a 
certain amount of permanent magnetism, and the result is indicated in the following 
table and plotted in a curve (fig. 2). The field intensity was not very difierent at 
different depths in the channel ; it varied from 1730 cgs. near the rim to 1830 near 
the winding, when 110 volts were applied. 
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An^porea 



Intensity of field in the channel of the oblate spheroid (with decreasing current), 

at a depth of 4*6 inches from the outside. 

Exciting current in amperes . . 00 0-31 0-67 1*32 1-92 252 3-18 3*80 
Field in cgs. lines per sq. centim. 92 255 490 980 1310 1530 1670 1800 

The maximum current was commonly used for purposes of excitation ; and some- 
times for a short time this current was doubled, by the application of 220 volts. 

By the 8th June, 1892, this iron mass, weighing 14 cwt., had been mounted on the 
vertical shaft of the whirling machine, in place of the steel disks, and a spin was 
taken, with the optical frame in good action, and one half of the beam of light going 
three times round in the channel of the iron. 

The shaft, however, was rather too weak to carry the weight, and exhibited a 
tendency to bend, which prevented the attainment of high speed. Moreover, the 
step bearing on which the shaft rested (as described in the previous paper, the shaft 
was supported on a hard steel pivot resting on another steel surface inside an oil 
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chamber) had insufficient area ; the intensity of pressure was t,oo great for lubrica- 
tion, and accordingly the surfaces ground together and got hot, causing the oil vessel 
to smoke vigorously. Considerable power was, therefore, needed to drive it, even at 
300 revolutions a minute, but at this speed some observations were made. The bands 
were so clear that xoo^^ ^t* ^ band shift could have been seen, but there was not a 
trace of shift when the mass was spinning, either with or without its magnetising 
current. The 110 volts of the town main wei'e switched on and off and reversed 
many times, both when the mass was stationary and when it was revolving five 
times a second, but there was no effect. 

Before proceeding to greater speeds it was obvious that the greater part of the 
weight of the iron mass must be taken off the pivot and dynamo-axle, and must be 
supported in some other way. A safety collar or guard attached to a frame above 
the wooden clutch, as shown in Plate 32, * Phil. Trans.,' A, 1893, suggested the use 
of ball-bearings resting on this collar, which hitherto had been an inactive safety- 
guard, but was quite strong enough to support the weight required. 

Accordingly we had this arrangement made, all the weight of the spheroid now 
rested on the guard collar by means of ball-bearings, and the steel pivot had nothing 
but the dynamo armature to support, this axle also being quite relieved from strain. 
The old wooden friction clutch was now of course useless, and it was replaced by giipping 
brass collars on the ends of the joining shafts, just below the ball-bearings, the power 
being transmitted by a pair of tangential stout copper wires, one on each side, looped 
round screw heads on the brass collars, so as to transmit a driving couple of consider- 
able magnitude ; but if by any accident the force transmitted was too great, the 
wires could snap and permit independent movement of the mass. Parenthetically it 
may be here stated that the wires broke several times during the course of the series 
of experiments, showing that the precaution was very necessary, and that a rigid con- 
nexion between the axles would have been dangerous. 

During these alterations, other experiments, to be presently recorded, were in 
progress, and it was not till May, 1893, that careful optical spins were again conducted 
with the iron spheroid. 

At this date the fringes were sometimes used after the light had been four or five 
times round, but usually the superior brightness and definition of the three-times- 
round beam was preferred. With a driving current of from 30 to 40 amperes and a 
voltage of about 80, the speed of 1 000 a minute was readily maintained in the heavy 
mass by aid of the ball-bearings. 

At first, however, a new disturbing phenomenon was observed : on beginning a 
spin the bands began to tremble and became partially obscure. Tliis was not from 
shaking, nor did it seem likely to be due to wind reaching the semi-transparent 
plate, because the speed waa quite slow. Screens glazed with microscope cover-glass 
were nevertheless provided, and next day another attempt was made. The flickering 
of the bands was just the same as before at low speeds, although there was no 
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shaking, but as the speed increased they became clear, and at 800 revolutions were 
quite sharp. At 1 000 revolutions per minute a careful set of observations was made, 
with the magnetising current applied to the spheroid, — on, off, reverse, off, — many 
times. But there was no effect whatever on the bands. Then we slackened speed 
and repeated the magnetisation and reversals down to stoppage, but not a truce of 
shift. The flickering and blurring of the bands, already spoken of, whicK still occurred 
at low speeds, and especially at increasing speeds, was not a serious trouble. It of 
course prevented exact observation while it occurred, but it was a purely temporary 
disturbance and did not cause the slightest permanent shift. As soon as. the bands 
were clear again their position was absolutely unchanged. Nevertheless it was 
desirable to detect and remove the cause of the disturbance. Accordingly air was 
blown into the channel from foot bellows, but unless the wire coil inside had been 
recently used and imperceptibly warmed by the current the air jet made very little 
difference, though if there was the slightest inequality of temperature it caused a 
slight flicker. But a whiff of coal gas, the merest trace, distorted the bands with 
agony — sent them waving through ellipses and contortions into invisibility, allowing 
them to re-appear as the gas diffused away. They were manifestly extremely sensi- 
tive to fluctuating density, and hence we traced the previous flicker to hot air from 
the carbon rheostat which regulated the driving current. It seemed to get drawn 
into the channel sometimes at low speeds, but at high speeds was blown clear away. 
Starting and stopping the iron by hand did not cause the bands to flicker ; they only 
flickered when the motor was used. It was plainly a heat convection effect. Hence 
we arranged that the carbon rheostat should be far away, and even the slight heat of 
the motor itself was screened and diverted off by a suitable platform or tray of wood 
and cardboard arranged above the motor. 

Now I repeated the observations over and over again, with all sorts of changes, and 
never found either motion or magnetisation of the heavy iron mass cause the slightest 
real shift of the bands at the speed of 1000. 

The channel being narrow, the' plates themselves were visible in the eye-piece, and 
the bands could be seen reflected in them. Also difiraction or interference phenomena 
could be seen where the bands terminated on the iron (Lloyd's bands due to oblique 
reflexion) at one or other of the plates. A frequent appearance of the bands under 
these circumstances is depicted in %. 3, next page. 

These reflected bands, and also the horizontal boundary stripes with the swellings 
of the bands on them, were also watched, the cross wires being shifted and set 
upon one feature aft;er another, but in no case was the slightest shift seen on 
magnetisation ; though certainly the test was not so delicate as with the free-air 
bands, because the plane of the channel-boundaries was not absolutely steady as the 
plates revolved. 

The bands observed were often so broad that the distance between thena was 
comparable with the half-inch channel- width, and sometimes the cross of the hyper- 

X 2 
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bola-BjBtem was used as the feature upon which the cross wires were set, so that an 
ezceedingly small fraction of a band-width could have been observed. 

At 1000 revolutions a minute, the ball-bearings began to get hot, and some 
attention had to be paid to them to get the number of steel shot and the lubrication 
as perfect as possible. The iron mass took a long time to slow down from full speed, 
and after being left to itself for twenty minutes or half an hour was still moving. 
Sometimes it was stopped more quickly by a brake, to see if acceleration had any 
effect, but none was seen. 

On the 8th May, 1893, we had a good spin at 1200 a minute with the spheroid. 




Appearance uf the interfei-euce bands as seen in the half-incb channel of the obUto spheroid. The 
bands happened tu be reflected in the upper iron surface, and to show BubordiDate interference 
stripes in the lower iron surface. 

magnetised and i-eversed, etc., looking as carefully as possible at the bands reflected 
in the iron and at evety part of the bands, but no change of the minutest kind 
was visible. 

On the 9th May, we had a similar spin in the reverse direction, conditions fairly 
satisfactory, and results definitely negative. 

Sometimes an alternating or commutated current was supplied to the coil, but its 
self-inductance and time-constant were so great that little power could be tbus 
developed. Anyhow, no shift of the bands was seen* 

Expet'ijiienU at Higher Speeds. 

During the next few weeks, the iron spheroid was replaced by the old steel disks, 
and great pains were bestowed on getting these accurately balanced, so that a high 
speed could be reached without tremor. 

By June, the ether machine could be driven at speeds above 3000 a minute, the 
power used being 50 amperes and 100 volts. 

But at these higher speeds there were many diiHculties. The blast was, of course, 
excessively strong, and it was necessary to carefully screen it from the mirrors and 
frame by boxing the plates up in the wooden drum before described ; moreover, 
higher speeds could be attained with the air thus boxed up. But the air got very 
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hot, and this spoiled the fringes, so that at high speeds they were often invisible. 
Without the drum the fringes remained visible, but the blast caused a shift often of 
as much as two bands. This shift came back on stopping, and sometimes rather 
more than came back, ultimately settling down as if slow strains were working them- 
selves out. The drum was now replaced without floor or roof, and with only very 
narrow slits for the light to get through. The light was often got four times round. 
A smaller shift still remained, and there was nothing for it but to glaze the slits, and 
broaden the drum above and below, so that no trace of air blast could reach the frame, 
at the same time that there was plenty of ventilation to keep the air quite cool. 

It need hardly be said that the presence of so many glass surfaces in the course of 
the beam increased the difficulty of getting the fringes distinct for the three-times- 
round path, for each half of the beam had to undergo not only 11 reflexions as usual, 
before returning to the semi-transparent plate, but also 24 transmissions through 
panes of glass, i.e., 48 transmissions through a glass-air surface at 45^ The intensity 
of the beam is thereby greatly enfeebled, and the glass has to be of excellent optical 
quality and free from strain if good definition is to be got. Ultimately, by selecting 
from a number of glass plates supplied by Mr. Hilgeb, the patience of Mr. Da vies 
overcame the difficulties, and fringes were got of sufficiently satisfactory quality with 
the beam three times round ; a Brockie-Pell arc light imaged upon the aperture of 
the collimator, and kept finally steady by hand, being used as the source. It was 
found that a great width of beam was difficult to use, probably for a reason sub- 
sequently to be mentioned (varying air density due to centrifugal force), and a 
diaphragm was commonly used over the object glass of the collimator. 

Under these conditions a set of observations were made, with the speed up to 2,800 
a minute, first in one direction, then the other, and then the fii'st way again. 

In each case the bands remained visible at the highest speed, though at certain 
intermediate speeds, especially about 1000 and 1700, a slight tremor smudged them. 

The shift observed now was moderately small but quite distinct, and was estimated 
with the micrometer at i^t^ band. It repeated itself each time without regard to 
the direction of spin, and disappeared, though not instantly, when the disks stopped. 
It seemed probably due to some obscure residual effect of the blast, perhaps on the 
cover glasses of the drum. The shift was irreversible, and of reversible shift there 
was none. 

At these higher speeds it would naturally be thought that the true theoretical 
effect due to whirling air (/a^ — 1) should be observable ; but if its amount be 
reckoned it will be found to be lesi3 than -g^th band, and therefore not detectable for 
certain under the above conditions. 

The only effect distinctly due to heat in the above experiments was a fficker of the 
bands at the lowest speeds, just before stopping. It was due to the gentle warmth 
of the motor, an air current rising towards the disk and miiTors when the blast was 
insufficient to drive it away. But it never did the least harm, and could only be seen 
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just before stopping, or sometimes a second or two after stopping. When it was over, 
the bauds were absolutely in the old place ; its eftect had been to wave them about 
slowly and slightly. 

In all these experiments the brass collar coupling, with the copper wire force- 
transmitters, was used to connect the two axles, instead of the old friction clutch, 
which was insuiKcient and not so. dependable. 

Possible Time Effect. 

On June 6 we kept the disks spinning for three hours at 1900 revolutions, to see if 
any shift developed with time. The result on this particular occasion was an apparent 
Bhift followed by a blur and invisibility of the fringes. They did not recover on 
stopping, but could be brought into visibility by moving some of the screws. This 
was evidently a bad experiment, and the apparatus was overhauled and steadied up. 

Took another spin next day, at a speed of 2400 revolutions, for three hours, and not 
the slightest shift developed itself in this time. 

By June 23, the step bearing at the bottom of the axle shaft was replaced by a new 
one, and other mechanical conditions were improved. The machine now ran up to 
2400 Nvithout a tremor, and a curi'ent of 30 to 35 ampei'es was sufficient to do the 
driving. An observation was made with the drum in, with glazed windows, no top or 
bottom (as before), the light going three times round, and the speed being kept at 
2100 for two hours. At the first instant there was a shift of -if^th band, but it did 
not increase, nor did it recover on stopping. Went on with a reverse spin, also at 
2100, under the same conditions, and saw not a trace of shift at going or stopping, or 
during long spin — only the usual flicker as the speed got very slow. The bands were 
distinct all the time. A good experiment. We conclude that time has nothing to do 
with the matter. 

Attempt to Observe tJie Air Effect. 

From June to November, 1893, continual attempts were made (except during a 
month's vacation), by careful and repeated setting of the micrometer wires on the 
bands, by taking the avei^age of a set of readings at each speed and plotting them, to 
get some dependable record of the true air effect, free from disturbing causes. This 
labour was undertaken not only because it was thought of interest to observe this 
hitherto unobserved small quantity, but also because its detection would emphasise 
the truly negative character of the ether effect. 

Taking /a for air as 1*00029, the Jr = 1 ^ = -00058 0, and the fraction of a band 

shift observed being x at an angular speed oi, and with n light-journeys round the 
optical square of side a, we should have hma^ = 4 X lO^ar (see p. 772, loc. cit.); 
wherefore, writing co = 27rN, and considering that the observable x is jho^^^ ^^ ^ 
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band, it follows nN niuBt be 300, in ordor to show the air effect, that is, the speed 
must rise to 6000 revolutions a minute with a light-joumey of three times round. 
This speed would lead impractically near to the burstiog-strength of materials; but it 
was hoped that, by taking the average of a series of settings, -^^th of a band could 
be safely observed, and thus the ofiect of the air-spin detected. And if everytliing 
had gone well, I think this might have been done, but the diiBcultios met with 
caused a careful examination of the brick pillars and foundations beneath the floor, with 
the result of discovering that the brick pillars, by which the optical frame was ulti- 
mately supported on its gallows support (fig. 11, p. 767, ' Phil. Trans./ 1893), were 
not so entirely independent of the whirling machine's stone altar as they ought to 
have been. During the vacation bricklayers and carpenters were accordingly called 
in to re-set the warped pillai's beneath the floor, and to clear away all joists and every- 
thing that could be suspected of in any way helping to transmit vibration. The 
result of this work was a beautiful steadiness and visibility 
at high speeds ; hut still the bands showed what we call a 
concertina action, that b, a slight moving of the lateral 
bands in or out from the central one, as the speed varied. 
There would be no strong objection to such motion, if the 
precise symmetiy of the central hand could be assured, 
but, as this assurance was not forthcoming, the central band 
sometimes shared in this motion ; and even if it did not, its 
steadiness was suspicious, because perhaps it ought to have 
slightly moved. 

The residual trouble appeared possibly due to an obscure 
influence on the gliiss windows of the drum, possibly a slight 
warping due to warmth or atr pressure, and an attempt was 
made to dispense with the window panes and to screen 
from the blast by another method. Accoi-dtngly a fresh 
drum was made of brass, with a pair of deflecting rims or 
flanges, so placed as to catch the air whirled off the disks 
all round, and deflect it out of the way upwards and down- 
wards, the light passing on through a chiuk or slit in the 
brass drum to the region protected by these flanges (fig. 4). 

Some residual draught did however manage to reach the 
min'ors, and, although they were strongly supported, it seemed to flutter them even 
if unable regularly to tilt them. It was then attempted to lessen the freedom of air 
supply to the axis of rotation, by wooden circular boards, fitting the axle loosely, and 
nearly as large as the drum, thus greatly interfering with the supply of air. As soon 
however as the ventilation was thus interfered with the air got distinctly hot, which 
was a worse evil. 

The drum was supported separately on long wooden girders, so that no part of it 
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wa8 in immediate corftact with the optical frame. The girders at first rested on 
the same gallows as supported the frame (as shown in the figure, page 767> just 
referred to), but this was ultimately found to be bad, because of a torque received 
from the whirling air and transmitted to these piers, which conveyed some trace 
of it to the frame. So while the frame was still supported on its independent piers, 
and the whirling machine was still clamped to its massive stone altar on the rock, 
the drum which received and screened the blast was now separately supported by 
special uprights from the floor (on which people did not walk during an observation), 
and this, on the whole, was an improvement. Any torque effect, however minute, 
being of a reversible character, was peculiarly dangerous, for it might easily have 
been mistaken for a result of the kind that was being looked for. 

This memoir shall be abbreviated by the omission of all the careful sets of readings 
taken during this period, a record which occupies seventy pages of the laboratory 
note book ; for it must be admitted that, although representing a good deal of work, 
they fail ultimately to show the air effect ; and this probably for the reason that any 
effect of that magnitude would be certainly masked by the residual slight disturbing 
causes present. 

The only thing I will record is a plotting of one of the larger spurious shifts 
(obtained before the foundation was inspected and altered) to illustrate its typical 
lagging character. The dots in this case represent individual readings, not averages 
of setting, and they incidentally show the kind of setting which is possible at high 
speeds through all the cover-glasses, with the light three times round, and when the 
steadiness was by no means perfect. The process was as follows : — 

The micrometer wires were set, the single vertical wire in the middle of the middle 
band, and the X wire on the yellow of the first band to the left ; or else vice versd. 
Both wires were read, at gradually increasing, and then at decreasing speeds, and 
the results plotted on the right-hand side of the two diagrams (figs. 5 and 6), so as 
to show (a) the shift of the middle band due to strains and slight communicated 
tremors, (6) the change in the scale of wave-length due to concertina action. Then 
the brushes of the dynamo were reversed, and another spin taken in the opposite 
direction, and then the readings taken which are plotted on the left-hand side of the 
two diagrams. The total maximum shift was about ^th of a band on this occtision. 

The foUowing averages of a set of readings taken in July, 1893, may also be 
quoted : — 

With disks stationary, the middle band read . 94*4 each division being ^Vtb of a wave-length. 
Disks revolving 3000 a minute, the middle band 

read 94*4 

Disks stationary again, the middle band read . 95*6 
Disks revolving 3000 a minute in the opposite 

direction, the middle band i*ead 95*5 

Disks stationary again, the middle band read 92*3 
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Details of one of the larger spurious shifts of the middle band, as observed before the brick pier 

supports of the optical frame had been properly overhauled. 
The dots represent individual settings and readings of the micrometer cross wire set on the middle 

band during a pair of spins in opposite directions, while the speed was first increasing and then 

decreasing. 
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Corresponding concertina action (on same scale), or change in the breadth of the bands during the 
above spurious shift. Dots represent differences between the readings of a micrometer wire s^^t 
on the yellow of the Ist order and the readings of the cross wire set on the middle band. The 
zero of the vertical scale is far below, 7 squares below 0. At that distance this figure may be 
placed above fig. 5. 
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(To realize that such readings fail to show the air effect it may be simplest to 
write down ideal readings that would show it exactly, viz. : — 

94*4 each division being ^th X 

94-1 
94-4 
947 
94-4 

if they had -been obtained. 

Or the following would do equally well, though less obviously : — 

94-4 
94-6 
94-4 
95-2 
94-4 

where there is an irreversible shift of half a division (tIo M superposed upon the 
reversible effect.) 

After the overhauling of the foundations, in September, the bands were- beautifully 
distinct, and there was no tremor. There was now no clearly perceptible shift of 
the middle band, but still there was a concertina action, shown by a broadening of 
the bands during spin, thus altering the scale of wave-length. The following 
extract will serve to illustrate this : — 

8th September. 
With the Disks at rest, the middle 

band read 7 while the yellow of the first band read 85 divisions. 

With the Disks spinning 3000 revs., 

the middle band read .... 7 ,, ., 107 „ 

With the Disks at rest, the middle 

band read 7 ., ,, 85 „ 

With the motion reversed 3000 revs., 

the middle band read .... 7 ,, ., 102 „ 

With the Disks at rest, the middle 

band read 7 ,, „ 85 



Here the constancy of the number 7 means that no change could be seen, but the 
readings are not averages, nor was the wire reset, and nothing less than a whole 
division shift would have been observed. The air effect would require ^ a division 
shift. The existence of the concertina effect was held to render useless an attempt 
to take a serious set of averages ; and by no means could it be wholly got rid of. 

Ultimately we decided to do away with the optical frame so close to the disks 
altogether, and to arrange the mirrors at a distance, out of the blast, on brackets 
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fixed to opposite walls of the room, sending the light round a large oblong instead of 
a square, and letting two sides of this oblong pass through the channel between the 
disks. (The arrangement of this experiment is shown in fig. 8.) Meanwhile, we 
dismantled the machine and sent the disks back to Mather & Platt to be fitted 
with a third one for electrification. (26th Oct. 1893.) 

If there were good reason to push the experiment still further (and for the 
present I see no such good reason), I should be disposed to attempt placing the disks 
in an air-tight chamber, kept exhausted by a mechanical oil pump, so as to do away 
with the greatest part of the troublesome air phenomena. 

A possible reason for the concertina effect, and for the slight residual irreversible 
shift sometimes observed, suggests itself in the gradation of density in the air 
between the disks, due to centrifugal force. To estimate its magnitude under any 
circumstances, we may consider the equilibrium of an element dm of air at radius r 
and write : — 

rci)* dm z=z ^dr. rdO. 
dr 

or 

prta^ dr =zdp= Idp, 

whence the density at any radius is 

Hence, for disks a yard ip diameter making 3000 revolutions a minute, the density 
at centre is about fths of that at circumference ; and the change of density per 
centimetre breadth of beam, at a radius of 1 foot, is 

^=: -425 X 10-5; 
dr 

which, if ft — 1 be taken as proportional to /o, gives dfi about equal to '23c//o ; or say 
10"° as the difference of refractive index, on either side of a beam of light 1 centi- 
metre broad, in the region of the mean light path. This is equivalent to the effect 
of a difference of temperature, in the air on either side of the beam, of a |th of a 
degree centigrade. 

The gradation of density could therefore cause a distinct effect if the beam of light 
had an odd number of paths between the disks ; but since there are in our case an odd 
number of reflexions, and therefore an even number of paths, with the beam laterally 
inverted at each reflexion, the effects must very nearly compensate each other. 

If by reason of some want of symmetry there was on the whole a centimetre length 
of path uncompensated by a laterally inverted portion elsewhere, the corresponding 
retardation due to gradation of density would be a millionth of a centimetre, causing 
an irreversible shift of -s^^th of a band. This cause may therefore account lor part 

y2 
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of the residual Irreversible shift observable at high speeds, when all kinds of 

mechanical and thermal disturbance have been apparently eliminated. 

I 

The question of Electrification. 

Although it must now be taken that such masses of matter as we had been dealing 

with are incompetent to disturb the ether in a rotational manner (for, as has been 

emphasised in the previous memoir, irrotational motion of a single-valued kind could 

not be detected by interference or any other optical experiments, since such motion 

in no way affects either the path or the speed of a ray), and although further it has 

now been shown that the conveyance of a magnetic field by moving matter confers 

no power of gripping the ether, yet it was thought possible that electrification might 

do it ; because an oscillatory charge certainly radiates wave motion into the ether. 

And although radiation is not any known kind of mechanical disturbance, but is 

\ concerned with the ether's electrical properties, and need not necessarily involve any- 

j thing analogous to etherial viscosity even in the neighbourhood of matter, yet it was 

i thought possible that electric charge, being as it were the connexion between ether 

S and matter, might confer upon a material body some power of gripping and rotation- 

i ally carrying forward the ether in a quasi-viscous manner. At any rate, whatever 

t reason could be urged for or against such a connexion, it was desirable to bring it to 

S the test of experiment and superpose an electric field upon the moving disks. 

I: The natural plan for electrifying the disks would seem to be to make one of the 

disks positive and the other negative, but after consideration it was found impractic- 
able to insulate the existing disks satisfactorily ; and a third disk half way between 
the other two was contemplated. This might possibly have been stationary and 
independently supported, but some preliminary experiments with a plate thus held 
showed that in the draught of air it developed some warmth and interfered with the 

Fig. 7. 




Arrangement of the insulated steel disk between the other two, showing the mode of electrical 

connexion, "with an axial stud touching a Voss machine terminal. 

fringes ; so a rotating disk, clamped in insulating washers between the other two, 
was decided on, and made as shown in fig. 7. The new disk was made an inch 
smaller in diameter than the others, but otherwise it was just like them. Connexions 
were arranged through insulating holes for the supply of electricity near the axle 
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while spinning, and with a Voss or Wimshurst machine a constant succession of sparks 
could be maintained from the middle insulated disk to the earthed outer ones. These 
sparks were about iialf an inch long, and were sharp and clear : they usually occurred 
from its lounded edge, but sometimes from its flat surface, which on account of the 
bevel was slightly nearer the other plates than the edge was. It may be taken that 
the difference of potential concerned was not far short of 40,000 volts., and that the 
electric tension was about as much as common air can stand. 

The interference bands could now be seen bisected by the middle disk, and usually 
either the upper or the lower half was used for an observation, the positions of the 
bands close to one of the plates being specially watched, especially at and before each 
spark, while the disks were revolving at 2800 a minute and the light going three 
times round. 




One oF the latest on-angcmentB of the optical parts, on the opposite walla of a room, so aa to bo nndis- 
tDi'bed bj the force or heat of the blast from the disks t-evolving in the middle of the room. 
L ia the electric lamp ; C, the collimator ; T, the doable micrometer telescope ; aail S the double 
boiler-plate screeu to protect the observer j M ia the semi-transparent plate, and the light is 
indicated going three times ronnd a rectangle, with part of its course between the disks. The 
whole ia drawn to scale, the diameter of disks being 3 feet, or nearly I metre. 



The experiments were chiefly dotie in February, 1 894, and the bands were broad 
and clear. There was a trace of irreversible shift when the disks were spinning, but 
its amount was quite independent of the direction of rotation, and there was not the 
slightest difference whether the plates were electrified or not. 

The path of light in this set of experiments was the long oblong with two of its 
sides between the disks as already briefly mentioned. The mirrors were supported 
on opposite walls of the room, and a diagram of the arrangement is annexed {fig. 8), 
the light being sent three or more times round the oblong. 

With this plan, alternate light paths go between the disks, and accordingly the 
density-gradient-effect, if any, is uncompensated. A very narrow beam was used, 
however, and the effect is demonstrably small, though it probably accounts for the 
irreversible shift observed. 



I 
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There was not a wink when the sparks occurred, whatever the speed. The test 
for electrification effect is easy, because the charge can be switched on and off while 
in a state of steady spin, and the slightest difference would be observed. There is 
certainly no perceptible effect. 

When the disks were slowed down and nearly stopped, there was the old temporary 
flickering of the bands, but this had nothing to do with electrification, it was merely 
irregular warmth in the air. 

We tried also a couple of Leyden jars with their outer coats connected to the 
disks, so as to get strong "B" sparks between them (see 'Proc. Boy. Soc./ 1892, 
vol. 50, pp. 4 and 18), but still there was no effect. 

Without further delay I conclude that neither an electric nor a magnetic transverse 
field confers viscosity upon the ether, nor enables moving matter to grip and move it 
rotationally. 
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The tube containing the etlier, DG, tig. 1 , lay nearly horizontal, instead of, as before, 
Btanditig vertical. The gauge-tubes B and C were, jia before, one registering pressures 
fcom somewhat above that of the atmosphen: to about 10 atmospheres ; and a second, 
which began to. show pressures of about 9 atmospheres, and continued to give reliable 
determinations up to 50 atmospheres, for its lower portion was expanded ao as to 
form a reservoir. The gauges were jacketed by running water, the temperature of 
which was read from a small thermometer placed in a tube between the two gauges. 
The gauges were, as before, filled with dry air, and a correction was applied taken 
from the results of Amagat, on the coefficient of compressibility of air, by which the 

Fig. 1. 




pressures were made to coincide with the readings of a theoretically perfect gaa 
{' Compt. Rend.,' vol. 99, 1884, p. 1 1 53). The low-pressure manometer was calibrated 
by comparison up to a pressure of 3 atmospheres with the readings of the height of 
mercury in a long open tube ; and the high-pressure gauge was compared with 
the low-pressure one, and the pressures so controlled. Experiments made in this 
manner gave results not appreciably differing from those obtained by calculating 
pressure from the nitios of the volumes of air confined in the tubes to that present 
at the temperature and pressure of filling them. Both manometers were calibrated 
by weighing with mercury. 



ON THE ADIABATIC RELATIONS OF ETHYL OXIDE. 169 

The temperatures, as before, were obtained by jacketing with the vapours of 
various liquids, boiling under known pressures, and are those of an air-thermometer 
(see * Trans. Chem. Soc./ vol 47, 1885, p. 640). 

The '* volume-tube " DGI (fig. I) requires special description (see also fig. 2). It 
consisted of a piece of barometer-tubing, about 2*5 millims. in internal diameter, 
and 36 centims. long. To this was sealed a second piece, of 2 miilims. diameter and 
15 centims. in length. The end of the narrower tube was sealed, and blown into 
a small thick-walled bulb, G (B, fig. 2). A thin rod of glass, I (CD, fig. 2), 15 centims. 
long, was next sealed to the bulb so as to form a continuation of the bulb ; and a 
piece of similar rod having been dropped into the barometer tube, w^as attached by 
sealing to the interior surface of the bulb. By careful fusion the internal and 
external rods were so manipulated as to be continuous with each other, the wall of 
the tube acting as a diaphragm. By rubbing the external rod longitudinally with a 
rag wet with alcohol, it gave a shrill note, and the vibrations were imparted to that 
portion in the barometer tube, and set in motion the gas contained in the tube. 

It was found very difficult to construct such an apparatus which gave satisfactory 
vibrations. It appears necessary to have a fairly wide barometer tube, not too thick 
in the wall, else the vibrations produced are not those of the enclosed gas, but of the 
glass tube. After many attempts, a tube was at length found, in which no sign of 
''glass-vibrations" was noticeable; when lycopodium dust or powdered silica was 
introduced, and the rod was rubbed, the dust arranged itself in well-marked heaps, 
extending through the whole length of the tube. The difficulty was caused greatly 
by the necessity of having a tube sufficiently strong to withstand an internal pressure 
of 40 or 50 atmospheres, and yet capable of showing the wave-length of the 
contained gas. 

This volume tube was graduated in millims., and calibrated by weighing with 
mercury. It served in all the experiments made. 

To regulate the temperature, this experiment^al tube was surrounded by a jacket of 
glass, H (E, fig. 2), also lying horizontally; and at the end nearest the pressure apparatus 
a bulb, D, was sealed on, in which liquids could be boiled. It was necessary to ensure 
an air-tight junction between the external and internal tubes ; hence it was neces- 
sary to employ indiarubber corks. But as most of the jacketing vapours used 
attack and dissolve indiarubber, the indiarubber cork was faced with ordinary cork, 
which protected it from the action of the vapour to a great extent. The other end 
of the jacket enclosed the small bulb at the end of the experimental tube, and was also 
provided with an indiarubber cork, faced with ordinary cork ; through these the rod 
passed tightly, about 10 centims. of its length projecting outside (C, fig. 2). A small 
condenser sometimes surrounded the vertical tube at the ftirther end of the jacket, 
which led to a manometer, E, and pump, so that the liquid in the bulb could be made to 
boil under any desired pressure, and therefore (within certain limits) at any required 
temperature. The liquids employed were chlorobenzene, giving a range of temperature 

MDCCCXCVII. — A. z 
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between 100° and 130°; bromobenzene, giving a range of 130° to 150°; aniline, 
of 160° to 180"* ; and quinoline, of 180° to 200°. Observations were always made 
at even temperatures, the pressures being adjusted so as to cause the liquid to give 
off vapour of the temperature required — 100°, 110°, 120°, &c., up to 200°. 

The method of filling the tube also requires description. First, as regards the 
powder introduced to show the wave-lengths of the vibrating gas. In air and similar 
gases, lycopodium dust gives the most distinct figures ; but it is a resinous substance, 
and hence it was not possible to place it in contact with ether. After many trials of 
magnesia, alumina, precipitated silica, &c., a quantity of somewhat impure silica was 
prepared, by fusing glass with carbonate of sodium and potixssium, and treatment 
with hydrochloric acid ; this gelatinous silica was not very well washed, but was 
dried in a somewhat impure state, containing a trace of common salt. It was 
ignited, and fritted together to rough lumps. These were powdered in an agate 
mortar, and sifted through gauze. The small fi-agments of microscopic size were 
approximately spherical, and flowed easily, not adhering to each other. Pure silica 
is too dusty ; sand is too large-grained, or, if powdered, too angular ; to obtain the 
best results the grains should be round and not too smalL 

A sufficient quantity of such sand was introduced into the experimental tube ; its 
open end, A (fig. 3), was then sealed to a bulb, B, of the form shown in the woodcut ; 
and the tube at the seal was drawn out into a wide capillary, C. Ether was placed in 
the bulb, and the open end, D, was then connected with a water-pump, and the bulb 
was exhausted. The ether began to boil and expelled air from the bulb. By admitting 
air, ether entered the experimental tube, A ; and the bulb was again exhausted and 
then sealed at E. The amount of air was then reduced to that dissolved in the 
liquid ether. The experimental tube was next warmed, so as to boil the ether it 
contained ; the vapom' rushed up, driving pistons of liquid before it, and condensed 
in the bulb, which was artificially cooled. After about ten minutes, all possible air 
had been expelled from the tube into the bulb. On gently warming the bulb, B, 
and cooling the tube, A, liquid ether entered, and the absence of air was certain, 
inasmuch as the ether closed up rapidly and completely, no trace of a bubble being 
left in the tube. If even a small bubble were left, dissolving in the ether on its way 
up the sloping tube, the operation was repeated. The silica during this operation 
usually found its way into the bulb D (fig. 2) at the end of the experimental tube. 

The tube was ngain warmed so as to expel ether. And here arose a difficulty. 
It was necessary to guess at the quantity of ether which was required. Usually, 
the experiments were adjusted to suit the particular quantity which accidentally 
remained. But with a little practice it was found possible to leave in the tube 
approximately the amount required. The capillary junction, C (fig. 3), between the 
experimental tube and the bulb was then sealc^d, leaving a thin tail of glass. The 
silica was then shaken out of the bulb of the experimental tube (see fig. 1 , G, and 
fig. 2, B) into the tube itself, and distributed along its length as evenly as possible 
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and the experimental tube was then screwed into the pressure apparatus by means 
of the iron cap for the purpose. 

It was found that if mercur}^ entered the space between the rod, D (fig. 2), and 
the internal wall of the experimental tube, A, it could not be removed by tapping, 
after the apparatus had been set up ; and also that it interfered with the vibrations 
of the rod. Hence it was necessary to take precautions to prevent mercury entering 
the tube so far as to touch the end of the rod. 



Fig. 2. 



i 



a 





Fig. 3 




The experimental tube having been placed in position in the pressure apparatus, 
and the cap tightly screwed on, the temperature was raised to a given point, 
determined by the amount of ether left in the tube ; the pressure was then raised by 
turning the screw of the pressure apparatus A. (fig. 1), and when the end of the screw 
came in contact with the drawn-out capillary end of the experimental tube, C (fig. 3), 
whicli is there shown unsealed, it broke it. It was necessary so to regulate the 
temperature of the ether that only a little escaped when the capillary end was 
broken. If the pressure in the interior were too great, too much ether escaped ; if 
too small, cold mercury entered, and came in contact with the internal rod. After 
some practice it was found possible to arrange the apparatus successfully nearly every 

^ 2 
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time. During the breaking of the capillary point, the whole apparatus was tilted, so 
as to incline the experimental tube. The pressure was then raised so as to cause 
some mercury to enter the tube, which was then placed in a nearly horizontal 
position. By tapping, the silica was made to flow down, so as to form an evenly 
distributed layer in the experimental tube; the temperature was then finally 
adjusted, and after placing the mercury at a given mark on the tube, experiments 
were begun. At the temperature chosen the ether was wholly gaseous. On rubbing 
the projecting rod, the ether gas vibrated, and the silica arranged itself in heaps, 
which, when the ether gas was at its greatest volume, amounted to over thirty in 
number. They were, for the most part, regularly distributed. A millimetre scale 
etched on a slip of mirror, JK (fig. 1), was laid below the experimental tube^ and 
the distance between the heaps was read. But instead of reading the actual position 
of all the heaps an average was taken in the following manner : — Suppose the total 
number of heaps to be 30 ; the Ist and 27th were read ; the 2nd and 28th ; the 3rd 
and 29th ; and the 4th and 30th ; and, dividing by the total number I'ead, four 
averages were obtained. These usually agreed with each other to within 0'5 per cent. ; 
the mean of all four was taken as the true wave-length. 

The middle of each heap of silica was taken as most easily read. The silica could 
hardly be said to form " heaps " ; it distributed itself in streaks of varying length 
across the tube, each set of streaks forming an oval-shaped patch, of which the 
middle point could be estimated with fair accuracy. 

The volume of the gas was then diminished, and another set of readings taken in 
a similar manner. The mercury entering the tube covered up a portion of the silica ; 
but on again increasing volume it flowed away, leaving the silica as before. This, of 
course, made it diflScult, if not impossible, to determine accurately the volume 
occupied by the ether gas ; for the volume of the silica was an uncertain quantity. 
But the whole amount of silica was very small, certainly not amounting in volume to 
0*5 per cent, of that of the ether. To compensate for this error, by one in the 
opposite direction, no correction was made for the increase in volume of the tube on 
rise of temperature. The eiTor thus introduced is about the same order of magnitude 
and opposite in sign to that involved by neglecting the volume of the silica, and 
hence the two errors may be taken as compensating each other to some extent. 
Moreover, the volume of one gram of ether at definite temperatures and pressures 
had been determined by Dr. S. Young and one of the authors ; and it was necessary 
to know the actual volume merely for the purpose of deducing the weight. 

The volume of the gas was successively decreased, and observations made similar 
to those described. The temperature having been raised by increasing the pressure 
on the boiling liquid, a fresh set of observations were made. It was necessary, 
however, whenever the jacketing vapour was changed, to refill the tube, because the 
contraction of the ether, owing to its condensation, brought the mercury into contact 
with the rod, and filled the space between it and the inner wall of the experimental 
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tube. This^ of necessity, made the expei*iments somewhat tedious and difficult ; but 
we venture to think they are as accurate as the method allows. 



II. Method of Ascertaining the Wekihts of Ether Employed. 

For each set of experiments with a single jacketing vapour, the tube had to be 
specially filled with ether. This involved a different weight of ether each time. It 
was necessary to know the weight, in order to calculate the volume occupied by 
1 grm. of the vapour. 

To ascertain the weight, the volume at any given pressure and temperature was 
ascertained from an isothermal diagram showing from previous experiments, by 
Ramsay and Young, the relations between volume, temperature, and pressure. From 
this the weight was calculated at each different volume. All the results thus obtained 
were averaged, and the mean results accepted as the weight. 

To take an instance : — At the temperature 140° C, the actual observed volumes 
and pressure were found as in the first two columns. The volume of 1 grm., corre- 
sponding to the pressure in each case, is given in the third column, and is taken from 
the Memoir referred to ; and the weight, calculated from the volume of 1 grm., is to 
be found in the fourth column. The mean result of all these deteiminations was 
taken as the true weight. The volumes of 1 grm. were then calculated by dividing 
each observed volume by the mean weight. The details of one set of observations are 
given in the following table : — 



Temperature 140** C. 



Pressure. 



Actual volume. 



Miilious. 
4586 
5070 
5649 
6304 
6798 
7290 
7830 
8725 
9487 
9912 



2-279 

1-973 

1-791 

1-552 

1-433 

1-315 

1197 

1-079 

9615 

9027 



Volume of 1 grm. 
(from diagram). 



Weight. 



Corrected volumes. 



67-60 


•03371 


60-25 


-03275 


5300 


•03379 


45-80 


•03388 


42-60 


•03364 


39-00 


•03371 


35-75 


•03348 


31-10 


•03470 


27-80 


•03459 


26-20 


•03445 



67-29 
58-26 
52*88 
4582 
4231 
38-81 
35-34 
31-86 
28-39 
26-95 



Similar sets of observations at other temperatures with the same ether were 
taken, and from them the mean weight was ascertained. But it frequently 
happened that the results at one temperature did not coincide with those at 
another. It must be remembered that the tube lay horizontallyi and that on tilting 
it, after a set of observations had been made, more ether would escape up the tube. 
For the hot mercury in passing down gasified ether remaining in that portion of 
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the experimental tube which was inside the pressure apparatus, and the result was 
that the ether was almost invariably increased somewhat in amount at the higher 
temperature. Thus, in the above case, calculation of weight at 130^ C, 140° C, 
and 150° C, gave the following numbers as means :— 0-03246, 0-03387, 0-03474, 
the individual results agreeing as closely as those in the preceding table. Each 
temperature was therefore treated on its merits, and unless no alteration in weight 
had been proved to occur on changing temperature, the calculations were made 
on the basis of measurements at different volumes and pressures at the same 
temperature. 

III. Determikation of the Frequency of the Vibrating Rod. 

Ten sets of experiments were made in order to ascertain accurately the wave- 
length in air of the note given by the glass rod. The mean result of each is 
here given ; the temperature was 15-5° C. 



I. 


11. 


III. 


IV. 


V. 


VI. 


VII. 


VIII. 


IX. 


X. 


19-4 


19-5 


19-2 


19-2 


19-3 


19-44 


19-22 


19-71 


20-05 


19-33 



Mean 19*46 millims. 

From these results the number of vibrations per second of the rod may be calcu- 
lated by the formula 

n = V/X. 

The velocity of sound in air was taken as 33253 centims. per second at 0° C. 
(' Encyc. Brit.,' Article Sound). The wave-length at 0° is 18*93 millims. Hence 
n = 17,566 per second. The note was a shrill squeak. 

The close agreement of the values for the wave-length quoted above seems to 
show that the accidental sources of error are here only trifling; and they may 
be considered as practically eliminated from the final mean value. But it is still 
possible that there may be some constant source of error affecting all the experiments 
equally ; thus it is well known that the wave-length in gases is affected by the 
diameter of the tube, and this effect may become quite noticeable if the tube is 
narrow. It is not likely that such an effect really existed in the above experiments, 
for though the tube was rather narrow, the pitch of the note was exceedingly high. 
But it was thought as well to make quite certain, and a set of experiments was 
carried out to test the accuracy of the value of n obtained. 

(1.) Conjirmatoi'y Experiments mith Hydrogen. 

The velocity of sound in hydrogen has been made the subject of investigation by a 
large number of experimenters, some of whom used tubes sufficiently wide to obviate 
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all possibility of any marked friction eftects occurring. The final result of such 
experiments is that the velocity of sound in hydrogen is to the velocity in air at 
the same temperature as the square roots of the specific volumes. Now the mean of 
nine readings with hydrogen, at 17*5° C, gave 7*36 centims. as the wave-length for 
the note of the vibrator. Taking the density of air as compared with liydrogen 
to }ye 14*47, this gives n = 17,526 per second as the frequency of the vibrator. 

(2.) dynfii'matory Experiments with Argon, 

Experiments were made by one of the authors on the velocity of sound in argon ; 
these experiments were originally undertaken to determine the value of the ratio of 
the specific heats for argon, but as some observations were carried out with the 
actual tube described above, they can be used for our present purpose. The following 
are the measurements observed . — 

Mean of 40 readings in original tube with argon at 17*5° C 1*808 centims. 

91 99 ^9 ^^ • • • • • X f t/t^ jj 

Mean of 6 readings in wider tabe with argon at 6*5° G 3*1 centims. 

), „ „ ...... . 0*064 ,, 

Mean of 5 rei^ngs in wider tnbo with argon at 864° C 3*131 centims. 

»» »i n ^ • •»*083 „ 

Mean of 11 readings in wider tnbe with argon at 11*49° C 3*168 centims. 

0° 3ia3 „ 

Mean of 5 readings in wider tube with air at 6*7° C. ....... 3*373 centims. 

»• »» i> o*332 „ 

Mean of 5 readings in wider tube with air at 7*22° G 3*41 centims. 

»1 I, >» ^ . . . ^ . . r . 0*000 „ 

Mean of 11 readings in wider tube with air at 11*2° G 3*423 centims. 

,, U ...... «j*o*.)0 fj 



II »» 



From these numbers we easily find that the mean wave-length at 0° in the wider 
tube is for argon 3'083 centims,, and for air 3*351 ; this gives us n = 17,452 in the 
original tube. 

(3.) Confirmatory Experiments with the Phonograph. 

An attempt was made to discover the number of vibrations emitted per second by 
the rod with the aid of a phonograph. Such an experiment, if it could have been 
carried out, would have been extremely valuable as affording a direct determination 
of the frequency required. Unfortunately, the sound produced by the vibrator was 
too feeble to make a distinct impression upon the wax cylinder, A long tube of the 
same kind of glass was, therefore, taken, and this produced a much graver and 
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stronger note, capable of leaving a distinct trace upon the wax ; the experiment was 
also repeated with a shorter tube. The following results were obtained : — 



Length. 



Tabe No. 1 
2 



»f 



millimf. 
155-59 
10002 



No. of points in 
one re?olaiion. 



766 
1190 



A tuning-fork, of frequency 1024, was found to leave 232 impressions in one revo- 
lution. This gives as the velocity of sound in this particular kind of glass 263,000 
and 262,700 centiras. per second for the two tubes respectively. 

We may take the mean, 262,850 centims. per second, as the velocity of sound in 
the glass rod, and this assumption, though we have no guarantee of its exact truth, 
is unlikely to introduce any serious error. We then find that a rod 28*3 centims. 
long will emit 18,578 vibrations per second, and this number may be accepted as 
giving roughly the frequency of the glass ix)d when performing free vibrations. In 
the actual apparatus used, the rod was sealed on to a glass tube, near its middle, and 
this may well have had the effect upon it of a rider on a tuning-fork, and lowered the 
tone. The test in the present case is, therefore, only a rough one, but it has some 
value all the same, as it shows that the dust-heaps observed in all these experiments 
were really due to the vibrations of the fundamental note in air, and not to the 
higher harmonics in the glass. 

It was decided upon the whole to adopt the value of n, derived from the experi- 
ments with air, as there is less manipulation required in this case, and, therefore, less 
liability to experimental error. By comparing the experiments with air, hydrogen, 
and argon, it will be seen that the value of the frequency is uncertain, to an extent 
of about ^ per cent. ; but it will be shown later on that the particular manner in 
which this constant enters into the equations renders the uncertainty of far less 
importance than might at first appear. 



IV. Calculations of the Adiabatic Elasticity. 

Having ascertained the volume of 1 grm. corresponding to each pressure and 
temperature observed, and having also found the corresponding mean wave-lengths, 
the velocity of sound in the ether-gas was calculated by the formula— 

V = nX, 

where V is velocity, n the number of vibrations per second, 17,566, and X the wave- 
length. The following results were obtained : — 
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Px*e8sure. 



3,982 
4,761 
4,422 
4,843 
4,876 
4,921 



4,089 
4,620 
5,016 
5,289 
5,609 
5,905 
6,080 
6,100 



4,232 
4,803 
5,218 
5,833 
6,196 
6,623 
7,073 
7,301 
7,452 
7,579 



4,878 
4,965 
5,389 
6,073 
6,447 
6,900 
7,424 
8,001 
8,299 
8,683 
9,331 



Voluine of 
1 grm. 



Wave- (Velocity 

length in ^ in centims. 
raillims. per second)^. 



Temperature 100° C. 



71-22 
55-97 
6167 
52-20 
50-35 
Condensed. 



11-41 

11-08 
1100 
10-94 
10-88 



Temperature 110** C. 



69-49 
60-17 
54-66 
50-93 
4732 
43-70 
40 08 
Condensed. 



11-54 
11-41 
11-36 
1114 
1104 
11-04 
1067 



Temperature 120** C. 



69-50 
60-26 
54-62 
47-32 
43-71 
4009 
86-50 
34-70 
32-91 
Condensed. 



11-87 
11-65 
1147 
11-25 
11-37 
10-97 
10-71 
10-60 
1075 



Temperature 130° C, 



I 



70-51 
61-06 
55-42 
4801 
44*34 
40-67 
3703 
33-39 
31-57 
29-75 
Condensed. 



1208 
11-98 
11-49 
11-85 
11-25 
11-25 
11-34 
10-85 
10-44 
10-22 



4-0174 xlO« 

3-7884 

3-7338 

3-6933 

3-6528 



4-1190 xlO» 

4-0175 

3-9823 

3-8296 

3-7611 

3-7611 

3-5131 



4-3478 X 108 

4-1882 

4-0597 

3-9054 

3-9892 

3-7136 

3-5396 

3-4673 

3-5661 



4-5031 X 108 

4-4288 

4-0739 

4-3832 

3 9054 

3-9054 

3-9682 

3-6327 

3-3633 

3-2231 



Second filling. Bromobenzene 
Temperature 130° C. 



4,317 
4,940 
5,;^G 
6,061 
6,432 
6,883 
7,419 
7,971 
9,073 
9,272 
9,445 



70-22 
60-80 
55-26 
47-81 
4416 
40-50 
36-88 
33-26 
29-62 
27-81 
Condensed. 



12-06 
1188 
11-71 
114:3 
1 1 -26 
11-29 
10-86 
10-58 
10-37 
10-30 



jacket. 

4-4882 X 108 

4-8552 

4-2314 

4-0315 

3-9124 

39332 

3-6394 

3-4542 

3-3184 

3-2788 



Pressuix?. 



Volume of 
1 grm. 



Wave- 
length in 
millims. 



(Velocity 

in centims. 

per second )^ 



Tempei-ature 140'' C. 



4,586 
5,070 
5,649 
6,394 
6,798 
7,290 
7,830 
8,725 
9,487 
9,912 
10,373 



67-29 
58-26 
52-88 
45-82 
42-31 
:38-81 
35 34 
31-81 
28-39 
26-65 
2492 



1-2-28 
1214 
11-J^O 
11-73 
11-67 
11-53 
11-48 
11-00 
10-62 
10-56 
10-44 



4-6534 X 108 

4-5479 

4-3699 

4-2459 

4-2025 

41023 

40668 

3-73.S8 

34883 

3 4410 

3-3633 



Temperature 150° C. 



4 830 
5,451 
5,930 
6 685 
7.147 
7,632 
8,422 
9,281 
10,098 
11,074 



65-61 
56-81 
51-56 
44-67 
41-26 
37-84 
34-46 
3107 
27-68 
24-29 



12-37 
12-23 
1214 
11-94 
11-92 
11-57 
11-44 
11-21 
10-83 
10-75 



4-7218x108 

4-6156 

4-5479 

4-3992 

4-3846 

4-1308 

40386 

3-8778 

3-6193 

3-5661 



Third filling. Bromobenzene jacket. 
Temperature 140*" G. 



10,898 


2300 


10-06 


31230x108 


11,550 


21-20 


9-87 


30061 


11,618 


20-90 


9-59 


2-8439 


11,675 


20-75 


9-70 


2-9034 



Temperature 150° C. 



11,401 
1-2,469 



22-80 
19-80 



10-55 
1014 



3-4346 X 108 
3-1729 



Fourth filling. Fresh ether. Aniline jacket. 

Temperature 150° C. 

5,483 j 57-10 12-28 

6,733 44-88 1200 

7,627 i 38-88 1167 

8,657 ! 32-94 114:3 

10,081 27-04 1106 



4-6534x108 
4-4436 
4-2025 
40315 

3-7746 



Temperatiu-e 160° C. 



5,719 
7,051 
7,973 
9,048 
9,413 



56-39 
44-32 
38-40 
:32-53 
26-70 



12-43 
1203 
11-89 
11-78 
11-33 



4-7677 X 108 

4-4659 

4-3624 

4--2822 

3-9612 
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Pressure. 


1 

; Volume of 

1 grm. 

1 


Wave- (Velocity 
length in in centims. 
miilims. , per second)*. 

1 


Pressure. 


Volume of 
1 gp!*m« 


1 

, Wave- 
1 length in 
miilims. 


(Velociiy 

in centime. 

per second)^ 

1 

* 




Fifth filling. Auiline jacket. 


r 

Seventh filling 


1 ; 

I 

Quinoline jacket. , 




Temperature 170° C. 




Temperature 185° C. 

1 


18,195 


, 1213 


914 • 2-5779x108 


19,650 


12-27 9-26 


' 2-6460 X 10* 


18,649 


11-48 


8-56 2-2611 


21,056 


10-63 


8-75 


2-3626 


19,112 


10-83 


8-08 2-3249 


21,914 


9-65 


8-32 


2-1360 


19,191 


1005 


7-97 1-9602 


22,488 


9-00 7-91 


1-9308 






22,671 


8-36 8-92 


1-9848 




Temperature 180° C. 


23,281 


7-72 1 7-63 


1-7964 


19,339 


! 12-04 ! 9-30 : 26689x108 








20,596 


10-42 i 8-59 2-2769 




Temperature 190° C. | 


21,471 


9-46 8-26 21054 








22,481 


8-20 7-42 ' 1-6990 


20,119 


1 12-44 ' 9-51 


2-7908 X 10* 


22,533 


7-57 , 7-55 1-7590 


21,583 


! 10-77 

1 ^ ^_ 


9-06 


2-6830 






22,613 


9-77 


8-52 


2-2400 




Temperature 185° C. 


23,904 
24,530 


8-47 
7-82 


7-96 
7-64 


1-9552 
1-8012 


19,756 


1206 9-52 2-7903 xlO« 


25,028 


7-17 


7-35 


1-6671 


21,177 


t 10-44 , 8-80 ' 2-3896 


25,478 


i 6-53 


7-00 


1-5121 


22,135 


9-48 : 8-30 21258 


26,372 


5-89 6-76 


1-4102 


23,267 


8-21 


7-74 i 1-8486 








23,847 
24,305 


7-58 
6 96 


7-37 l-6:«0 
6-90 1-4692 




Temperature 1938° C. 


24,368 


6-33 


6-65 , 1-3646 


20,495 


12-42 


9-65 


2-8736 X 108 






22,085 


10-75 


9-17 


2-5948 


1 


Sixth filling. Aniline jacket. 


23,107 


9-76 


8-90 


2-4443 




Temperature 150° C. 


24,466 


8-45 


8-21 


2-0799 


7,845 


37 07 


12-23 4-6156 x 10« 


25,205 


7-81 


7-86 


1-9064 


8,893 


32-10 


11-27 ' 3-9193 


25,904 


716 


7-50 


1-7358 


9,578 


29-13 


11-00 3-7338 


26,235 


6-52 


7-17 


1-5864 


10,626 


25-24 


10-64 3-4934 


26,860 


5-88 


6-92 


1-4777 


11,232 


23-31 


10-37 3-3184 


27,302 


4-92 


6-14 


1-1633 


11,884 


21-38 


10-28 3-2610 


27,357 


4-60 


6-31 


1-2286 


12,025 


19-47 


10-25 i 3-2420 








13,371 


17-55 9-67 2-8856 




Temperature 195° C 


1 


13,687 : 


16-60 9-58 2-8321 












20,613 


12-42 


9-75 


2-9334 X 10* 




Temperature 170** C. i 


22,188 


10-88 


9-24 


2-6346 


8,509 

9,526 
10,276 j 
11,477 
12,890 1 
14,656 


36-95 
31-99 
29-04 
2516 
21-31 
17-50 1 


11-94 
11-83 
11-55 
11-15 
10-90 
10-39 


4-3992 X 10« 

4-3185 

4-1165 

3-8363 

3-6663 

3-3313 


23,260 
24,679 
25,315 
26,583 
27,144 
27,518 


9-76 
8-45 
7-81 
6-52 
5-88 
5-24 


8-90 

8-83 

7-91 

7-22 ! 

7-04 

6-74 


2-4443 
20952 
1-9308 
1-6086 
1-5294 
14018 


19,246 


Condensed. 1 










"" -w^ ^^— — • -^^ 1 






Tempei-ature 200° C 


1 




Temperature 180' C. 


21,056 


12-81 9-98 


3-0735 X 108 


8,755 ! 


37-35 ' 12-27 | 46467 xl0« 


22,739 


11-09 9-47 


2-7674 


9,854 


32 35 12-12 1 4-5328 


23,806 


10-06 


9-12 


2-5666 


10,644 


3004 11-78 4-2822 


25,252 


8-72 


8-39 


2-4498 


11,893 ' 


25-44 11-44 


4-0386 


26,024 


805 


8-62 


2-2929 


13,398 1 


21-55 '■ 11-25 3-9054 | 


26,707 


7-39 


7-99 ; 


1-9700 


14,268 , 


19-62 1112 38157 


27,438 


6-73 7-69 ' 


1-8249 : 


15,294 , 


17-69 10-71 


3-5396 


28,082 ■ 


6-06 


7-50 ' 


1-7358 1 
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Pressure. 


Volume of 
1 grm. 


Wave- 
lenirth in 


(Velocity 
in centims. 


1 - 

1 
Pressore. 


Volume of 
1 grm. 


Wave- 
length in 


(Velocity 
in centims. 




millims. 


per second)*. 




millims. 


per second)*. 


"~ 1 

Eighth filling. Safcnrated 


▼apour. 


1 


Temperature 19515® 


C. 




Temperature 190° C. 














27,888 


5-577 


6-49 


1 2997 X 108 


26.030 


5-577 


6-79 


1-4227 X 108 


28,140 


4-830 


6-38 


1-2561 


26,026 


4-830 


6-75 


1-4060 


28,166 


4-383 


619 


11824 


# 






28,195 


4-088 


602 


11183 








28,206 


3-798 


544 


0-9132 




Temperature 1938*^ C. 


28,222 


3-508 


5-26 


0-8538 








1 28,275 


3-362 






27,538 


' 5-577 


6-35 


1-2433x108 


28,337 


3-217 






27,595 


4-830 


6*26 


1-2092 


28,598 


3-073 


' 




27.595 


4-383 


609 , 


1-1445 


28,857 


2929 






27,595 


4-088 


623 


11977 


29,253 


2-856 






27,646 


3-798 


6-22 


1-1938 


29,679 


2-785 






27,584 


8-508 


636 


1-2482 


30,358 


2-713 






27,584 


3-217 


6-55 


1-2938 








27,674 


2-929 


6-63 


1-3564 




Temperature 19515® 


C. 


27.758 


2-929 


707 


1-5424 








28,291 


2-785 


8-50 


2-2295 


28,235 


3-362 


5-24 


• 0-8473 X 108 


20,722 : 


2-641 


10-45 


3-3699 


28,278 


3-217 


5-57 


09574 








28,337 


3073 


5-80 


10381 








28,598 


2-929 


6-99 


1-5078 




Temperature 19515'' 


C. 


28.857 


2-856 


7-62 


1-7918 








29,253 


2-785 


8-54 


2-2506 


27,949 


5-577 


6-48 


1-2957x108 


29,679 


2-713 


8-70 


2-3357 


28,147 


4-830 


6-13 


11452 


30,358 


2-641 


9-72 


2-9155 


28,233 


4-383 


5-95 


10925 








28,258 
28.288 


4088 
3-798 


5-85 
5-60 


1-0561 
0-9677 




Temperature 19515® 


C. 


28,389 


3-508 


5-47 


0-9233 


27,968 


5-577 6-45 


1-2838x108 








28,137 


4-830 6-07 


11370 




Temperature 1938® < 


0, 


28,165 

28,207 


4-383 1 5-92 
4-088 5-72 


10815 
10096 


27,441 


5-577 • 6-35 


1-2448x108 


28,223 


3-798 


5-49 


0-9301 


27,605 


4-830 


6-37 


1-2521 


28,228 


3-508 


5-18 


0-8280 


27,553 
27,553 


4383 

4-088 


6-27 
6-21 


1-2131 
1-1900 


28.311 
28.625 


3-217 
2929 


5-42 
7-06 


0-9065 
1-5380 


27,553 


3-798 i 6-41 


1 -2679 


28,892 
29,158 


2-856 
2-785 


7-51 
8-50 


1-7404 
2-2295 








29,649 


2713 


8-97 


2-4829 




Liquid. 




30,225 


2,641 


9-91 


3-0305 


27.553 


1 3-798 


6-08 


11407x108 i 




Temperature 200® C 


t 

'. 


27,553 


3-508 


6-25 


1-2054 








27,553 


3-217 


6-31 


1-2287 


29,432 


5-577 


6-82 


1-4358 X 108 


27,580 


2-929 


6-65 


13646 


29,870 


4-830 


6-39 


1-2600 


27,627 


2-856 


6-75 


1-4060 


29,964 


4-383 


626 


1-2092 


27,958 


2785 


7-93 


1-9405 


30,258 


4-088 . 


6-16 


1-1709 


28,415 


2-713 


8-22 


2-0850 


30,355 


3-798 


6-13 


1-1596 


28,817 


2-641 


915 


2-5835 


30.457 


3-508 


6-39 1 


1-2600 


29.702 . 


2-584 


1006 


3-1230 


30,823 

1 


3-217 


7-00 i 


15121 

1 



From these observations a set of isothermal curves was constructed, where V* was 
plotted against volume (see fig. 4).- The results are not very concordant; soma 
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are altogefrhor erratic, and this is to be expected, for it was not always possible so to 
nib the rod as to produce the required tone. A rod so placed is capable of many 
kiods of vibrations, and the particular rate of vibration, though the one most usually 
produced, may, by some difference in the method of rubbing, be replaced by another. 
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But, on the whole, the resulting curves show good concordance. Where a ntimber of 
curves such as these, differing from each other by regular intervals, is drawn, the 
position of each of them lends control to that of its neighbour, and a close approxi- 
mation to accuracy jhay' be deduced from very unpromising material.* 

These curves were then further utilized by reading off the values of V^ for equal 
volumes, 70, 65, 60, and so on, at intervals of 5 down to volume 20 cub. centims. per 
grm., and at smaller intervals, viz., 17*5, 15, 14, 13 cub. centims. per grm., and so on, 
down to 4 cub. centims. per grm. at smaller volumes. 

From these numbers a second diagram was constructed, representing the values of 
V^v plotted against temperature, the lines being isochoric. These curves were 
observed not greatly to deviate from straight lines — they intersected at small 
volumes. They would probably also intersect at larger volumes if prcxluced. 'R has 
not been thought necessary to reproduce this figQre os it is virtually contained in 

%. 4. . 

The value of VV«; is, of course, the same as the adiabatic elasticity, and, like the 
isothermal elasticity, it has the dimensions of a pressure. It will be remembered 
that V was measured in centimetres per second, and v in cub. centims. per gfm; 
Consequently, the elasticity, as calculated above, must be given in absolute units^ or 
dynes per sq. centim. It was found more convenient to change to pressures meaJsured 
in millimetres of mercury, and this can be readily done by dividing all the former 
numbers by 1334*2. 

V. Mathematical Discussion of Preceding Results. 

We noticed above that for equal volumes the adiabatic elasticity is roughly a linear 
function of the temperature, and this fact seems to hold out some hope of bringing 
all the experimental results obtained under the power of analysis. An inspection 
of the diagram shows that the diflference between the isochorals actually drawn and 
straight lines is no greater than the uncertainty diie to experimental errors, so that 
as far as the direct evidence goes it is possible that the isochorals ^e really straight. 
Even if it should turn out on subsequent investigation that the isochorals are slightly 
curved, the treating them as straight lines may be considered as a fir^t approxioiatioh 
to the truth, and as a justifiable simplification of a very complex problem. 

Let us call the adiabatic elasticity, measured in millimetres of mercury E, then we 
may put 

where g and li are functions of the volume only. Now, it was shown by one of the 
authors, in conjunction with Dr. Sydney Young, that for constant volumes there is a 

• The curves actually given in fig. 4 have been calculated by means of the formula on p. 183 ; they 
are the smoothed version of a set of similar curves drawn to represent the actaal observations. They 
agree with the observations better than the original free-hand onrves. ^ 
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linear relation between the temperature and pressure, so that we may put 

j[) = 6T — a, 

where 6 and a are functions of the volume only (* Phil. Mag./ vol. 23, p. 436). From 
these two equations it is possible to eliminate the temperature, and we obtain 

Thus we see that for constant volumes E may be expressed as a linear function 
ofjc^; the next step is evidently to find the value of glh. For this purpose the 
isochoral diagram was employed ; a straight edge was laid so as to pass as near 
as might be to the drawn points, and the slope of this edge was then determined ; 
this slope gave the value of g. To obtain 6 nothing more was needed than to use 
the values given in Ramsay and Young's paper (Zoo. ci<., p. 441). On calculating 
the value of gjb for various volumes, it was found to be nearly constant ; such 
deviations as existed were not arranged in any orderly manner, but occurred some- 
times to one side and sometimes to another, as if fluctuating about a mean value. It 
appeared as if ^/6 = 11/9 might be taken as a fair mean between all the values 
obtained. We may therefore put 

and this leads to the equation 

V2= 1631j[)i; — /(v), 

where f{y) is a function of v only. In order to determine the value of f{v), the 

above was written 

f{v)— 1631i?v- V^ 

Keeping the volume constant, and changing the temperature, this equation gives 
values off{v) differing slightly from one another ; the arithmetical mean was chosen 
BS giving the value of y(v) for that particular volume. In this way/(?;) was deter- 
mined for a large number of volumes, and it was found that its values could be 
approximately represented by means of the empirical formula 

. . . _ 785,300,000 _ 317,700,000 _ 3,114,000,000 

The above formula was selected from a large number that were tried, and it 
reproduced the found values of /(v) fairly well, but it is not suggested as being 
anything more than an empirical formula. Unfortunately the Kinetic Theory of 
Gases is not sufficiently advanced to enable us to form any d j)nW notion as to 
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what form the function /(v) might be expected to have, 90 that we are perforce 
driven to employ an empirical formula. With a large amount of time and labour 
it might be possible to find a formula foi* f{v) simpler in character, and more exact 
in its results, but it did not seem worth while to undertake the amount of trouble 
involved in such a search. The formula can be successfully used for the purposes of 
interpolation within the field of observation , but any use of it for extrapolation would 
be hazardous. 

We may now write the equation for V* as 

TT9 ./.ot 785,300,000 , 317,700,000 , 3,114,000,000 
V^ = 1631 /w ^ + -^ + -i 

This formula has been obtained as the result of four consecutive approximations, 
and it is possible that each succeeding approximation has led us further from the 
facts. On the other hand,; it is conceivable that the errors of the various approxi- 
mations have to a large extent neutralised one another. It was thought advisable 
therefore to test the above formula by calculating out the isothermals, and comparing 
them with the observed measurements. The result is shown in fig. 4 ; and it is 
easily seen that the calculated isothermals may be fairly taken as a system of smooth 
lines passing through the observed points. 

From the equation to V^ we obtain 

^ 11 785,300,000 .,. , 317,700,000 .;- , 3,114,000,000 _« 

^~ ^P 1334-2 ^ 1334-2 ^ 13342 ^ ' 



or, 



dp_n _ 588,600 238,100 2,334 , 



Multiply by — tr^" and we get 



n/9^ I 11 AD _ 588.600 _ 238,100 __ 2,334,000 



dv^ 9 ^ v^^ i?"-' 1^'/^ 

Integrating 



Hence, 



,„„ , 9 588,600 , 9 , 238,100 , 9 _ 2,334,000 



_ J|_ 1 ,324,00 214,300 1,313,0 00 



The constant k is at our disposal, and we may choose it so that the adiabatic shall 
pass through any assigned point. By giving a series of different values to A we obtain a 
system of adiabatic lines. We may get a convenient system by giving to k succes- 
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sively the values 710,000, 720,000, 730,000, 740,000, 750,000, 760,000 ; such a system 
is shown in fig. 5 ; the c\irves have been drawn for u great part of their length so 
as to exhibit to the eye their general shape, but only that portion of the Bystem which 
is intersected by the drawn isothermals has been really investigated experimentally, 
and can, therefore, be safely trusted. The adiabatic for k = 720,000 passes close to 
the critical point. 

D'ig. 5. 
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The system of isothermals and adiabatics intersecting cue another divides the plane of 
liv into a set of curvilinear parallelograms, such ns that suggested in Maxwell's 'Theory 
of Heat' (p. 156); and, if oiu: interpretation of the experimental results is correct, 
it ought to be possible so to select the system of adiabatics that the areas of all the 
parallelograms are equal. The following thermo-dynamic investigation will show to 
what extent this can be done. 
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Let us assume that the equation to the isothermals of a gas can be written in the 

form 

p = 6T - a, 

where 6 and a are functions of the volume only. Let us also assume that the equation 
for the adiabatic elasticity E can be put in the form 

where g and h are functions of the volume only. Then, by eliminating T, and putting 

for E its value — v ~ , we see that we have a linear differential equation for p of the 

first order, the independent variable being v. The integral of such an equation must 
be of the form 

where h is the constant of integration, while ^ and ^ are functions of v only ; we see 
also that we must have ^'j^ = — gjhv. This equation determines a system of 
adiabatics by giving successively different values to A:, and by taking two neighbouring 
values, say k and h + dk, we obtain two adiabatics as near together as we please. Let 

Fig. 6. 




now the pair of adiabatics be crossed by two isothermals at temperatures T and 
T + dT, then the area of the infinitely small parallelogram formed must be inde- 
pendent of T by the Second Law of Thermo-dynamics. 

Let A BCD in fig. 7 denote a magnified picture of this small parallelogram ; then. 

Fig. 7. 




by shearing the figure after the manner of Maxwell in obtaining his fourth thermo- 
dynamical relation {loc, cit., p. 166), we obtain 

MDCCCXCVn. — A. 2 B 
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area ABCD = increase of pressure when we pass from lower to higher adiabatic 

at constant volume. 

X increase of volume when we pass from higher to lower isothermal 
along adiabatic. 

= -*<»x(|)^<rr. 

Now, whatever the variations of pressure volume and temperature, they are subject, 
if small, to the relation 

Let us denote differentiation with regard to v by accents, then we may put this 

dp = 6 rfT + (6'T - a') dv. 

Also any adiabatic alteration will be subject to the relation 

dp = (in/r' + x') dv. 
Hence, 

6 dT + (6'T - a') dv = {h],' + x) dv 

dv 



/^ h W + x' ■»- a' - 6'T , , , _^ , ^ , ,,?> + « 



Therefore 



if + x' + «' -^'^- y (X-t + x) * (t' - -y t) + X' + «' - 1' (X + «) 

- '^^^ (S). = ^::;^^ „, : ^ _ , • 

Now this quantity is to be independent of T so long as we keep k unaltered, hence 
we have 

^' '^' *' / X ^ + «' 

This can only be the case if the expressions ji — ^ > i^ (X + ^) "" % . are 

functions of i only. But both these expressions, from their form, can be seen to be 
functions of v only ; hence they must be numerical constants. Let 

6762 - ^If'lh^ = C, say. 
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then 

Substituting for }^'l^, we may write this 

h'lh - C6 = - gjhv, 
so that 

g = Ch^v — Vv. 

As long as there is no assumption made about the connection between g and 6, 
this equation simply gives g in terms of h. The adiabatics we have drawn, however, 
were the result of further assuming that gjh is equal to a constant ; and if this 
condition is introduced, we find that the form of h is restricted. Let us denote 
by y, the constant value of gr/6, then 

b'/b^ + g/b^v-G, or 676»+y/6r=C. 

Put 1/6 = u, and we have 

dujdv — yujv = — C. 

This equation is easily integrated, and we obtain 
so that 



V '\' ev* ^ 



where B and e are constants at our disposal. 

If we confine ourselves to volumes which lie between 70 and 4, the values of 6 may 
be roughly reproduced by means of the above formula, taking care to give suitable 
values to R and e. But if, in such a formula, we were to attempt to extrapolate to 
large volumes, the result would be that we should obtain values of b totally at 
variance with experiment. This shows us once more the need of restricting our 
formulae entirely to those portions of the field that have been experimentally 
investigated. 

Appendix. 

Experiments ivith Liquid Ether. 

In experimenting with liquid ether, the apparatus and method of working were 
similar in every respect to what has already been described. 

The volume of 1 grm. of the ether was, as before, not directly determined, but was 

2b2 
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inferred from a knowledge of temperature and pressure. It Was more easy to obtain 
well-defined heaps of silica in the liquid than in the gas. 
The following results were obtained :-- 



Press are. 


Volume of 
1 grm. 


Wave- 
length in 
millims. 


(Velocity 

in centims. 

per second)*. 


1 
1 

Pressure. 

1 

1 


Volume of 
Igrm. 


Wave- 
lenffth in 
mifliins. 


(Velocity 

in centims. 

per second)'. 

1 




Tempen 


1 
itui-e 100° C. 


1 


Temperature 190° C. 








25,074 


' 2-730 


8-35 


2151 X 10* 


4,859 


1-638 


37-67 


43-786x108 


25,867 


1 2-668 


9-81 


2909 


15,834 


1-6225 


38-20 


45-026 


27,250 


2-546 


11-61 


4-159 i 


28,665 


1-610 


40-43 


50-436 


28,753 


2-468 


12-81 


5-063 








30,481 


2-398 


14-04 


6-062 j 








32,313 


2-342 1518 


7-110 1 




Temperature 120° ( 


1 
/. 


36,681 


2-256 17-12 


9044 


7,496 


1-735 32 42 


32-431 X 108 




1 
Temijerature 195° C. i 


15,823 
28,644 


No data 33-50 
i 35-25 


34-707 
38-341 


25,898 
27,250 


• I 7-14 
3-285 , 7-22 


1-573 X 108 
1-606 








28,763 


2-779 


9-58 


2-832 




Tempei-ature 150® C 


1 
J. 


30,431 
32,313 


2-601 
2-501 


11-28 
12-79 


3-926 ! 
5-047 


13,281 
15,861 
18,550 


1-931 ; 23-33 
1-913 ! 24-53 
1-903 : 25-00 


16-794x108 
18-567 ; 
19-285 1 


< 34,441 
36,681 
39,700 


2-426 
2-366 
2-307 


1407 
16-31 
16-50 


6-108 

7-233 1 
8-400 


21,595 
28,712 


1-894 1 25-47 
1-870 , 27-34 


20-017 
23-064 




Temperatare 200" C. 








30,431 


3-282 


8-20 


2-075 X W 








32,313 


2-8a3 


10-28 


3-261 




Temperature 175° C 


"1 


34,441 


2-632 


11-90 


4-370 








36,681 


2-520 


13-46 


5-590 


19,998 


2-218 


15-27 


7-195 X 108 


39,700 


2-415 


15-00 


6-943 


21,625 


2-208 


15-61 


7-519 








23,565 


2-176 


16-64 


8-544 




Temperature 205** C 


1 


28,753 


2-110 


18-54 


10-606 


30,398 


♦ 6-67 


1-373x108 








33,282 


3-314 7-62 


1-792 


1 

1 


Temperature 185"" C 


1 


34,409 
36,681 


2-931 984 
2-721 11-62 


2-988 
4166 


23,356 


2-490 


10-93 


3-686 X 10« 


39,668 


2-565 13-13 


5-319 


24,677 
26,898 


2-424 
2-376 


12-52 
13-23 , 


4-859 
6-401 




Temperature 210'' C 


1 

i 


27,250 1 


2-330 


14-42 


6-416 


32,282 


• 7-10 


1-555 X 108 


28,753 


2-299 


15-19 ! 


7-120 


34,409 


3-535 7-88 


1-916 


30,431 


2262 


15-97 


7-869 


36,681 


3-122 9-83 


2961 , 


32,313 


2229 


16-84 


8-750 


39,658 

1 


2-788 ' 11-57 


4-131 

1 



Treating these data as before, the isochoric lines for VYv are found to be straight. 
The investigation was not pushed further, however, as the formulae involved appeared 
to be even more complicated than in the case of the larger volumes ; but the above 
experimental data have been given for the sake of anyone who feels interested in the 
subject. 



* Volume not read ;, cture oearlj horixontal. 
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strengths) there is neither Villari reversal nor reversal of deformation, suggest that 
there is a close connexion between the two phenomena, and this general similarity 
between the effeots of stress on magnetisation, on the one hand, and magnetic 
deformation on the other, has led some experimenters to assume that magnetic 
deformation is completely accounted for by the above stresses, and to calculate from 
the observed deformation the general effect of stress on magnetisation.* 

Before this assumption can be legitimately made, however, it is necessary to make 
direct experiments to test its truth, and it was with this object that the following 
experiments were instituted. 

The experiments were made in the Physical Laboratory of the University College 
of North Wales, and, before proceeding to describe them, I wish here to express my 
great indebtedness to Professor A. Gray for kindly placing at my disposal all the 
necessary apparatus, and for many valuable suggestions. 

Theory. 

One method of experimenting, suggested by Mr. Nagaoka and the present writer ,t 
would be to measure both ttie effect of hydrostatic pressure on magnetisation and the 
magnetic deformation of a ring of soft magnetic material. From these measurements 
a direct comparison could be made of the observed deformation and the value 
calculated from the theory of Kirchhoff. 

There is however another method which, though theoretically not so simple, is 
probably easier to carry out experimentally. It has been shown by CantoneJ that 
the elongation hi of an ellipsoid of revolution of great eccentricity and soft magnetic 
material, when placed in a uniform longitudinal field H is, on Kirchhoff's theory, 
given by 

i ~ 3E \1 + 2^/ "*■ 2E(1 -f 2^) 2E(l + 2^) 2E • • • \^h 
where 

I = length of ellipsoid, 

I = magnetisation, 

k\ k' are the coefficients of change of magnetic susceptibility with change of 

density and of elongation§ respectively, 
E = Young's Modulus for the material, and Q is defined by 

* Cantone, * Mem. R. Ace. Line./ ser. 4, vol. 6, 1890 ; Winkelmann, * Handbuch der Physik,' Bd. 3, 
Part II., p. 250, 1896. 

t Jjoc, cit.^ p. 461. X ^^' ^^• 

§ The fundamental equation defining *:' and «" is 1 = {*c — ic' (e + / + gr) — «" e] H, where e, /, gr are 
the dilatations parallel to the direction of magnetisation, and to two axes at right angles to it. 
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It can also be shown that if a tension 8P per unit area be applied to a long uniform 
wire of the material and produce a small increase 81 in the magnetisation, then 



E SI K 



/ 



H SP 1 + 2^ 



— k" (i\ 

i\. • • • • • • • « \^r« 



Between (1) and (2) the quantity (:j — + k"\ can be eliminated, and the result- 
ing equation is 

hi _ 47rP lJ-± IH , 1 TT SI /.x 

/ "" 3E 1 + 2^ "^ 2E(1 + 2^) "^ ^ SP ^ '' 

In order to compare this result with experiment a long cylindrical specimen should 
first be used to determine I and 8I/8P for several constant field-strengths. Then the 
specimen should be turned down to the form of an ellipsoid of revolution and the 
magnetic elongation a*^ measured with the specimen in the same magnetic state as 
that in which I and 8I/8P were determined. 

At first it was intended to do this, but afterwards it was thought sufficient to use 
a wire of the material (of length very great in comparison with its thickness) in both 
parts of the experiment, thus assuming that the elongation of a long thin wire is the 
same as that of an ellipsoid of revolution having the same dimensional ratio.t The 
general agreement between the results of different experimenters, who in measuring 
magnetic elongation have used wires, strips and ellipsoids of various shapes and 
degrees of purity, shows that this is at least approximately the case. 

It can also be proved independently that in a uniformly magnetised wire the 

SI 
term JH ^-, which is generally by far the greatest on the right-hand side of (3), 

represents the elongation due to those stresses which arise in consequence of the fact 
that magnetisation depends upon strain. For the potential energy, which unit 
volume has in consequence of the magnetisation, is — iHI.| Hence, if the body 
has dilatations e, f^ g, parallel to the axes of x^ y, 2, respectively, the part of the 
Lagrangian Function depending on magnetisation and strain coordinates is (supposing 
the quantities to vary infinitely slowly) 

L = iHI - ^ (e + / + sr)8 _ ^n (e^ +/« + /- 2ef - 2fg - 2sre).§ 

• The symbol a is here used for the observed elongation of the specimen, i.e. the ratio of the observed 
increase of length to the whole length. 

t A change in the state of the surface of the specimen would be caused by the turning down, which 
would make that process inadvisable. 

X Maxwell, " Electricity and Magnetism," vol. 2, § 682. 

§ J. J. Thomson, loc. cit. 
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Professor J. J. Thomson has shown that the strains due to the dependence of 
magnetisation upon strain are given by the equations 



I.e., 



dL/de = 0, 3L/a/3= 0, BL/dg = 0. 

iH 1^- m(e +/+9) - n(e -/- g) = 0, 
iH| - «i(e +/+ flr) - n(/-sr -e) = 0, 
^H I - m (e +/ + sr) - n (gr _ « -/) = 0. 

In the case of a long cylindrical wire with axis along ore, we have g ^=f, and 
dl/Bg = 31/3/, hence solving for e 

. m p. 3l ^ m — n yr 31 i_^?i_ll/~ m — n 3l\ .. 

* 3m — M 3e ^ 3?n — M 3/* ' 3m — 7i \ 3e m dfj * ^ '* 

Now if a tension SP per unit area be applied to the wire and produce an increase 
SI in the magnetisation and strains Se, 8f=i 8g^ then 

But if the elastic properties of the material are not altered by magnetisation. 



therefore 



Hence (4) becomes 



therefore 



8/= -j^^-^-'^.Se, 

^ ^ 7/1 * 



8I = (|_!!iz:J^|IW. 

pe m of I 



— 4 ^^ XT *^ 



2E " & *^ SP 



This strain will be the same at all points of the wire, which is supposed uniformly 
magnetised, and will therefore be that part of a which is due to these stresses. 
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Aj^aratus. 

Jn the experiments nickel was used because the quantities to be measured are 
both greater and of a simpler nature than in the other ma^etic metals. The 
specimen was an annealed wire of length 85*2 centims. and mean diameter 
1*65 millims., containing about 98 per cent, of nickel and traces of iron and cobalt. 
This was obtained from Messrs. Johnson, Katthet and Co, 

The magnetising coil was over a metre long, and consisted of seven layers of 
No. 18 copper wire wound on a hollow brass core provided with a water-jacket 
through which water could be made to flow steadily. The coil was mounted on a 
stand W (fig. 1) in a vertical position. 

rig. 1. 




The ends of the nickel wire N were soldered into two brass pieces, the upper of 
which, A, was u long cylindrical bar, and the other, B, a short block of brass 
prolonged downwards by a tube T* closed at the lower end. Both bar and tube 
fitted loOTely in the core of the coil, the bar projecting and being fixed to a rigid 

* It wu at first intended to neunre Toukg's Hodnlnn for the nickel wire, » mcMnrement for vhicli 
tbe •boye appantna wu not Ymj mitaUe, and •widdh. was moreoreF afterwards rendarsd iumaoesaar7. 
MDCCCXCVn. — A. 2 o 
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support S above the coil, and the tube projecting slightly from the coil below. 
A thin brass rod R was screwed into the block B, and passing downwards through 
an opening in the lower end of the tube T, was attached to a scalepan below. 

The method adopted for observing changes in the length of the nickel wire was 
essentially the same as has been used by several experimenters. At one end of a 
long light lever It, of wood, a sharp gun-metal point pressed upwards against the 
lower end of the tube T, and the fulcrum F consisted of two gun-metal points 
resting on two plates of glass fixed on a support which was rigidly connected with 
the upper support S ; the connexion is not shown in the diagram (fig. 1). At the 
end of the other (longer) arm of the lever, a small metal plate was attached, at one 
point of which a slight depression was made ; in this depression rested one of the 
three needle-point feet of a small light table on which a plane mirror was mounted. 
The two other feet rested on a fixed horizontal metallic support. Deflections of this 
mirror were observed by a telescope and vertical scale at a distance of about 
3 metres. 

Levers of various lengths were tried ; the arms of the lever ultimately chosen were 
3*275 centims. and 60*92 centims. long, measured from the hue joining the fiilcrum 
points to the point at one end, and the depression at the other, respectively. The 
distance of the moving foot of the mirror table from the line joining the two fixed 
feet was 8*97 milHms. The magnifying power of this arrangement was 12,300. 

The nickel wire was thus suspended inside but independently of the coiL The 
effect of any " suction " between the coil and the wire was, however, quite negligible, 
on account of the great rigidity of the support S, and because this support was 
rigidly connected with the fulcrum support of the lever, so that any displacement of 
the upper support involved a similar displacement of the fulcrum support, and 
therefore no turning of the lever. This was tested by observing the scale deflections 
caused by placing weights on the upper support S. Even if the wire had only one 
pole, the error due to this cause would be less than 0*1 per cent, of the deflection 
observed when the current was made. 

The error due to the slight non-uniformity of the field of the coil towards the ends 
of the nickel wire was also of the same order. 

The magnetising current was generally measured by a Kelvin graded galvanometer, 
standardised by electrolysis of copper, the smaller currents by a Kelvin centiampere 
balance. 

For measuring the magnetisation, which was done in separate experiments, 600 
turns of No. 40 double-silk covered and shellacked copper wire were wound in one 
layer near the middle of the nickel wire. These were connected to a ballistic 
galvanometer which was wound with wire calculated to give the greatest sensitive- 
ness. ''^ A long solenoid with secondary coil was used to standardize this galvanometer 
m the usual way. 

* See A Orat, '* Absolute measorements in Electricity and Magnetism," vol. 2, Part 11., p. 369. 
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Measurement of I and SI/8P. 

The magnetisation was measured by observing the deflection of the galvanometer 
needle when the magnetising current was reversed. The sectional areas of the nickel 
wire and of the coil wound on it being known, and the galvanometer being frequently 
standardised, the induction in the wire, and hence the magnetisation, were calculated. 

In order that equation (3) should hold, it was necessary that the nickel wire should 
be in the same magnetic state in the magnetisation and in the elongation experiments. 
Hence, both experiments were made with increasing reversals of magnetisation. Also, 
since during the reversals of magnetisation the magnetic stress is alternately applied 
and removed, the weight used in measuring 8I/8P was added and removed several 
times before readings were taken. An initial weight of I kilogram was always kept 
in the scalepan and the effect obsei*ved at several fields of adding a few kilograms, 
the magnetisation being measured before and after the additional load was applied. 

An increase of tension always caused a diminution of magnetisation, which was not 
in general proportional to the weight added.* [Added May 15. — This depends on 
the field-strength. At low fields, within the range of tensions used in the present 
experiments, the effect of tension in reducing magnetisation diminishes slightly as 
the tension is increased, at stronger fields the opposite is th ecase ; in other words, at 
low fields 3^I/3P* is positive, at high fields negative. This may partly explain the fact 
observed by BiDW ELL that at low fields increase of tension diminishes the magnetic 
contraction in nickel, at high fields increases it. For if part of the contraction is 

represented by 

* ' 31 

then 

3? ~ 2^ ap > 

which is negative at low, positive at high fields.] It could, however, be assumed that 
the change of magnetisation, divided by the increase of tension per unit area of section 
of the * wire, gave the value of SI/SP for the mean load. The curve of increasing 
reversals for the mean load was then determined. 

Several loads were tried, but the effects of adding 2 and 7 kilograms respectively 
sufficiently show the nature of the results. Thus, the curves of increasing reversals 
of magnetisation, and the corresponding values of SI/SP, were determined with 2 and 
4 '5 kilograms in the scalepan, the total tensions being 2*4 and 4*9 kilograms. 

Since the dimensional ratio of the nickel wire was about 500, the mean demagnet- 
ising forcet was '00018 I. This was never more than about 0*1 per cent, of the 
magnetising force due to the coiL 

* See EwiNO, * Magnetic Induction in Iron and other Metals,' p. 196, 1893. 
t Du Bois, ' The Magnetic Circuit in Theory and Practioe,' p. 41, 1896. 

2c2 
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All ballistic measurements were repeated a number of times, and mean values taken, 
to eliminate, as far as possible, small errors of observation. 

Measurement of Magnetic Change of Length. 

It was necessary to determine the change of length of the nickel wire under 
tensions of 2'4 and 4*9 kilograms, for a series of increasing fields, the current being 
reversed a few times at each step. 

Instead of doing this directly, by first demagnetising the wire and then applying 
the current, it was found more convenient to measure the temporary and residual 
changes of length separately. 

The temporary change of length was determined by first making and reversing 
several times a measured current, and then observing the scale deflection caused 
by breaking the current. The reversed current was then made, the deflection 
observed on breaking it, and the mean of the two deflections taken. The wire 
always lengthened when the current was broken. 

No complete hysteresis loops were obtained, but the opportunity was taken of 
noting how much of the residual contraction could be removed by applying a 
reversed field. Thus each time the current was broken a small reversed current was 
applied, causing an increase of length, and this current was gradually increased 
until the length reached a maximum, and at higher fields again diminished. 

Next a series of residual contractions was determined, the wire being demagnetised 
by reversals before each reading and a current made for a short time, the scale 
reading being ta,ken before the cuiTcnt was made and after it was broken. 

The residual contraction was always found to be greater than the contraction 
which can be removed by applying an increasing reversed current. This has also 
been observed by Mr. Nagaoka.* 

As the magnetising field is increased both the residual and the '^ removable '' 
contraction at first increase and then become nearly constant, the former being then 
about 2-5 X 10"* and the latter 19 X W of the length of the wire. 

The reversed field corresponding to. minimum contraction was about 16 C.G.S. 

The temporary contraction was, however, still increasing in the highest fields 
employed, its value at H = 350 being about 83 X 10""^ with a tension of 
4 '9 kilograms. 

The curve representing the total contraction was obtained by adding the ordinates 
of the " temporary " and " residual " curves.t 

The difference between the tensions 2*4 and 4*9 kilogs. weight was not sufficient 

* * Phil. Mag./ Jan., 1894, p. 131. 

t Since about a centimetre of the nickel wire at each end was soldered in the brass pieces A and B, 
the length of wire whose changes were measured was only 88*2 oentims. This exposed length I was 
used in calculating 9, 
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to cause much difference in the curves. At the highest fields used the contractions 
were, however, rather greater with the greater tension. 

At low and moderate field-strengths the contraction is less, but at strong fields 
greater, than the value obtained by Mr. Nagaoka for an ellipsoid of nickel* 

Water was kept flowing through the coil for a considerable time before readings 
were taken, and all temperature changes took place so slowly that their effects were 
easily distinguishable from the magnetic effect. - .^ _. 

All the readings were repeated several times, and the points representing the 
results always lay very near the curve (fig. 3). 

Final Results. 

On the right-hand side of the equation (3) the third term is much greater than the 
other two. Hence it was not necessary to know E and 6 with very great accuracy. 
The value of Young's Modulus for a 98*1 per cent, nickel wire has recently been 
given by MEYEBt as 21*3 X 10^^ C.G.S. This value of E was used, and the rigidity 
was measured by observing the torsional oscillaitions of the wire, to which a cylindrical 
vibrator was attached. This gave n = 7*75 X 10^^ approximately. Hence = 1*5. 

The greatest numerical value of ^H (8I/SP) obtained was about 8*2 X 10"^, while 
the greatest value of the first two terms in (3), representing the elongation due to 
Maxwell's stresses, was but 0*21) X 10"^ 

Tables I and H contain the values of H, I, the change SI of magnetisation caused 
by increasing the tension by SP per unit area of section, the values of 8//Z calculated 
from equation (3), and the observed total contraction — a. 



Table L 
Load =2*4 kilogs. 8P X section of wire = 2 kilogs. Temperature = 6° C. 



H. 


I. 




*?.10« 
caloaUted. 


a.l0« 
observed. 


(-!)'«•• 


I* . io-«. 


7-49 


31-0 


- 1-6 


-0-063 


- 0-1 


- -087 


0-92 


12-36 


105 


- 6-4 


- 0-412 


- 0-3 


+ -11 


121-5 


36-3 


270 


-17-0 


-3-23 


- 6-2 


- 1-97 


5316 


64-3 


832 


-15-3 


-515 


-11-85 


- 6-2 


12,140 


85-5 


365 


-13-4 


-6-00 


- 15-05 


- 9-05 


17,750 


107-5 


389 


-13-0 


-7-30 


-18-35 


- 1105 


22,890 


159-0 


428 


- 9-7 


-8-07 


-23-6 


-15-53 


33,550 


212-0 


452 


- 6-0 


-5-45 


-27-4 


- 21-95 


41,780 



• * Wied. Ann.,' vol. 53, p. 487, 1894. 
t * Wied, Ann.,' vol. 59, p. 668, 1896. 
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Table II 
Load = 4'9 kilogs. SP X section of wire = 7 kilogs. Temperature = 6" C. 



H. 


I. 


el. 


'fic 

calcnlated. 


a.lO" 
observed. 


(.-1)10.. 


i<.io-«. 


36-8 


243 


-63-0 


-3-5 


- 6-3 


- 1-8 


3490 


65-2 


308 


-60-0 


-6-9 


-11-5 


- 5-6 


9000 


881 


34S 


-54 


- 7-17 


-15-45 


- 83 


13,860 


1290 


386 


-40-3 


-7-81 


- 2075 


-12-9 


22,200 


164-8 


415 


-32-0 


-7-89 


-242 


- 16-3 


29,650 


2180 


443 


-22-4 


-7-09 


-280 


-20-9 


38,500 


2431 


466 


- 18-0 


-6-46 


-30-0 


-23 5 


43,260 


291-5 


471 


-12-1 


-5-14 


-32-6 


-27-5 


49,200 


345-0 


480 


-111 


-6-69 


-34-8 


-29-2 


63,100 



Fig. 2. 
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Fig. 4. 




In fig. 2, Curve' A is the curve of mcreasing reversals of magnetisation with a load 
of 1*4 kilogs. The difference of the ordinates of Curves A and B represents the 
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diminution of magnetisation caused by adding two kilogs. to the load, and the diffe- 
rence of ordinates of A and C represents the effect of adding seven kilogs. to the load. 

In fig, 3 curve D represents the observed total contraction — a, curve E the 
residual contraction after the field H has been removed, F the least contraction 
attainable by reversing the current after the field H has been removed, G the value 
of hl/l calculated from equation (3), and K the difference a — S//Z, all as functions of 
the field H, the load being 4*9 kilogs* The curve K therefore represents the 
contraction in nickel corrected for the effects of known stresses. 

In the last columns of Tables I and II, the corresponding values of I* are given. 
It will be seen that these numbers are approximately proportional to the numbers in 
the preceding column representing the values of a — SI /I. 

This is also shown in fig. 4, where the abscissae of the points ...+ + + are 
proportional to P, and the ordinates to the corrected contraction — (a — Bl/l) for the 
load 4*9 kilog. The points all lie, to within about 5 per cent., on a certain straight 
line passing through the origin. An error of 5 per cent, in the values of P and 8I/8P 
might be caused by much smaller errors in the measurement of I. Especially was this 
the case with the other load 2*4 kilog., for the change of magnetisation 81 in this case 
(Table I) was smaller, and therefore more difficult to measure accurately, though even 
in this case there is no regular deviation from proportionality between P and a — 81/L 

With the load 4*9 kilog., however, the change of length a observed in the nickel 
wire is closely represented by the equation 

^^ ^ 3E* 1 + 2tf • ^ ^ 2E(1 + 20) ^ *^SP ' 

where c has the value — '056 X 10""^* at the temperature 6^C., and where the 
second and third terms on the right-hand side are numerically very small in com- 
parison with the first and fourth. 

[Added May 15. — The result that the magnetic contraction in nickel, corrected in 
the manner described above for the effects of Eibohhoff's stresses, is under certain 
conditions approximately proportional to P, is at present to be regarded as purely 
empirical, and without further experiments it cannot be said to be generally true. 
It is, therefore, proposed to continue the investigation by repeating the experiments 
on the nickel wire under different conditions, especially as regards temperature. 

It should be borne in mind that in the deduction of the theoretical value of the 
magnetic contraction, the material is supposed to be perfectly **soft," and no account 
is taken of hysteresis. Some experiments made by Nagaoka on an ellipsoid of 
nickel (* Wied. Ann.,' 53, p. 496, 1894) seem to show, however, that the contraction 
in this metal depends only on the value of the magnetisation, being almost inde- 
pendent of the manner in which that value has been reached. It is, therefore, 
imlikely that any considerable discrepancy can arise in consequence of hysteresis.] 
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our knowledge of the tides as the)^ actually exist ; but I venture to hope that these 
results, as applied to the oscillations of an ideal ocean, considerably simpler in 
character than the actual ocean, may prove of some interest from the point of view 
of pure hydrodynamical theory. 

In §§ 1-4 I have devoted considerable space to the formation of the dynamical 
equations. The equations obtained agree v^ith those used by Laplacb, and 
consequently it may be thought that I have been unnecessarily diffuse over this 
part of the subject. My apology is that the questionable, if not erroneous, reasoning 
which has often been assigned for the various approximatioi s introduced seemed to 
me to warrant a very minute examination of the formation of these equations. An 
analytical treatment, such as that I have used, seems to me to be the only safe 
method of procedure to ensure that the approximations do not involve the neglect 
of any terms which may be of equal importance with those retained, many of which 
are extremely small. The method adopted follows Laplace in so far as it consists 
of a transformation of the general equations of oscillation of a rotating fluid* I 
trust however that these general equations in the form I have used, which seems 
to be the simplest form to which they can be reduced, may be found less " repulsive " 
than those employed by Laplace. 

§ 5 deals with the integration of these equations. The forms of solution discussed 
in the present paper are those which are symmetrical with respect to the axis of 
rotation. The types of oscillation represented by these solutions have been named 
by Laplace, " Oscillations of the First Species," but he omitted to discuss them in 
detail on the grounds that the oscillations of such character, which might be 
expected to exist in Nature, would be modified to such an extent by friction that 
they would be far better represented by the old " equilibrium theory," than by a 
dynamical theory which failed to take due account of the action of friction. The 
tides in question will be of long period, the shortest of the periods being half a lunar 
month in duration, but Professor Darwin was, I believe, the first to call attention 
to the fact that this length of period will hardly be suflSciently great to render the 
effects of friction of such paramount importance, and hence he added to the work of 
Laplace a discussion of the long-period tides when not subject to frictional 
influences. I have recently attempted to estimate the effects of friction on the tidal 
oscillations of the ocean,* and the results at which I have arrived fully confirm 
the view of Professor Dabwin as to the small influence of friction on the lunar- 
fortnightly tides, and render it highly probable that the effects will be almost 
equally slight on the solar long-period tides. 

The method of integration I have employed differs from that used by Darwin, my 
aim having been to express the results by means of series of zonal harmonics instead 
of by the power-series obtained by him. The advantages of this are two-fold ; firstly, 

* In a paper read before the London Math. Soc., December 10th, 1896. 



ANALYSIS TO THE DYNAMICAL THEORY OF THE TIDES. 203 

it allows of our including in our analysis the effects due to the gravitational attrac- 
tion of the water ; and secondly, the convergence of the series obtained will be much 
more rapid. The latter circumstance is of particular value, as it has enabled me to 
treat with considerable success the problem of the free oscillations of the ocean. 

The general problem of the small oscillations of a rotating system possessing a 
finite number of degrees of freedom has been discussed by Thomson and Tait ;* but 
the extension to meet the case where the number of degrees of freedom is infinite 
involves analytical considerations of some delicacy. As a rule, the transition from 
the case of a system with finite freedom to that of a system with infinite freedom is 
effected by the employment of " normal coordi nates, "t and the chief difficulty in the 
solution of problems relating to the vibrations of the latter class of system consists in 
the discovery of these coordinates. The researches of Thomson and Tait just men- 
tioned shew however that in a rotating system these normal coordinates do not 
exist, and hence that the methods ordinarily employed to deal with the oscillations 
of a system about a state of equilibrium will no longer suffice for the treatment of 
our problem. In most **gjT:ostatic'' problems which have been solved hitherto,;}; the 
solution has been obtained by means of a system of quasi -normal coordinates. When 
such coordinates exist, only a finite number of oscillations of certain particular types 
are possible, and, by constraining the system to vibrate in one of these types, we may 
treat it in the same manner as a system with a finite number of degrees of freedom. 
The period -equation for the free oscillations of an assumed type will then only possess 
a finite number of roots, and will consequently be an algebraic equation usually 
most readily obtained in a determinantal form. It is shewn at the end of § 5 that 
the coordinates we have used possess this property when the depth of the ocean 
follows certain restricted laws ; but in general no such quasi-normal coordinates exist, 
and whatever coordinates be employed, the displacements in any of the fundamental 
modes of vibration can only be expressed by means of an infinite number of such 
coordinates. The most advantaofeous choice of coordinates will then be that which 
leads to most rapidly converging series. 

As however the oscillations of an assumed type can only be expressed by an infinite 
series of coordinates, it follows that an infinite number of oscillations of any assumed 
type must be possible, and that consequently the period-equation for oscillations of 
this type will have an infinite number of roots and will therefore be transcendental 
instead of algebraic in character. It is possible that the transition from systems 
with finite freedom to systems with infinite freedom may be treated with advantage 
by the employment of determinants of infinite order (as a means of expressing the 
transcendental period-equation), after the manner introduced into analysis by 

• * Natural Philosophy,' Part I., § 345. 

t Rayleioh, ' Theory of Sound,' vol. 1, § 87. 

J 0/. PoiNCARfi, * Acta Mathematica,' vol. 7 ; Bryan, * Phil. Ti-ans.,' 1889. 

2 D 2 



204 MR. S. S. HOUGH ON THE APPLICATION OF HARMONIC 

G. W. Hill, in his * Researches on the Lunar Theory ;'* but in the present instance 
we are able to avoid the diflSculties involved in the use of these infinite detenninants, 
in that the forms of determinant which occur are those which are associated with 
continued fractions. 

§ 6 deals with the analytical discussion of the deduction of the period-equation. 
The method is based on a paper by Lord KELViN,t in which the author defends the 
procedure of Laplace against certain allegations to which it had been subjected 
by Airy, but I have endeavoured to present the arguments in a somewhat different 
light, so as to bring out more clearly the analogy between our problem and the 
general problem of vibrating systems with finite freedom. 

In §§ 7-10 I have given illustrations of the method of solving the period-equation 
numerically, and of the subsequent determination of the type of motion for the 
different fundamental modes. As the ground covered in these sections is almost 
entirely new, I have devoted considerable time and labour to the arithmetical 
determination of the periods .ind types of the principal oscillations for a system 
comparable with the earth in magnitude. The results are tabulated in these 
sections. 

§ 1 1 deals briefly with the forced tides of long period due to the moon in an ocean 
of uniform depth. The results agree with those previously obtained by other 
methods, but differ from them in analytical form. In § 12 I have given illustrations 
of a means of extending the method of numerical computation to cases where the 
law of depth is less restricted in character. 

The consideration of forced tides of very long period, dealt with in § 13, points to 
the existence of free oscillations of infinitely long period. This, I believe, was 
first noted by Professor Lamb,| but the application of the dynamical equations for 
the tides to the treatment of these free oscillations has not been previously carried 
out. The types of motion in question appear to be of considerable importance, as 
they throw light on a phenomenon which in the past has been the subject of 
considerable controversy. The diflSculties which have been met with in attempts to 
account for the existence of ocean currents all seem to me to arise from an over- 
estimate of the effects of viscosity on the motion of the sea. The large-scale ocean 
currents have been attributed by Sir John Herschel§ and others entirely to the 
influence of the ''trade " and other prevailing winds, which give rise to slow steady 
motions which, in the absence of friction, would remain permanent even were the 
originating cause entirely to cease. The difficulty in accepting this view arises from 
the assumption that such currents would succumb to the influence of frictional 



• ' Acta Mathematica/ vol. 8. 
t * Phil. Mag.,' 1875, p. 227. 
X ' Hydrodynamics,' § 198. 
§ * Physical Geography,' §§ 57-60. 
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resistances in the course of a few days.* If this assumption be correct it will of 
course be necessary to invoke some more constant cause than the fickle winds in 
explanation of ocean cuiTents, but unfortunately the causes put forward by the chief 
opponents of the wind theory, namely, the differences of density arising from 
differences of temperature, salinity, &c., though no doubt satisfying the criterion of 
being more constant in their action, seem to be equally ineffective in maintaining the 
currents against such large resistances as would be required to destroy ^the currents 
due to the winds in a few days. If, on the other hand, the period of subsidence of 
the free current-motions is to be reckoned rather by years, these motions could not 
fail to be excited and maintained by such causes as the winds even against the 
action of friction. 

In § 14 I have dealt with the dynamics of ocean currents on the supposition that 
they are of the nature of free steady motions (probably maintained by a variety of 
causes), and that the influences of viscosity are extremely small. A remarkable 
result is the extremely restricted character of the possible forms of steady motion as 
contrasted with the case where the ocean covers a non-rotating globe, in which latter 
case the possible forms of steady motion are to a large extent arbitrary. It is found 
that if the density of the water is uniform, the only forms of steady motion possible 
when the depth depends on the latitude alone are those in which the water always 
moves along parallels of latitude, while in general the paths of the fluid particles 
coincide with certain lines depending only on the distribution of land and water and 
on the configuration of the ocean bed. The equation by which these lines are defined 
is of an extremely simple character, and from it we could at once trace out the forms 
of the stream-lines on a chart if we had a sufficient knowledge of the configuration 
of the ocean bed. The equator will always be one of these stream-lines, and herein 
we seem to have the explanation of the fact that the ocean-currents always tend to 
set along the equator, but in other respects it is shewn that the effects of variations 
of density will seriously interfere with the simple laws which must hold so long as 
the density is uniform. 

The importance of the earth's rotation in influencing ocean-currents has long been 
recognised by physicists, but I am not aware that any previous attempt has been 
made to investigate this influence mathematically. The numerical results obtained 
in § 15 are interesting, as showing how a cause, which on a non-rotating globe could 
not give rise to any appreciable ciurents, may be rendered highly effective in main- 
taining currents as a consequence of the rotation of the earth. 

In attempting to account for ocean currents, the real question at issue is : How 
far are the suggested causes capable of maintaining currents against the action of 
friction ? To answer this question an investigation, either mathematical or experi- 
mental, as to the effects oFfriction is essential. Such an investigation I have endeavoured 

» Maubt, * Physical Geography of the Sea,' § 93. 
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to supply in another paper,* but mathematical difficulties have compelled me, in 
treating of friction, to omit from consideration the important influences due to the 
rotation. We have already called attention to the fact that the free steady motions 
on a non-rotating globe are far less restricted in character than those on a rotating 
globe, while, in that the latter essentially violate what appears to be a necessary 
condition when the water is viscous, namely, that there can be no slipping at the 
bottom, it seems to me to be probable that even the limited forms of steady motion 
here dealt with would be no longer possible if the water were viscous, but that, if 
they were started by any means, they would at once give place to periodic motions 
of comparatively short period.t This conclusion has been forced on mo by the 
apparent impoasibility of satisfying the equations of motion of a viscous ocean on a 
rotating globe by means of slowly declining current-motions. If such should be the 
case, it follows that no stable currents can exist without variations in the density of 
the water. As however I have not as yet been able to support this view by 
anything approaching a rigorous mathematical treatment, the question must for the 
present remain open. 



§ 1. Differential Equations for the Vibration of a Rotating Mass of Liquid. 

Suppose we are dealing with the small oscillations of a mass of liquid about a stiate 
of steady motion consisting of a rotation as a rigid body with angular velocity oi about 
a certain axis. 

Take this axis as axis of z, and refer to a set of rectangular axes rotating about it 
with uniform angular velocity ct>. Then, in the steady motion supposed, the fluid will 
have no motion relatively to these axes. 

Let u^ t\ w denote the relative velocity-components at the point x, y, z due to the 
small oscillations. The actual velocity-components parallel to the instantaneous 
positions of the moving axes will then be 

u — (oy, V + (oXy tr, 

and, therefore, if we suppose the amplitude of the vibrations sufficiently small to allow 
of our neglecting squares and products of the small quantities u, v, w, the diffisrential 
equations of motion of the liquid may be written in the formj 



* Loc, cit.j ante, 

t The condition that there can be no slipping at the bottom will reduce the number of degrees of 
freedom of the system, and hence we may anticipate that certain types of motion which were possible 
before this condition was imposed will no longer exist afterwards, 

J Basset, * Hydi*odynamics,' vol. I, p. 22. 
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^ + (o(u-<oy) + mi = g- (V - p/p), 

where V denotes the potential of the bodily forces acting on the liquid, p the fluid 
pressure, and p the density. 
If now we put 

^ = V' - p/p + 4a>« (.x2 + y«) + const (1), 

the above equations reduce to 
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— 2<av 
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> (2). 



while the incompressibility of the liquid is expressed by the additional equation 

a.: + ay + ^ = o (3). 

These equations, originally given by Poincar^,* suffice, in conjunction with 
certain conditions which must hold at the boundary, for the determination of the 
four functions w, t', Wy ^. They are perhaps the simplest equations of which to 
make use when dealing with the oscillations of a mass of liquid of finite extent in 
three dimensions, and, for this purpose, they were first solved by Poincar^ in a 
form adapted for satisfying boundary-conditions at an ellipsoidal surface, while 
additional applications have been considered by BRYAN,t Love,;}: and myself.§ The 
possibility of solution in each of these cases however turns on the fact that it only 
required to satisfy boundary-conditions at a single ellipsoidal or spheroidal surface, 
whereas, in the problem presented by the tides, it is necessary to satisfy conditions 
at two surfaces, namely, the ocean bed and the free surface of the ocean. 

There is, however, a feature attached to this problem which enables us to surmount 

* * Acta Matheicatica,' vol. 7, p. 356. 
t * Phil. Trans.,' 1889. 
X * Proc. Lon. Math. Soc ,' vol. 19. 
§ * Phil. Trans.,' 1895. 
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the diflSculties arising from this cause ; the fluid which constitutes the ocean may be 
regarded as a thin layer distributed over an approximately spherical surface, a 
circumstance which enables us to reduce the number of our independent variables 
and to treat the problem as a two-dimensional one. 

Before proceeding to the transformation of our equations, let us examine them in 
the fonii in which they are given above. If we suppose the system is executing 
a simple harmonic vibration in period 27r/X, we may put u, v, tv, xff each proportional 
to c*^', and therefore replace dtc/dt, &c., by iXu, &c. Thus the equations (2) give 

ox 
i\v + 2(ou = -^ > 

iXw = -^ • 

oz 

Now in an important class of oscillations, viz., the tides of long period, the vjdue 
of X will be small compared with that of oi ; while for another class of motions, viz., 
the steady ocean-currents, we must suppose X absolutely zero. In these cases, if we 
retain only the most important terms, the equations of motion take the approximate 
form 

— 2(ov = \ , 2(au = v'' , = S ' 

ox oy oz 

Hence, applying the operators djdz to the first two, and making use of the third, 

we find 

dujhz = 0, dvj^z = 0. 

Likewise also from the equation of continuity. 



a 



^z dx dy 2a) \dx dy dy dx) 



From this we see that in the case of tides of very long period the velocity of the 
fluid particles is approximately the same at all points in the same line parallel to the 
polar axis, while in the case of the ocean-currents this is rigorously the case. 

Now in order to effect the transformation of the equations of motion, it has been 
assumed by Laplace and his followers that, on the analogy of " long waves" when 
there is no rotation, all fluid particles which are at one instant in a vertical line 
will remain in such a line. This assumption appears to require some modification in 
the case of oiu- rotating system. We shall see hereafter however that the assump- 
tion in question will not lead to appreciable error, provided that the depth of the 
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water is small in comparison with the radius of the solid globe on which it resides, a 
hypothesis which will certainly be applicable in the case of the earth. 

§ 2. The Boundary^conditio7is. 

Before proceeding with the approximations which we propose to employ hereafter, 
let us examine the boundary-conditions to which the functions w, v, Wy ^ are subject 
in the general case. 

Suppose the fluid resides on the surface of a solid nucleus which is constrained to 
rotate with uniform angular velocity (o about the axis of z. We introduce this con- 
straint so as to avoid the complications resulting from the reactions of the fluid 
motion on that of the nucleus. Since in the case of the earth the mass of the ocean 
is exceedingly small compared with that of the solid parts, such reactions would be 
very minute, while for most of the more important types of oscillation they would not 
exist at all. In such types the problem is not affected by the introduction of the 
constraints. The boundaries of the ocean where it is in contact with the solid 
nucleus may then be regarded as fixed relatively to the moving axes Oa?, Oy, Oz, and 
the condition to be satisfied at these boundaries is that there is no flow of fluid across 
them. Denoting by I, m, n the direction-cosines of the normal to the surface, this 
condition is expressed analytically by the equation 

[lu + mv + nw'] = (4). 

Next, let us examine the boundary-conditions at the free surface. Let /, m, n 
denote the direction-cosines of the normal to this surface in its undisturbed position, 
and let' C be the distance between the displaced surface and the mean surface 
measured along the normal to the latter. Then we may equate the velocity at the 
mean surface in the direction of this normal to the rate at which ^ increases ; thus at 
the undisturbed surface we have 

[lu + mv + ntv] = dC/St (5). 

Lastly, we must express the condition that the pressure at the actual free surface 
is zero (or constant). Now if dvf denote an element of the normal to the undisturbed 

surface, and p, ^, denote the values at this surface of the pressure and its rate of 
increase along the normal, the pressure at the actual surface is 

p+fi (")• 

and this we have seen is to be equated to a constant, 

MDCCCXCVII. — A. 2 s 
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But by definition of \jf we have 

p/p = const + V + ^ <k>^ {x^ + y^) — V' 

= const + V'o+t;' + v + iai»(a;2 + y2) _^ (7^^ 

where V'q denotes the potential at oj, y, z in the steady motion, v' the potential due 
to the attraction of the layer of fluid contained between the actual free surface and 
its mean position, and v the disturbing potential, which may be regarded as due to 
some external attracting system. 

Since in (6) cipjdn is already associated with the small factor ^, in calculating ^p/dtt 
we may omit all small quantities of the oi-der ^, and thus replace this expression by 
its value in the steady motion. But from (7) we have in this case 

p/p = const + V'o + iw" {x^ + y% 
whence 

7 % = k' f ^'» + 4"' (^ + ^Y. 

Now, since the free surface of the ocean must be an equipotential surface, the 
resultant of gravitation, including centrifugal force, must be perpendicular to this 
surface. Denoting by g its value, we have 



v=-^^^{V'o+K-(-«-^ + r)], 



and therefore 



' l--« w- 



p 



0^ ~ 

Introducing the values of 2:>, ^, from (7), (8) into the expression (6), and equating 
the latter to a constant, we find 

[ V'o + V+V + K (^' + y') - V'] - </£ = const, 

or, on equating periodic parts to zero, 

^ = ¥^(jC + v (9), 

wliere the bars are used to denote surface-values at the uudisttu'bed free surface. 
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§ 3. Transformation of the Equation of Continuity. 

We proceed now to the transfonnation of our equations into a form analogous to 
that used by Laplace, dealing first with the equation of continuity. 

Let us refer to a system of orthogonal curvilinear coordinates a, )8, y, and suppose 
that the undisturbed surface of the ocean coincides with one of the surfeces y= const, 

On the surface y = yo *^® ^ small parallelogram PQRS, bounded by curves of the 
systems a = const, )8 = const. 




Through the sides of this parallelogram draw the surfaces a = const, )8 = const, to 
meet the inner surface of the ocean in the quadrilateral P'Q'R'S' and the distorted 
free surface in pqrs. 

The surfaces a = const, fi = const, are, of course, supposed to be in rotation with 
angular velocity 6), in common with the axes Oo:, Oy, Oz. Let TJ, V, W denote the 
relative velocity-components at the point (a, )8, y) parallel to the normals to the 
surfaces of reference and in the directions in which a, )8, y respectively increase, and 
let y = yi, where yi may be regarded as a function of a, )8, be the equation to the 
surface of the solid earth. 

Let Aj, Ag, A3 be parameters associated with our orthogonal system of coordinates, 
such that the line-element ds is given by 

d^ = rfa W + rfi8»/V + ^/V. 

Then the volume of liquid which flows in a unit of time across the face a = const 
of an elementary parallelopiped whose adjacent edges are 8a/Ai, S^/Ag, Sy/Aj is 

u — — • 

But if in the above figure we suppose that a, )8, y^ are the coordinates of P, and 
that PQ = SiS/Ao, PS = 8a/Ai, the total flow of liquid across the face PFQ'Q will be 

2 E 2 
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found by integrating the above expression with respect to y between the limits y=yi, 

Thus, the rate at which liquid is entering the elementary volume PR' across the 
face PQ' is expressed by 

•'Yi 

If in this expression we change a into a + 8a, we shall obtain the rate at which 
fluid is flowing in the positive direction across the face SR' ; therefore, the rate at 
which fluid is leaving the element across the face SR' is expressed by 

8)8 f^(U//iA) (^ + 8« 8/8 1^ { J^(U/AA) dy] • 
In like manner, the rate at which fluid enters across the face PS' is 

8a ^^pflhK) cfy. 

« 

and that at which it escapes across the face QR' is 

8« {^(V/As^i,) dy + 8« 8/8 ^ {{^(VAaA,) rfy} • 

Lastly, in virtue of the boundary-equation (4), which holds at the surface 
P'Q'R'S', the rate at which fluid enters over this surface is zero, while in virtue 
of (5), which holds at the surface PQRS, the rate at which fluid escapes over the 
latter surface is expressed by 

ha Sfip^_ 

Jti hct dt 

Now the total amount of liquid contained within the elementary volume under 
consideration is constant, and therefore, if we equate to zero the sum of the rates at 
which fluid is entering over all the six faces, we obtain the equation of continuity in 
the form 

-8.8^1; {f-mMdy} - 8.8^1 {^(y/hMdy] - I f I = 0, 



or 

dt 



= -^^^^[^{^^y^lf'^^)<h} + i^{\l(y/hA)dy]] . . (10). 



So far no approximation has been made other than that involved in supposing the 
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vibrations sraalL If we now suppose that the depth of the water is small, so that 
To ~ yi ^^ * small quantity, the above equation admits of considerable simplification. 
Using square brackets to denote values at the mean surface y z=z y^ we have, by 
Taylor's Theorem, 



whence 



u/AA = [UAA] + (r - yo) [|;(U/V3)] + • . . . 
f^(U/AA) dy = [U/AA](ro - n) - i(yo - yi){|:(U/M8)] 



+ 



I • • • 



Now, if yo -- yiho small as supposed above,* even though ^ (U/A^Aj) is finite, we 

may omit all the terms on the right except the first. This amounts to supposing 
that the horizontal velocity is sensibly uniform throughout the depth, not on account 
of the small value of its rate of variation, but on account of the small distance 
through which this variation can take eflfect, a supposition which is not inconsistent 
with the results of § 1. Hence, on neglecting small terms of the order (yQ — yj)^, 
we have 

{^(U/Ms) dy = [U/AA] (yo - yi), 

and, in like manner, 

r(V/AA)rfy = [V/A3A,](yo-yO. 

•'yi 

Let h denote the depth of the ocean at the point (a, j8). Then, provided h be 
small in comparison with the radii of curvature of normal sections of the surfaces 
a = const, 13 = const, y = const, we may put 

7o -"71 _ r 
[As] -^' 

with errors of the order of the square of the ratio of h to these radii of curvature ; 
and therefore 






Substituting these values In (10), we find 



'i=-^Mm^km <")• 



where we have now used bars to denote surfiice values. 



* The standard of comparison is considered in the next section. 
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If we suppose that the firee sur&ce of the ocean is a spheroid of revolution about 
the axis Oz, it will be convenient to refer to a system of spheroidal coordinates fi, ^, v 
1 elated to x, y, z by the equations 

X = c ^{1 + v^) v^(l — ft^) cos ^, 
y = cy(l +1^)^(1 -ft«)sin^, 

Z = CVfl. 

The line-element ds for this system of coordinates is given by 
wlience, if we identify /jt, ^, v with a, /8, y respectively, we have 

and, supposing that i' = I'o ^^ ^^® equation to the free surface, the equation (11) 
becomes 



3?^ 

a/ e. v/(/*9 



»+„o«) 9;*{^(^ -/^^i^^l -c^(V+l) a^ 17(1 -;*«)} 



We have already neglected on the right small terms of the order h compared with 
those retained ; we now propose to make the further hypothesis that the spheroidal 
surface of the ocean is of small ellipticity e. In this case c will be small and v^ 
large, in such a manner however that cv^ is finite and equal to the polar radius a ; 
further Ijv^ will be approximately equal to 2c. Hence we find 

l = -U3iM'-'''>*^^}+^{;7<r^)}] • • • <'^>' 

where the terms omitted on the right are of order h and of order c compared with 
those retained. 

§ 4. Transf(yi*mation of the Dynamiical Equation.'^. 

Let d denote the inclination to the axis of z of the normal to the surface v i= const, 
through any point ; then the dii'ection-cosines of this normal will l)e 

sin 6 cos ^, sin d sin ^, cos d ; 
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and tlie direction-cosines of the normals to the surfaces /x, = const, ^ = const, will be 

— cos cos ^, — cos sin ^, sin 0, 
— sin <^, cos ^, 0, 

respectively. Hence we have 

U = — (u cos ^ + i; sin ^) cos ^ + '^ s'^ ^j 

V = ?; cos ^ — t6 sin <^, 

W = (tt cos ^ + r sin 6) sin ^ + te; cos 0^ 

from which we obtain 

— U cos ^ + W sin ^ = u cos ^ + v sin ^. 
Again 

A, ^ = — ;^ cos 6 cos ^ — ?*- sin <4 cos ^ + -^ sin ^, 
and therefore from (2), we find 

/ii ^ = — ( K- — 2(ov j cos <^ cos ^ "" ( ^ + 2(oin sin ^ cos ^ + ^ sin ^ 

= ^ + 2fi>V cos ^. 
Similarly 

= ( -^ + 26)t^j COS ^ "" ( a7 *" 2(ov j sin ^ 
= ^ + 2fi> ( W sin ^ - U cos 0), 

/?.. ^ = -^ sin ^ cos <i + V" sin ^ sin <i + ^ cos ^ 

= ( -v^ — 2o)i;) sin cos ^ + ( "37 + 2(om j sin ^ sin ^ + ^ cos 
= XT — 2fi>V sin 0. 

Allowing for the differences in the notation, the three equations just obtained agree 
with those given by Professor Lamb.* If we suppose U, V, W, 1^, each proportional 
to e^', they may be written 

* * Hydrotlyuamics,' p. 344. 



and 
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txu + 2<uV COS e = 

tXV - 2© (U cos ^ - W sin 6) = Aj 5^, 






«XW- 2<uV sin d 






(13). 



The equations iii tlie form we have just written them will hold good whatever be 
the depth of the ocean or the elHpticity of its surface. We now proceed to introduce 
approximations similar to those of the last section. 

In the fii-st place we have, as in § 2, W = ^ , and this by (12) we see is of the order 

h/a compared \vith U or V. Hence, omitting terms of the order hja, and of order c, 
compared with those retained, the equations (13) take at the surface the approximate 
forms 



tXU + 2(uV cos ^ = 



iXV - 2(uU cos ^ = 



a a/i, 

1 d^ 



- 2<wV sin ^ = P 



ay (1-^2) 3^' 



(14) 



where, in conformity with the notation of § 2, we have denoted by d\lf/dn the rate of 
variation of tft in the direction of the normal to the surface of the ocean. 

From the equations (14) it appears that 3?/r/3n' is a quantity of the same order of 

— 3 

magnitude as xjf/a ; also if we apply the operator h^^ to each of the equations (13), 

we shall obtain equations which enable us to express d\J/dn\ 9V/8n', dW/dn in terms 
of U, V, W, and the surface-values of iff and its diflPerential coefficients. A little 
consideration will show that in general 8U/8/?', 9V/9«', 9W/9n' must be of the 
order U/a, V/a. 

Now the approximations introduced in the last section will hold good provided 
that we may neglect 

(yo - yi) [^ (U/V13)] and (yo - yj [^ {Y/h./i,) 

in comparison with [U/h^.^}, [V/A3A1]; or, in our present notation, that wo may 
neglect 
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in comparison with 

But we have seen that 9U/3n', dV/dn are of the order TJ/a, while 



3?i 

are of the order c^pja. 
Hence 



A,c.y(^ + ,.), A{^^)} 



'.|p{ev(^+M')y(i-M')u}. *^.{ ^(i%;;7^^) } 



are both of the order 



u - c\. 

a " 



The approximations will therefore be admissible, provided hja is a small quantity, 
that is, provided that the depth of the ocean is small in comparison with the radius 
of the solid earth, a hypothesis as to the validity of which there can be no doubt. 

Returning now to equations (14), and solving for TJ, Y we find 

U (X« - 40.^ cos* ^) = - t\ ^^^^^^-^i^^ ^ + -^?|^, t . 

V (x« - 4a,* COS' ^) = - 2« COS e ^^SL^Uf) ^ _ f 3jt . 

But we have rigorously 

cos e^ = ft . . a , »v > 

and therefore, with errors of the order of the ellipticity, we may replace cos 6 by ft. 
Hence, finally, we obtain the values of U, V with errors of the order A/a, c compared 
with their true values in the form 

YY 2X, y/ (1 — fl^) 3J 2(i)/i 3'*^ j 

_ h . . (15). 
a (X* - 4»V*) 8/*^ ~" a v' a - /*«) (X" - 4<»'<*') 3^ ' I 

MDCCCXCVII. — A. 2 F 
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Substituting these values in the right-hand member of (12), we obtain 

•X 2r— ^ \9^({^M^) ^_ 2Q)/iA 3f 1 

a r 2a>M 9f , ^"^ 3:?l ,,.x 

■^S^ lX3-4«V' 3/a"^ (1-m')(^'-4«V')9<^J * ' ' ^ '' 
Hence, provided that X be not equal to zero, we have 

^"^^ ~ 8/4 1X2 - 4^y2 a^ ix. (X^ - 4a, V) 3* J 



■^ ^^ 1 ix (X2 - 4aiV) B/i "^ (1 - /i«) (x2 - 4«»/i«) ?^ J • • v^^;- 



a^ 

3^ 



This equation, in conjunction with the pressure equation (9) of § 2, serves to determine 
\jf, ^ in terms of /x, ^. It is equivalent to the well-known equation used by Laplace 
in the * Mdcanique Celeste/* Omitting from consideration for the present the types 
of motion defined by X = 0, we propose in the present paper to discuss only those 
solutions which are symmetrical with respect to the axis of rotation. In order that 
such solutions may exist, we must suppose that A, ^ are independent of ^; the 
equation (17) will then reduce to 

I {'-^'' 1} = -V£ (.„, 

where for brevity we have put X/2fi> = /. 

§ 5. Integration by Means of Zonal Harmonics. 
Suppose that t, is expressible as a series of zonal harmonics of the form 



n = ao 



£= 2ap«(/t). 



n=l 



Neglecting the ellipticity of the surface, we may at once write down the value at 
the surface of the potential due to this distribution ; we have, namely, 

? = T.^c.p.w. 

* Part I., Book IV., § 3. 
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where the density p is expressed in gravitational units. But if or denote the mean 
density of the earth as a whole, including the ocean, we have, with the same 
degree of approximation, 

g — -|7rora, 
and therefore 

As this only involves the ratio />/or, it is independent of the unit of mass employed. 

Next suppose that the surface-value of the disturbing potential can be expressed 

by means of the series 

ty^n (ft). 
Then equation (9) of § 2 gives 

;^ = ? — gr^ + V 



= -4'('-(2^-y';)^--'-]P-W' 



or, if we write for brevity, 

r« = y« — gS^H 
we have 



i{('-'*')t}+"("+»)i'-='' 



which defines the zonal harmonics, we find 



(l-/*«)^=-«(n+l)f''p,d/*. 
Hence, if we integrate (18) with respect to fx, we obtain 



= A - 4aV (1 - /t*)2-7-%-r, -r ' 



(19), 



Vr = sr,P,(/x) (20). 

Now, from the equation 



where A is an arbitrary constant, which may be seen to be zero by putting ft = ± 1. 
Therefore 

2 F 2 
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Ml - ,.') I = - 4aV (I - ^') S ^^ (/• - ^•) f • . . (21). 
But, by well known properties of the zonal harmonics, we have 






2n ' 






no Arbitrary constant being necessary since both sides vanish when /x =: 1 ; and 
therefore 



^^ ' d/i 2n + l [271 + 3\dfi dfij 2»-l\rf/* dft, Jy 



whence 



(/*-/*')^=- 



d?, _ »(» + !) <n>,+. 



rf/* (2n + 1) (2» + 3) dft. 



_U /'/•2 _ 1 _U 2n(»+l) \ dP. _ n(n + l) c£P^, 
"•" V "*" (2» - 1) {2n + 3)/ d/* (2n - 1) (2n + 1) rf/* ' 

This relation will hold good when n = 1, provided we replace dF^i/dfi by zero. 
Thus the right-hand member of (21) is equal to 

4a ft) ^i— /*; * L(2n-3)(2n-l) ^" \«(n+l)^(27i-l)(2n+3)/ "^ (2» + 3)(2»i+o) 

The left-hand member may in virtue of (20) be written in the form 

A(i-/.»)sr.^. 

Equating the two members and dividing by 4ft>*a*(l — /**), we obtain 



IdP, 



' sr/^ 



m 



AaH^ dn 

2 



^ dp. r c^, p (ILzJl jl. 1 \ . c.^. ] 

==*5;r l(2n-8)(2»-l) ^"V«(» + l) (2»-l)(2» + 3)/"r(2n + 3)(2n + 6)J- 
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Hence, provided h be constant, the two members will be identical, if for all positive 
integral values of n we have 



Ca_ 



«-2 



(2n - 3) (271 



- 1) " \n (71 + 1) "^ (2n - 1) (2n - 3)/ "^ (2n + 3) (2n + 5) ~ 4a)2a« ^^^ *' 



it being understood that i\ = 0, C.| = 0. 

This is on the hypothesis that the depth is constant ; a more general hypothesis 
would be to suppose that h is of the form 

where k and I are constants 

Assuming this form for A, the left-hand member of (21) becomes 

which, by the properties proved above, is equal to 



h{l-ii^)tr. 



-.7(1- awr <^-^>< ^~^> r 2ni n + l) (« + 2)(« + 3) TdP. 

^ M;*L(2»-3)(2«- !)*"-» (2n-l)(2» + 3)^""^(2n + 3)(2n + 5) "*«J d/t 

Identifying this with the right-hand member, we obtain 



-a -•^-— ^ + ..„ ,- . ,J + 



(2» - 3)(2» - 1) " \n{n + 1) ^ (2« - 1) (2» + 3)/ ' (2n + 3) (2» + 5) 

_ _H\ _ _i_ r (n- 2)(n-l)_ _ 2«(n+l) (>t +2)(n+ 3) 1 

~4ft>«a« 4«»a3\(2»-3)(2»-l) "-» (2n-l)(2«+3) •"^(2«+3)(2n+5) "+«J ^ '' 

On introducing the values of r, from (19), equations (22), (22a) may be written 

C.-, p / /»-! . 2 J^\ 

(2to - 3) (2n - 1) ^" \n (» + 1) "^ (2« - 1) (2» + 3) 4«»»aV 

I 95±» ^» /oq\ 

+ (2» + 3) (2« + 5) - Wa« ^^^'' 

r i 1 - (w - 1) (ft - 2) Ign^l^a? \ 
^"-2 I (2n - 3) (2n - 1) J 

_ p J (/^ - 1) , 2{ l-M(m-l)/jy./4tt>»a«} _ Ay, 1 
^" In (« + 1) "^ (2n - 1) (2« + 3) 4«»o» J 



4a)*a2 



r !-(«. + 2) (w + 3) lg n^ S'>^a* 1 
• ^"+* \ (2« + 3) (2n + 5) J 

I f (»-2)(n-l) 2w(n+l) , (»+2)(n+3) 1 , v 

~ I^-a^ l(2n-3) (2n-l)^*-« (2n- 1) (2n+ 3) >'« "^ (2»+8)(2n+5)^-«; * ^ ' 
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The law of variable depth which we have assumed appears to be the most general 
law which will lead to a difference-relation connecting the successive C's of order not 
higher than the second. We shall confine ourselves chiefly to the case where the 
depth is uniform, but the following remark with respect to the more general case 
seems worthy of attention. 

If we put for brevity 



^- — ~ (2v + 1) (277 + n) ' ^""^ ~ 



{2n - 1) {2n + 1) ' 



" ~ n{n + 1) "^ {2n - 1) {2n + 3) ^n^a^ ' 

and suppose all the ys zero, so that there is no disturbing force, equations (23a) 
may be written 

— LjCj + 171C3 =0, — L2C2 + yf^O^ = 0, 

flCi — L3C3 + l^gCfi = 0, ^2^2 "" 1^4 1^4 + ^iCJg = 0, 

^s^^s "" LgCg + 176C7 = 0, f^C^ — LflCfl + TjoCg = 0, 



(24). 



Now, suppose I in the expression A; + Z(l — ft^) for the depth is of the form 
, where r is an integer, and for greater definiteness let us suppose that r 



is even. 

Then ^r = and 17^-2 = 0, and therefore the equations (24) will all be satisfied if 

— LgCg + Tj^G^ = 0, 
^sC^ — LiC4 + ly^Cfl = 0, 



^r-2Cr-2 — -LfC/r + >JrCr+2 ^ 0, 

— Lr+2C^+2 + >?r+2Cr+4 = 0, 

br+2^->'r+2 "" l-*r+4^r+4 "T ''?r+4^r+e ^^^ 0> 



and all the C's with odd suffixes vanish. 

Further, these will be satisfied if 0^+2, 0^+4, ... are all zero, provided X is a root ol 
the equation 
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Lo, 1^2, 0, 0, 

0, ^4, — Lg, 7)q 



0> Vr-4> "■ J-'r-a 



= 0. 



It follows that there exist certein types of free oscillation for which all the values 
of C with suffixes greater than r are zero. For these types the height of the surface- 
waves will be expressible by a finite series of terms terminating with a term 
involving P^. 

In like manner, if the disturbing force be derivable from a potential function of the 
form of a second order harmonic, the equations which determine the forced 
oscillations are 



ky. 



4 ly. 



- LA + v^C, - ^-J-, + y 4^2> 



^aCo — L4C4 + ^4^6 = "" 



2.3 ^2 



5 . 7 4a)2«2 » 






+2 



= 0, 
= 0, 



— Tjr+2^r+2 'H Vr+Z^r+4 = 0' 



If we suppose CV^.2, Cr+4, ... all zero, the first r/2 of these equations will serve to 
determine Cg, C4, . • . Cr in terms of yg, while the remaining equations will be 
satisfied identically. Thus the forced tides for the law of depth in question will be 
expressible by a finite series of terms terminating with a term involving Pr. 

This general law does not hold when r = 2, owing to the presence of a term in the 
right-hand member of the second equation. 

The fact that for these laws of depth the tide-heights could be expressed by finite 
series, instead of by the infinite series usually required, was originally proved by 
Laplace in the * M^canique Cdleste.'^ 



* PaH I., Book IV., § 5. 
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§ 6. The Period-Equation for the Free Oscillations. 

Beturning to tlie case of uniform depth, we see that the equations (23) divide 
themselves into two groups, in one of which only even suffixes and in the other of 
which only odd suffixes are involved. We therefore conclude that the types of 
oscillation divide themselves into two classes, in the former of which the height of the 
surface- waves will be expressible entirely by harmonics of even order, and in the 
latter by harmonics of odd order alone. An exactly similar treatment is applicable 
to each of these classes; we shall therefore select for discussion the former set, 
contenting ourselves as regards the latter with merely stating results. 

Denote by L,» the expression 



+ 



(25). 



71 (71 + 1) ■ (2n - 1) (271 + 3) 4fl)V 

Then, putting all the ya equal to zero, the types of free oscillation will be deter- 
mined by the equations 

9±^ 



-CX, + ;^ = 



7.9 



Sn P T _L g 

5.7 ~ ^* * ■*■ 11.13 



= 



> 



'^■-8 __ O T, -4- ^"-t-i 

(2n - 3) (2n - 1) " * "^ (2» + 3) (2» + 5) 



= 



(26). 



At first sight it might appear that whatever be the value of X these equations will 
serve to determine C4, 0^^ • . . in succession in terms of C2, whereas we know that this 
should only be possible for certain determinate values of X corresponding to the 
different periods of free oscillation. The manner in which these values of X are to be 
determined involves arguments similar to those used by Kblvin* in justification of 
the procedure of Laplace with reference to the forced oscillations after it had been 
attacked by AiRYt and FerbelJ. 

From equations (26), we obta,in by actual solution 



^« _ p 


"•^' 7.9 


7.9.11.13 ~ ^« 




1 r 
6.7' •"^* 



* * Phil. Mag.', 1876. 0/. also an analogous problem treated by Niven, ' Phil. Trans.,' 1880, Part L, 
p. 133 et ieq. 

t " Tides and Waves," § 3. 

X '' Tidal Researches '' (U. S. Coast Sarvey 1873). 
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and in general 

l — iyti ^»»» 

^ ' 7.9.11... (2»+ 5) 



= C 



3 



-L 



i» 



5.7' 
0, 



7.9' 

-L 



0, 



** 11.13' 











9.11 



> ~ 1"6. 



15.17 



0, 0, 



0, 0, 



• • 



• • 



•" L^-2> 



1 



(2w-l)(2w+l) 



0, 



(2n-3)(2n-l) 



, -L, 



or, denoting the determinant which multiplies Q in the last equation written down 
hy A^, 

a^8=(- 1)^^7.9.11 . . . (2n + 5)A^C2, (n = 2, 4, 6, . . . ) 

Now the determinant A» is an algebraic polynomial of degree n/2 in /*. If therefore 
we equate it to zero, we should obtain an algebraic equation of degree n/2. If /* 
has as its value any of the n/2 roots of this equation the first n/2 of equations (26) 
will be consistent, while Cm+3 will vanish. By increasing the value of n we shall 
approximate mora and more closely to the case where an infinite number of such 
equations are satisfied, while we shall impose an additional condition on the C's, 
viz. : — that at some stage one of them must vanish. Though in general in the actual 
motion none of the quantities Cg, C4, • . . are zero, they are however subject 
to an important restriction, namely, that the series 02,04... must form a 
converging series, and therefore we must satisfy the equation 



* = 00 



The latter equation may be regarded as the period-equation for the fi:ee oscillations. 
It follows that as n is increased the roots of the equation A« = 0, which make 
0«^.3=: 0, must approach closer and closer to certain definit/C limiting values, which 
correspond to the different periods of free oscillation, and that the series Og, O4 . . . 
calculated in succession from equations (26) can only form a convergent series when 
/ has one of these values. 

Now we see that A^. = is the equation obtained by eliminating the O's from the 
set of equations 

MDCCCXCVII. — A. 2 o 
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C.L, + ,^ = 0, 



^r-2 



Cr+2 



})(2r - 1) ^'^' + (2r + 3)(2r + 5) ~" ^' '' ' ' * ' (^^^* 



(2r-3)(2r- 1) 



C,_9 



(2n - 3) (2m - 1) 



-CL 



*-"* 



= 



From these we obtain 



Cf-g/ C, _ 



(2r - 3) (2r - ] ) 



= L,- 



and therefore by successive applications 



a_j,/Cr=(2r-3)(2r-l) 



(2r + 3) (2r + 5) 




1 




(2r+ l)(2r +3)«(2r + 


5) 


Cv/C,+j 


> 


(2r -»- 1) (2r + 3) 
1 




(2r+ l)(2r+ 3)»(2r 


+ 5) 


1 


(27i-3)(2»- l>a(2>i 


H-1) 


L. 





• • • 



Thus the eliminant of equations (27) can be expressed in the form 



, _ 7.9 _ 5.719 9.1P.13 



(2w - 3) (2w - ly (2n + 1) 
L^ — I^j — . . . — 1% 



We therefore see that the roots of the equation A, = are the roots of 



L,- 



5.7C9 



9. 11*. 13 



L, - L, - 



(2»-3)(2?t-l)n2/t+ 1) . 

L. -"• 



This form for the equation A, = has an advantage over the determinantal form, in 

that it enables us at once to proce'ed to the limit when n is made infinitely great, 

and thus to express the period-equation for the free oscillations by means of the 

transcendental equation 

1 1 



L,- 



5. 7*. 9 9.11M:5 



L4 



I^ — ... ad in/. 



= 



(28). 
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We may however obtain a number of alternative forms for our period-equation. 

From (27) we find 

1 

q^a/q , (2r - 3) (2r - 1)« (2r + 1) 

{2r + S)i2r + 5)~^ C/q,, 

(2r - 1) (2r + 1) 

and therefore by successive applications 

1 J_ 

q + g/q T (2r-3)(2r-l)»(2r + 1) 

• -• ~ ^ ^ Li, — ' - 



5.72.9 



(2r + 3) (2r + 5) ' I^.. - ... - L. 



Thus, we have 



T _ (2r - 3) (2r - 1^ (2r + 1) (2r + 1) (2r + 3)* (2r + 5) 

q/q-a ~ q/q+a 

(2r - 1) (2r + 1) (2r + 1) (2r + 3) 



1 



_ (2r - 3) (2r - If (2r + 1) (2r - 7) (2r - 5)» (2r - 3) 5. 7*. 9 

1 1 1 



(2r-H)(2r+3)n2r+5) (2r+6)(2r+7y (2r+9) (2>t-3)(2ro-7)»(2»+l) 

This is an alternative form for the equation A^ = ; by making n infinite, we 
obtain as an alternative form of the period-equation 

1L 1 1_^ 

T (2r - 3) (2r - If (2r +T) (2r - 7) (2r - bf (2r - 3) 6.7^9 

1 1 



(2r -f 1) (2r + 3y (2r + 5) (2r + 6) (2r + 7y (2r + 9) ^^ 

where r is any even integer. 

§ 7. Numerical Solution of the Period' Equation. 

The method I have used to solve the above equation will perhaps be best explained 
by giving a numerical example in detail. 

Taking for the ratio of the mean density of the earth to that of water the value 
given by Boys,* we deduce 

• * Boy. Soc. Proa,' vol. 56, 1894, p. 132. 

2 G 2 
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pIv = -18093, 



whence 



5r,/5r= -89144 
gjg = -93969 

gjg = -95825 

g^g = -96807 

gjg = -97415 



gjg = -97829 
gjg - -98128 
gjg - '98355 
gjg — -98533 
gjg - -98676 



the values of g^jg approximating closer and closer to unity as n increases. 

Next take hgji<a^a^ = ^, which corresponds to a depth of ygVo o^ *^® earth's 
radius, or about 7260 feet. With this value of the depth we find 



L, = 



1 /\2 



■ 



2.3 V40I* 



-.U- 



07295, 



I'^ = i03 (iS - - •<^21237. 



^* = 4-^ (4^ - ^) + -^^2482, 
^«= 6-7 (4^ - " *^"^^'' 



H = 1A5 (^ - 1) - -^22143. 



L..= 



L..= 



1 /x» 



'16 






16 . 17 V4«»» 



— 1 ) — -022746, 



Lis = :r7^(^-l)- -023168, 



L.„=-A-/^' 



^o-lO.llV4S-0~'^^^^"' 



18 . 19 V 

I /X« 



^20 - 20 . 21 V4o.» / 



023476. 



Introduce for brevity the notation 



jj __ (2n + 1) (2» + 3)» (27t + 5) (2« - 3) (2» - 1)» (2» + 1) 5 . 7'. 9 



^ _ (2;i - 3) (2n - 1)« (2n + 1) (2n + 1) (2n + 3)^ (2n -h 6) 



The period-equation (29) may then be written 

L« — * H„_j — K„+3 = 



(30). 



Suppose now that \^/4(o^ has a value found by equating to zero one of the quantities 
L^, say for example L3 ; putting Lg = 0, we obtain with the numerical values given 
above 

^3 = 2-23726, 
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and with this value for \^/i(o^ we find 

L^ = -27916, L^o = - -008529, 

L4 = -064345, L|8 = — 013306, 

I^ = -017624, Li4 = — -016251. 

The value of log -- — . ..x /o T o\a~;*i" . ^x is 

for n = 2, 4-6566, for n = 8, 6*8898, 

„ n = 4, 5-8490, „ 71 = 10, 6-5564, 

„ n = 6, 5-3034, „ n = 12, 6-2769. 

With these values we find for the successive convergents to the continued frac- 
tion Hg 

-001141, -001217, -001219, 

while the successive convergents to the continued fraction K^q are 

- -000910, — -000939, — -000940, . . . 

It will be ol)served that these continued fractions converge with great rapidity ; so 
long as the depth of the ocean is not less than that we are hei*e using, I find that 
when \^/4:(o^ has a value in the neighbourhood of a root of the equation L^. = 0, the 
continued fractions H^.^, K^+2 are represented without sensible error by their fourth 
convergents, while in many cases the second convergents will form a sufficiently 
accurate approximation to their values; this rapid convergence of course greatly 
facilitates the numerical computation. In practice, the simplest method of evaluating 
the continued fractions is to assume that, for a sufficiently large value of n, K„ = 0, 
and then to compute K^^, K^^ &c., in succession from the formula 



^ _ (271 - 7) (2n - 6)« (2n - 3) 



Thus, in the present instance, we may put K^e = 0, and deduce 

log Ki^ = n4-06, log Kij = n4-436, log Kjo = n4'9730, 

whence, as above, 

K,o = - -000940. 
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In like manner, in order to evaluate H„_2, we assume that, for some sufficiently 
small value of r, H^ = 0, and then compute H,.+2, H,.^^, . . . ^ H^.g in turn by 

means of the formula 

1 

xj (2r -h 5) (2r -h iy\2r -f 9) 
^-«= I..,-H. '• 

In the present case we find 

log H2 = 3-2107, log H4 = 3-0516, log Hg = 3-0860, 
whence 

He= -001219, 
and 

Lg - Hg - K^o = - "001219 + '000940 

= — -000279. 

This being a small quantity we conclude that there is a root of the period-equation 
differing but slightly from the value assumed for \^/4(o^^ namely, 2-23726. A closer 
approximation will be found by using this value in Hg, K^q, and again equating 
Lg — Hq — Kj^) to zero ; in other words, by putting 

Lg = + -000279. 

The second approximation to the root is therefore given by 

XV4a)« = 2-25735. 

Taking this value, and proceeding as before, we find 

Lg - He - Kio = -000279 - -001183 + '000961 

= -000057. 

We have now found that, when X74cu^ = 2-23726, 

Lg - Hfi - Kio = - -000279, 
and when X^io)^ = 2-25735, 

Lg - Hfl - Kio = + -000057, 
whence, by interpolation, we conclude that 

when 

X74a)^ = 2-25394. 

In general we shall at this stage obtain a sufficiently close approximation to the 
root sought, as may be verified by actual substitution. Should however great 
accuracy be desired, we may re-start the computation, using the value already found 
as a first approximation, and so continue until the desired degree of accuracy is 
attained. The number of cases in which I have found a repetition of the process 
necessary is however extremely limited. 
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By the method here sketched I have calculated the first six roots of the period- 
equation for four different depths of the ocean corresponding to the values 



-1- -A. 

40' 9 0» 



10» 



5> 



respectively, for hg/ioi^a^. These depths are equivalent to about 



7260, 14520, 29040, 58080 feet respectively, and the results are embodied in the 
following tables : — 

Table I. 



n 
n 
n 
n 
n 
n 



2 
4 
6 
8 

10 
12 



n 


=r 


2 


n 


; 


4 


n 





6 


n 


:=: 


8 


n 


r= 


10 


n 


^ 


12 



n 
n 
n 
n 
n 
n 



2 
4 
6 
8 
10 
12 



n 




2 


n 


^zz 


4 


n 


= 


6 


n 


=: 


8 


n 


= 


10 


n 


= 


12 



Approximate valae 

of X*/4<y2, compnted 

from equation 

L« = 0. 



Corrected value 
of X»/4iu2. 



Period of 

OBcillation expressed 

in sidereal time. 



h. 



m. 



Corresponding 

period when tbere 

is no rotation. 



Depth 7,260 feet {hg/i(o^a^ = :^) ; p/a = '18093. 



•66230 
•95036 
1-4971 
2-2373 
31765 
4-3130 



•44165 
•96357 
1-5224 
2-2539 
3-1867 
4-3209 



18 


3-5 


12 


13-5 


9 


43-6 


7 


59-6 


G 


43-3 


5 


46-4 



Depth 14,520 feet {hg/Aa}^a^ = J^) ; p/a = '18093. 



•69600 
1-4202 
2-5032 
3-9798 
5-8544 
81283 



•62473 
1-4368 
2-5168 
3-9882 
5-8600 
8-1322 



15 


110 


10 


0-7 


7 


33-8 


6 


0-5 


4 


67-4 


4 


12-6 



Depth 29,040 feet {hg/ 4o}^a^ — ^) ; p/a = -18093. 



-96344 

2-3599 

4-6165 

7-4649 

11-2123 

15-7688 



-92506 

2-3707 

4-5224 

7-4691 

11-2150 

15-7609 



2 


26-6 


7 


47-6 


5 


38-6 


4 


23-5 


3 


350 


3 


1-4 



Depth 58,080 feet (hg/ioi^a^ = \) ; p/a = '18093. 



1-4983 

4-2393 

8-5402 

14-4352 

21-9275 

310202 



1 -4785 

4-2463 

8-543V 

14-4371 

21-9293 

31-0212 



9 


521 


5 


49-4 


4 


6-3 


3 


9-5 


2 


33-8 


2 


9-3 



h. 



m. 



32 


49 


17 


30 


11 


58 


9 


5 


7 


20 


6 


9 



23 


12 


12 


23 


8 


28 


G 


26 


5 


11 


4 


21 



16 


25 


8 


45 


5 


59 


4 


33 


3 


40 



4 



11 


35 


6 


11 


4 


14 


3 


13 


2 


36 


2 


10 
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By a comparison of the 2nd and 3rd columns it will be noticed that in most cases 
the roots of the frequency-equation are given at once with a fair degree of accuracy 
by simply solving the equations L» = 0, and that this approximation improves the 
greater n becomes. In the Bfbh column I have given the periods of oscillation for an 
ocean of the same depth when the rotation is annulled, calculated by means of the 
formula 

J^ _ n(n + l)hgn 

where oi now denotes a constant such that tr/oi =12 hours. It will be seen that the 
approximation obtained by omitting the rotation continually improves with increasing 
values of n, but in no case will it lead to as accurate a result as the formula 

4a,« ^ ~^^^+ ^' l4a>V (2n - l)(2n + 3)J ' 

For instance, taking the case hg/i(o^a^ = ^, n = 8, the error introduced by using 
the first formula amounts to about 14 per cent., where^as the second form gives the 
frequency with an error less than one per cent, of its true value. 



§8. Uiisymmetrical Types. 

An exactly similar method of treatment is applicable to the types which are 
represented by a series of harmonics of odd order ; the period-equation for these types 
is given by 

where n now denotes an odd integer and H^, K« denote respectively the continued 
fractions 



(2n -f 1) (2?i -f Sy (271 -f 5) (2ii - 3)(27i - !)« (2n -f 1) 3. 5'. 7 

Ln — 1^-3 — ... — Lj 



(2n-3)(2n- l)-(2n-f 1) {2n 4- 1) (2n -f 3)» {2n -f 5) 

L, — L«+3 — ... ad inf. 

Treating this case in the same manner as the last, I have found the first six roots 
and the corresponding periods of oscillation for the four depths employed as follows : — 
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Table II. 



9? 


= 


1 


n 


= 


3 


n 


= 





n 


^ix 


7 


u 


ss: 


9 


n 


"™* 


11 



n = 


1 


n = 


3 


n = 


5 


n = 


7 


n = 


9 


n = 


11 



91 


zzz 


1 


?< 


HZ 


3 


n 


— 


5 


n 


— • 


7 


n 


^z 


9 


H 


H2 


11 



Approximate valno 
of \'l4iv\ 



Connected value 
of \'l4iv\ 



! Correspondinj^ 
Period of oscillatiou. \ period 

I without rotation. 



h. 



in. 



Depth, 7,260 feet {hg/iw-a- = -^) ; p/a = '18093. 



•24095 
•74340 
1-2002 
1-8426 
2-6815 
3-7193 



•15491 
•70890 
1-2270 
1-8633 
2-6951 
3-7287 



Depth, 14,520 feet {hgjAoi^a^ = -^) ; p/<r = '18093. 



•28191 
10201 
1-9132 
31919 
4-8672 
6-9414 



•»j 



•22204 
1-0160 
193C0 
3-2025 
4-8741 
6-9461 



25 


280 


11 


54-3 


8 


38-3 


6 


423 


5 


261 


4 


332 



Depth, 29,040 feet {hg/4ara- = j^j) ; p/a == -18093. 



-36381 
1-57362 
3-3391 
5-8906 
9-2387 
13-8856 



•32658 
1-57822 
3-34816 
5-8959 
9-2421 
13-38S0 



20 


599 


9 


33-1 


6 


33-5 


4 


565 


3 


56-8 


3 


16-8 



Depth, 58,080 feet {hg/i(o^a^ = i) ; p/a = -18093. 



h. 



m. 



30 


29-3 


59 


17 


14 


15-2 


22 


49 


10 


500 


14 


13 


8 


47-5 


10 


20 


7 


18-6 


8 


7 


6 


12-9 


G 


41 



41 


55 


16 


8 


10 


3 


7 


18 


5 


44 


4 


44 



29 


39 


11- 


25 


7 


7 


5 


10 


4 


4 


3 


21 



«= 1 


•52763 


-50650 


16 51-7 


20 58 


n= 3 


2-6806 


2-6853 


7 19-4 


8 4 


n= 5 


61911 


6-1957 


4 49-3 


5 1 


n= 7 


11-2879 


11-290G 


3 34-3 


3 39 


n= 9 


17-9816 


17-9833 


2 49-8 


2 52 


» = 11 


26-2742 


26-2753 


2 20-5 


2 22 



§ 9. Numerical Computation of the Height of the Surface- Waves, 

We have next to evaluate the quantities C2, C^ . . . ; when once the periods have 
been determined this will present no difficulty. Suppose we ?^re pealing with the 

MIKJCCXCVII. — A. 2 H 
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type whose frequency approximates to the root of the equation L, = ; we have 

seen in the preceding sections how to evaluate K^+g, K,+4, . . . and H,_g, H,.^, . . . 

Also we have 

C,+j/a = (2r + 3) (2r + 5) K.+j, 

a_j/a = (2r - 3) (2r - 1) H,_2. 
and therefore 

C, + 8 = (2» + 3)(2n + 5)K,a, 

a+4= (2w + 3){2n + 5) (2» + 7)(2n + 9) K. + j K.+^C., 



0,_2 = {2n - 1) (2n - 3) H,_j C., 

C«_i = (2» - 1) (2n - 3) (2n — 5) (2ji — 7) H«_ , H,.^ C,. 



Thus the height of the surface-waves is ^ven by 



c = ae' 



iXt 



• + (2n - 1) (2n - 3) (2n - 5) (2n - 7) H.^^ H,_^ P,.^ 

+ (2n - 1) (2n - 3) H^.^ P^.^ + P. + (2/i +3) (2h + 5) K.+j P,^^ 
L+ (2u + 3) (2n + 5) {2n + 7) (2n + 9) K.^^ K,^, P,+, + . . . 



where X is the root of the frequency-equation in question, and C» is an arbitrary 
constant. 

Continuing with the particular numerical example dealt with in § 7, we take 



:?4 = 225394, or ^ = 1-5014 



and deduce 



1^12 


= 


— 


•013199, 


Lu 


= 


— 


•016171, 


Lie 


= 


— 


•01814, 


L:8 


= 


— 


•01951, 



L, = -281944, 

Li = -065179, 

Lg = 018021, 

Li = -000232, 

Lio = - -008378. 

Neglecting K^, we find 

log Ki8 = n 5-535, log K^ = n 5-7785, log K,* = n 4-0698, 

log Ki2 = n 4-4397, log Kio = n 4-9812, 

and in like manner 

log Hs = 3-2064, log H4 = 30458, log He = 30753 ; 



ANALYSIS TO THTii DYNAMICAL THEORY OP THE TIDES. 235 

from these we dedace 

log (Cj/C^) = 2-7505, log (Cio/Cg) = n T'5822, 

log (C^/Cfl) = T'0414, log (C,2/Cio) = n T-1994, 

log (Ce/Cg) = T-3653, log {CJCxi) = ^ 2'9636, 

log (Oie/C„) = n 27885, 

log (Ci8/Ci6) = n 2-647; 
whence, finally 

Cg/Cg = -0014, Cjo/Cs = - -3821, 

C4/C8 = -0255, Cia/Og = + '0605, 

Cc/Cg = -2319, * Ch/Cs = - 0056, 

Cifl/Cfi = + -0003, 
Cis/Cg = - -00002. 

Combining with our solution a second, obtained by changing the sign of i where 
ever it occurs, we obtain a solution in the real form 



i = Cs cos {\t + c) 



•OOUPg + •O255P4 + •2319P6 + Pg 

- •382lPio + OeOSPin - •0056Pi4 + •0003Pi6 - . . . 



where Cg, c are arbitrary constants. 

This determines the type of oscillation for that particular mode which is in question. 
It will be seen that the coeflScient of Pg predominates, and that consequently the 
deformation of the surface will be similar in character to that which takes place when 
there is no rotation, in which case the height of the surface-waves is expressed by a 
single harmonic term. The nodal circles will however be displaced from their 
positions when the rotation is annulled. 



§ 10. Numerical Expressions for the Height of the Surface-Waves. 

By the method illustrated in the preceding section I have computed the series 
which indicate the types of oscillation for each of the forty-eight cases for which the 
periods are tabulated in §§ 7, 8 ; these series are given in the following tables. To 
obtain the height of the surface-waves, the series here given must be multiplied by a 
simple harmonic function of the time of arbitrary amplitude and phase, but whose 
period is found from the corresponding entry in the preceding tables. 

2 H 2 
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Table III. — Heights of Surface- Waves for Symmetrical Types. 

hgjiiahtr' = -^ I (7,260 feet). 



n 
n 
n 
n 
n 
n 



- fi I 



2 Pg - 1-2678?^ + •o2G7P<, - -lOQTPg + -OlSTPjo - •0012Pi2 + 'OOOlPi^ - . . . 

4 1 •2373P3 + I^ - •8753Pfl 4- ^SQSPg - 'OiOSPio -h -OOaQPi, - -OOOSPu -»-... 

6 I •0269P2 + '27UF^ + P^ - •5453P8 + llSOPio - •0132Pja + 'OOlOPi^ - -OOOlPi^ + . . . 

8 'ODUpI -f •O255P4 + ^SIQP^ + Pg - •3821Pio -»- -OBOSPu - -OOSePi^ + "OOOSPje - . . . 

10 ... + •0012P^4-0196P<,4-1977P«4-Pio- •2934Pi24--0373Pu- •0028Pie+ -OOOlPig - . . . 

12 . . . + •0009Pej + •0150P8-»--1715Pio+ P12- •2380Pi4+-0252Pi«- •OOI6P18+ -OOOlPj^ - . . . 



kg/Aco^a^ = 3^; (14,520 feet). 



n 
n 
n 
n 
n 
n 



— o 

— sd 

= 4 
= G 
= 8 
= 10 
= 12 



P^ _ •7484P4 -f •1707P6 - •0188P8 4- •OOI2P10 - -OOOlPio -»-... 

•I28GP3 4- P4 - -40701^6 + •0594Pg - •OC46Pio + •0002P,2 - . . . 

•OOGOP. + •I3IIP4 + Pfi - ^SSGPg 4- •0262Pio - •0015Pi2 4- -OOOlPi^ - . . . 

•OOU2P2 -f •OO62P4 + •1127P6 4- P« - •1840Pio 4- •0144Pi2 - •0007Pu 4- . . . 

... 4- •0002P^ 4- •0048P« 4- •0969P8 4- Pjo - •1432Pi2 4- 'OOOOPi^ - •0003P,« 4- . 

... 4- OOOlP^j 4- •0037P8 4 -0845 Pjo 4- Pjo - -lUOPu 4- •0062Pi« - 0002Pi8 4- . 



hg/iay^a- = -^- ; (29,040 feet). 



I n 
, n 

n 
n 
n 



= 2 

= 4 
= G 
= 8 
= 10 
= 12 



Po - -40291*4 + •0477P6 - •0027P« 4- 'OOOlPio - • • • 
0G77P2 4- P4 - •1989Po + •0144P8 - -OOOGPio 4- . . . 
OOI7P2 4- OGolP^ 4- P« - •1259P8 4- 00641^0 - •OOO2P13 4- . . . 

. . 4- -OOloP^ 4- 0500 Pfi 4- Pg - •0912Pio 4- •0036Pi3 - •OOOlPi^ 4- . . . 

. . 4 OOPiPc 4- •0482P8 + Pio - •0712Pi2 4- •OO22P14- . . . 

. . 4- •0009P8 4- •O42IP10 4- P12 - -OSS^Pii 4- 'OOlSPig - . . . 



A(7/4aiV = \ ; (58,080 feet). 



n 
n 
n 
n 
n 
n 



= 2 
= 4 
= C 
= 8 
= 10 
= 12 



P2 - •2O7GP4 + •0125Pfi - •0004P8 4- . . . 

O347P2 + P4 - •0989Pc 4- •0036P8 - -QOOlPio + . . . 

00J4P2 4- •O32GP4 4- Pc - •0G27P8 4- -OOiePio - . . . 
. . 4- OOOIP^ 4- •0280Pg 4- Pa - •0455Pio + 0009Pi2 - . 
. . 4- •00.3Pfl -L •0241P, 4- Pio - -OSSSPis + 'OOOGPi, - 
. . 4- •0002P8 + •O2IOP10 4- P12 - •O29IP1, 4- •0004P,c " 
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n 
n 
n 
n 
n 
n 



1 
3 
5 
7 
9 
11 



Table IV. — Heights of Surface- Waves for Unsymmetrical Types. 

hgl4.o}hi^ = 4^) ; (7,260 feet). 



P, - 1-5058P3 -h -/lOePg - •I673P7 + •0235P„ - •C022Pii + -OOOlPis - . . . 
•I22IP1 -»- P3 - 1-0907P. + •3875P7 - -OrOlP^ -r -OO???!! - OOOBPij + . . . 
•OI6IP1 + •2772P3 + P5 - -6837?; 4- •I688P9 - •0226P11 -h •0019Pi3 - -OOOlPn + . . . 
•OOlOPi + •O28OP3 + •2521P6 + P7 - •4498Pg -h 'OSllPn - •0083P,3 -»- -OOOGPis - . . . 
. . . + OOI4P3 -h-0224P5 +-2137P7 +P9--3320Pji -h-0468Pi3 -•0039P,6 +-0002Pi7 - . . . 
. . . + OOIOP5+OI7IP7+I837P9 +P11 -•2G28Pi3 +-0304Pi5 -•OO2IP17 +-0001Pi9 - . . . 



//(7/4a>V = -.^ ; (14,520 feet). 



n= 1 


Pi - IO477P3 4- •2986P. - •O396P7 4- •OO3OP9 + -OOOlPii + . . . 


n= 3 


•0778P, + P3 - •5478P5 + •O993P7 - OOgiPj, 4- •0005P,i - . . . 


n = 5 


•0048Pi 4- •I374P3 4- P5 - •315GP7 + 0381 Pi, - WiSPa 4- -OOOlPij - . . . 


n= 7 


•OOOlPi 4- •OO68P3 4- •I2I8P5 4- P7 - •2141Pg 4- -OlPOPn - OOlOPis 4- . . . 


n= 9 


... 4- •OOO2P3 4- •OO54P5 4- •IO43P7 4- P9 - leilPii 4- •0113Pi3 - -OOOSPis 4- . . . 


n = ll 


... 4- -OOOlPj 4- •OO42P7 + •O903P9 4- Pn - •1288P,3 4- •0074Pj5 - -OOOSPiy 4- . . . 



%/4(u«a3 = iV ; (29,040 feet). 



n= 1 


Pi ~ -esiGPs 4- •1034P5 - •0073P7 4- -OOOSPy - . . . 




w= 3 


•O47IP1 4- P3 - •2726P5 4- •O248P7 - -OOllPg 4- . . . 




w = 5 


•0013Pi 4- •O689P3 4- P5 - •I547P7 4- •OO93P9 - -OOOSPn + . . . 




n= 7 


... 4- •OOI7P3 4- -0605 Pg 4- P7 - •IO59P9 4- •0047Pii - 'OOOlPij 4- . . . 




n=n 9 


. . . -f -0014?. -f •O519P7 4- P» - •O8OOP11 4- •OO28P13 - -OOOlPis -i- . . . 




» = 11 


... 4- •OOIOP7 4- O45OP9 4- Pii - -0641 Pi3 4- •OOI8P16 «... 





n 


^z 


1 


n 


=c 


3 


n 


= 





n 


— 


7 


n 


=1 


9 


n 


^^^ 


11 



hgl4.ora^ = \ ; (58,080 feet). 



Pi - •3697P3 4- •0310P6 - •OOIIP7 + . . . 
•0265Pi 4- Pg - •I36IP5 + -OOeSPy - -OOOlPtt 4- . . • 
•0003Pi 4- •0346P8 + Pg - •O77OP7 4- •OO23P9 - . . . 
. . . 4- •OOO4P3 -f •0302Pg 4- P7 - •0528P» 4- •0012Pii - 
... 4- •0003P6 4- •O259P7 4- Pg - •0399Pii 4- •OOO7P13 - 
... 4- •OOO3P7 + •O225P9 4- Pn - •0320Pi3 4- 'OOOSPig - 
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§11. Forced Tides. 

Leaving now the problem of the free oscillations, let us return to the equations of 
§ 5, when we retain the y s. It is obvious in the first place that a disturbing force 
whose potential at the surface is expressible by surface-harmonics of even order alone, 
or of odd order alone, will give rise to a forced oscillation of like character. Further 
we may consider separately the effects of the different terms in the disturbing 
potential and superpose the results. Suppose for example that the surface-value of 
the disturbing potential is expressible by the single harmonic term 

where we will suppose n even. 

The equations (23) which determine the type may be written 

-C^La-f C,/7.9 = 

a/5 . 7 - C4L4 + Co/11 .13 = 



0«.2/(2n - 3) {2n - 1) - aL, + Cn^J{2n + 3)(2n + 5) = yJi/i<o^a^ 
a/.(2n + 1) (2n + 3) - C.+.L.^^ + CnJ{2n + 7) (2n + 9) = 



with the condition that C^ = ; whence we obtain 

aVCr = (2r - 3) (2r - l)H,.g(r < n + I) 

CrJCr = (2r + 3) (2r + 5) K,+s (r > n - 1) 
and therefore 

or 



a = 



4a>V(H«.8 + K«+2-L0 



Thus the height of the tide is given by 







4a) V (H,_, + K,+s - L,) 



' . . + (2n - 1) (2n - 3) (2n - 5) (2n - 7) H,_3H,_tP, 
+(2n-l)(2n-3)H,_jP,_2+P«+(2n+3)(2«+5)K„+al\^j 
+ (2n + 3) (2n + 5) (2n + 7)(2n+ 9) K.+jK.+^P.^^ + . . . 



The expressions H, K, L all depend on X the frequency of the disturbing force. It 
is obvious from the above that the tides become very large when X approaches a root 
of the equation 
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and this equation, as we have already seen, is the equation which determines the 
periods of free oscillation. 

It is usual in Tidal Theory to express the height of the forced tides in terms 
of the height of the corresponding " equilibrium-tides." If we denote the height of 
the equilibrium-tide arising from the disturbing potential in question by 6j,P« (ft) e*^, 
we see, on omitting all the terms on the left of (23) which depend on inertia, 
and replacing C^ by 6^, that 

and therefore 

y« = gn^H- 

If then Co denote the height of the equilibrium-tide, we have 



fo (Hm_2 + K«+3 — L«) P, 



. . . + (2n-l) (2«-3) (2n-5) (2n-7) H._sH._,P.:; 
+ (2»-l) (2«-3) H,_5P,_j+P. 
+ (2n+3)(2«+5)K«+jP,+a 
.+ (2n+3)(2n+5)(2n+7)(2w-t-9) K.+,K,+,P.^^ 

+ • • • 

The most important practical application of the above theory is the case where the 
disturbing potential involves only a single harmonic term of the second order, and 
the period of the disturbance is long compared with the period of rotation. Thus 
taking X^/4ft»' = '00133, Agr/4a»'a* = 1/40, which corresponds to the case of lunar- 
fortnightly tides in an ocean of depth 7260 feet, we find 



Lj = - 09349, 


Lg = - 03105, 


Li = - -04745, 


Ljo = — -02886, 


Lg = - -03561, 


L„ = - -02764. 



whence, neglecting K^^, we obtain in succession 

log Kij = n4-12, log Kio = n4-432, log Kg = n4-8151, 

log Kg = n3-3055, log K4 = n3-9992. 
Thus 

Lj - K4 = — -08351, 

log (CVCj) = nT-7986, log (GJG^) = nT-4608, log (Cg/Ce) = nI-2216, 

log (Cio/Cs) = »il-033, log (Cij/Cio) = n2-88, 

L ?i 

C,/62 = i^^^ = -2669, 



1- ■ .IMA.1 
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and therefore 

y%- = •2669P2 - -10781^ + •0485Po - -OOSlPg + -OOOgPio - -OOOlPi^ + • • • 

111 the same manner, when hjjAora^ = -jj^j, 

-^ = •4079P3 - -lOriP^ + •0285Po - •0027P8 + •OOO2P10 - . . . ; 

bo/ ^2 

when hff/icrcr = nj, 

-^ = •5Gy7P2 - '\3ssl\ + -oisiPtj - -oooePg + . . . ; 

and when hg/Aara^ = }, 

-^ = •72O8P2 - •O973P4 + •0048Pc - -OOOlPs + . . . 

The lunar-fortnightly declinational tides have been evaluated by Professor Darwin* 
for depths which correspond with the first and third cases given above, the results 
being expressed in series proceeding according to ascending powers of the variable /x. 
If we replace the various powers of /x by their values in terms of the zonal 
harmonicSjt we may deduce the following series from those given by Professor 
Darwin ; when hg/Ao)^a^ = -/q, we find 

-f- = •2889P3 - 1755?^ + •0490Pfi - -ooryPs + oooypio - . . . , 

while, when Jig/icj^ar = n/, 

f = 'b969P, - •I385P4 + -01201^ - -OOOGPs + . . . 

The difference between these expansions and those we have given above, is to be 
explained by the fact that we have included in our analysis the effects due to the 
attraction of the water on itself. I have re-computed the lunar-fortnightly tides, 
starting with the assumption that p/ar = 0, and obtained practically identical results 
by the two methods. 

We see then that the effect of the gravitational attraction of the water is to diminish 
the tides, as compared with the equilibrium tides, in the first case by about 8 per 
cent., and in the second by about 5 per cent. 

* ' Encyc. Brit./ Art. *' Tides." § 18. 

t Fkrrkks : * Spherical Harmonics,' p. 27. 
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§ 1 2. Lunar- Fortnightly Tides in an Ocean of Variable Depth. 

A similar method of treatment may be employed when the depth follows the less 
restricted law, of the form k + I {I — ft^), made use of in § 5. The numerical com- 

13 3 

putation is greatly facilitated in this case when I takes the form ^ where r is 

a small integer, since, as we have seen, the series which express the tide-heights will 
then rapidly terminate. 

For example, taking r = 4 so that 

Ig 1 I 



4a>%^ 4-5^*/^~4.5 jl--^r 



which makes the value of I for the earth about 15,454 feet, the values of C^s C4 are 
given by the equations 

?3U2 - l.^V.4 - - 5.74a>V "" "" 5.74a>V ^' 

whilst all the remaining C s vanish. The notation employed is that introduced at 
the end of § 5. 

Taking T-y-j = — , p/<r = '18093, we find in the case of the lunar-fortnightly tides 

L3 = - -27060, L4 = - -23787, 

log ^3 = 2-3105, 
whence we obtain at once 

Thus, if T-Y~i ~ "k" + JTr ®^^^ ^> where denotes the co-latitude, which for a 
system of the dimensions of the earth makes the law of depth 

(58080 -f 15454 sin^ B) feet, 

we find for the tide-height the expression 

{ = e^ [•7426P2 - •0980P4]. 

MDCOUXCVH. — A, 2 I 
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Similarly, when 

h = ^'""ik + 7^ — sin* e] = (29040 + 15454 sin* 0), 
</ \10 4.5 <74 / ^ ' 

C = (Sj [•6201P3 - -1446?*] ; 

/i = ^' (^ + 4^ ^ sin' 0) = (1 4520 + 15454 sin^ 6), 
C=62[-5018Pj--1897PJ; 



when 



and when 



J^ - ^!t /I ^ L I ginS \ = (7260 + 15454 sin* 6), 



C=% [•4095P2 - •2248P4]. 

Again, if we take 

; = ^^ = 7218, 

the series for ^ will terminate with a term involving Pg, and the values of Cj, C^, Cj 
must be computed from the equations 

T r -L«p — /-A j-i -^^IL* — /.^ I ^ ^A \rr 

{ToUj - ^^4^* 5:7 i^v ~ ~ 5.7 4»V ^*' 

from which we find, when -.—;■ = ~r , 

O3 = -731662, C4 = — -097868, Ce = -002462. 

Thus for the law of depth 

h = '^^ 14- + A — si"'* ^1 = 58080 + 7218 sin* 0, 
C = 62['7316P2 - •O978P4 + •0024Pfl] ; 
in like manner, when 

4«2a2 r 1 1 _2_ ^.^2 ^1 ^ 2g^^^ j,2i8 sin* ^, 

C = 6.,[-5954P8 - •1426P4+ •0064Po] ; 



ANALYSIS TO THE DYNAMICAL THEORY OP THE TIDES. 



243 



when 



^^^{yo + 6-7 i" «^^' ^} = ^^^20 + 7218 8in^ 0, 
C = 6j['4576P8 - -1821?^ + -OlSrPel ; 



and when 



h=: 



4«(>'o* f 1 



If 



{'h + 6^7 j: "•'"* ^} = ^^^^ + '^^^^ """^ ^' 



i = 63 [•3457Pj - •2075P4 + •0234Po]. 

For other values of I we must employ a method similar to that of the last section. 
The general formulae for the computation of the forced tides due to a disturbing 
potential of the second order are 



— LjC, + 17,0^ = 7-£r + 



4 h, 



9 



^K/s 



4©V ' 7 46)V 



Adol^a^ 



+ 



4 Ig, 



7 4o,4») ^* 






where 



>• . 



f« = 



1 - n (n -h 1) ^M/4a>V 
(271 + 1) (2h + 3) 



_ 1 - n (n + 1) lgn/^(o^a^ 
^"-^■^ (2n- l)(2w + l) 



L _, y^-l 2{l-n(n-f l)/ff,/4ioV} 



^« 



n(7i + 1) 



(271 - 1) (271 + 3) 



4ci)'a^ 



(31). 



Let us introduce the notation 



H.= 






&5« 



Lm — L»^j — 



Then it may be shewn, as in the last sections, that for values of n greater than 2, 



On 4. 2/0* — ^H^Jyii 



(32). 



and therefore the first two of equations (31) may be written 



- LA+ %C,= 1^ + y ^^,| (&„ 

^jCj - (L4 - K«) C4 •= - g*^ ^^g^], ($J. 

2 J2 
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On solving these equations we obtain 

* [40^0,^ "^ 7 4««a2j Lj _ K^ T" 5.7 4«V f, L^ - H, - K, 



C - - I-^ 4. i- -^M 5i -A- 4. ?:§ 
* ~ l4«2«s 1- 7 4„»as J ^^ L, _ K^ "^ 5.7 



^« S. 



4«»«a« L^ - H, - K, 



. (33), 



after which we can deduce C^, Cg . . .in succession by means of (32). 
For example, taking 

_^_ _ J- '?_ _ J: 
4io*a^ 20 ' 4«V ~" 30 ' 

which makes the law of depth for the earth 

(14520 + 9680 sin«^) feet, 
we find for the lunar-fortnightly tide 

Lj = - -13276, L4 = - •08722» Lo = - -07583, 

Lg = — -07156, Lio = — -06955, L^ = — -0685, 
and 

log iiVs — 4-1437, log ^^174 = n 6-9549, log ^^-q^ = 6-9586, 
log ^8'?8 = 5-4217, log fioi^io = 5-578, 

whence, if we suppose K14 = 0, we obtain in succession, from the formula 

» ~ T V ' 

Ml — -"-ii+J 

log Kij = n 4-75, log Kio = n 4-583, log Kg = « 4-1062, 
log Ko = 4-0758, log K4=n 3-2025. 
Also 

log Hj = n 3-0206, log Ij = 23707, log i^j = 3-7730 ; 

whence from (33) we find 

Cj = -47l9(5j, C4 = - -185262. 
Again 

log(C«/C4) =log(K„/i7,) =« 2-6976, 
log(C8/Ce) =log(K8/i,,) = 2-3910, 
log (Cio/Cg) = log (K,o/W = 2-774, 
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whence 6naUy 

C„ = -0092, Cg = -00023, Cio = '00001 ; 

and the expression for the tide-height becomes 

C=(^2 [•4719P2 - •I852P4 + •0092Pfi + •00023P8 + -OOOOlPio + ...]• 

As a further illustration, I have computed the series for the tide-height for the 
case where A = ( 20 "" ^ ®^^* ^)* *^^* ^®' where the depth is 14,520 feet at the 

poles and shallows to 4840 feet at the equator. The value of C ^n this case is as 
follows : — 

^ = 62 [•3O82P3 - -llOeP^ + •0467P6 - •0158P8 + •0048Pio 

- -OOUPig + •OOO4P14 - -OOOlPifi + ...]. 

When I is positive, that is, when the depth at the equator exceeds that at the 
poles, the series appear to converge more rapidly than when the depth is uniform, 
hut the opposite is the case when the water is deeper at the poles than at the 
equator. 

§ 13. Forced Oscillations of Infinitely Long Period* 

If we suppose \ so small that we may neglect X*/4ft>*, we find, on putting X*/4ft>* = 0, 
for the height of the forced tides the following four series in place of those given 
in§ll:— 

^ = '266lPo - -leriP^ + •0482Pe - -OOSOPg + -OOOQPio - •OOOIP1J+ . . . 



(To/P 



2 



-r^ = •4070P2 - •I666P4 + •0284P6 - •0026P8 + •OOO2P10 - . . . 

S0/P3 

-^ = •5689P3 - •1385P4 + -OlSOPe - -OOOePg + . . • 
^ = •72OIP3 - -OOTSP^ + •0048P6 - -OOOlPg + . . . 



fo/P: 



The lunar-fortnightly tides therefore differ only very slightly from tides whose 
period is infinitely long. The difference between these latter and the solar semi- 

* Several of the conclnsions of the present section have been previously arrived at by Professor 
Lamb Q Hydrodynamics,' chapter viii.); but, on account of the important light which they throw on the 
later sections, I have thought it desirable to treat the questions in some detail, even at the risk o 
repeating what is already well known. 
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annual tides will be quite inappreciable, and we may take the above series as giving 
a good representation of the solar long-period tides, unless the eflfects of friction 
become important for such tides. 

The fact that when the period of the disturbing force is increased without limit 
the free surface does not tend to approach its equilibrium form ajppears at first 
sight to be at variance with the general laws of oscillating systems. The explanation 
of this apparent anomaly may perhaps be made clear by considering a simple form 
of " gyrostatic'' system which possesses only two degrees of freedom. In the absence 
of frictional forces, the general equations of motion of such a system may, by a proper 
choice of coordinates, be expressed in the form 

• • • 

• • • 

Here a;, y denote the generalized coordinates of the system. Of the terms on the 

• • • • • • 

left, the terms a?, y are due to inertia, the terms ft>y, tax are described by Thomson 

and Tait as ** motional " forces, and the terms i^x^ m^y as "positional " forces ; X, Y 

are the generalized components of the external distui'bing force. 

If now 05, y, X, Y be supposed proportional to e^\ we lind from the above equations 

— X^x — (aiky + n^x = X, 

— X^y + (aikx + mhf = Y, 

whence we may obtain a?, y in terms of X, Y. When the period of vibration is 
indefinitely prolonged, X will approach zero ns a limit, and the limiting form of the 
solution will in general be 

X = X/?r-, y = Y/m^. 

This implies that the displacements will in general tend to acquire their equilibrium- 
values as the period of the disturbing force is lengthened. There will, however, be 
an exception to this law if one or both of the positional forces n^x, m^y vanish. 

Let us first examine the nature of the free oscillations in such cases ; omitting 
X, Y, and supposing that n = while m remains finite, we have for the determina- 
tion of the free motions 

— }cx — oiiXy = 

"" ^^y + <^i^ + ^V = 

or, if we denote by w, v the generalized velocity-components so that ?^ = a: = tXa:, 
v = y — i\y, 

* Thomson and Tait, • Natural Philosophy,' vol. 1, p. 396 (1886 edition). 
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i\ {u — coy) = 0, 
"" ^^y + wu + m^y = 0. 



These equations will be satisfied if X = 0, w = — — - = const. It follows that the 

system is capable of a small free steady motion relative to the rotating axes, defined 
by 

y = const, ti = — mry/<o. 

If both n^x, 7nh/ are zero, the equations for the free motions become 

— \^x — (oiky = 0, 

— \^y + coiXa; = ; 

both of which are satisfied by supposing that x, y are small arbitrary constants, and 
therefore X = 0. 

In the latter case the equilibrium-state defined by a; = 0, y = is not the only 
condition of relative equilibrium, but any other configuration of the system in the 
neighbourhood of this one will also form a configuration of relative equilibrium. 

Let us now consider the nature of the limiting forms of the foi-ced oscillations 
when the period is indefinitely prolonged. In the former case we must suppose that 
the disturbing forces are such that they do no work when the coordinate x is varied, 
so that X = 0, as otherwise the stability of the system will be destroyed ; the 
equations of motion for the forced oscillations then become 





i\H — coiXy = 0, 


- 


— X'y + ^^ + ^^^y = Y ; 


whence 






Ya> 


and in the limit 






Ya> Y 



The velocity-component n will therefore always remain of the same order as the 
disturbing force Y, while the amplitude of vibration of the coordinate x will tend to 
increase without limit. 

In the latter case the equations of disturbed motion may be written 

ikxi, — oit; = X 
i\v + ft>u = Y 
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whence in the limiting case 



u = Y/ft>, t; = — X/o), 



Hence both the velocity -components tend to finite limits while the amplitudes of 
vibration of both coordinates increase without limit. 

The essential characteristics of both cases are (i) that one or more of the generalized 
coordinates does not appear explicitly in the equations of motion but only the 
corresponding velocity-component, and hence (ii) that X = is one root of the 
frequency-equation for the free modes of vibration, from which it follows that 
(a) either free steady motions relatively to the rotating system are possible, or 
(ft) that the configuration of relative equilibrium defined by a? = 0, y = is not 
isolated. The two conditions (a), (fi) may both be expressed by stating that the 
steady motion defined by x = 0, y = is not the only form of steady motion of which 
the system is capable. 

The two cases are both illustrated by our problem. For if we suppose the waters 
of the ocean displaced horizontally in such a manner that the form of the surface is 
unaltered, we shall evidently obtain a new configuration of relative equilibrium, while, 
as we shall see in the next section, if we suppose that the fluid is in relative motion 
in such a manner that the fluid particles are moving along parallels of latitude, it is 
possible by a proper adjustment of the free surface to ensure that such a motion should 
be permanent. 

The coordinates which depend on the horizontal displacements alone are analogous 
to the coordinate x in the former of the illustrations we have given above, and to the 
coordinates oj, y in the latter. They do not appear explicitly in the equations of 
motion, but only through the corresponding velocity-components. We conclude^ then, 
that the horizontal velocities will be of the order of the disturbing forces, whereas the 
horizontal excursions of the fluid particles will tend to increase without limit as the 
period is prolonged. 

By way of explaining how these circumstances may arise physically, let us suppose 
for the moment that X is actually zero, and consequently that the disturbing force is 
constant. In the case of a system oscillating about a position of equilibrium, the 
introduction of a constant disturbing force will have the effect of slightly changing 
the configuration about which oscillations corresponding with the free modes of 
vibration take place. Suppose now that a disturbing force, such as that which gives 
rise to the long-poriod tides, tending to increase the surface-ellipticity of the ocean, 
is suddenly applied to our rotating system when in a configuration of relative equi- 
librium. It will immediately set up oscillations, the initial motion being such that 
each particle will tend towards the position in which it would be in equilibrium under 
the new distiu'bing influence. The new position of equiUbrium is such that in it there 
will be more water in equatorial regions, and less water in polar regions, than in the 
old. Thus the initial motion involves a flow of water directed from the poles towards 
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the equator. The water however coming from higher latitudes into lower will reach 
these lower latitudes with an amount of rotation less than that which is appropriate 
for these latitudes if the whole were in a state of steady motion as a rigid body. 
There are no forces acting which tend to modify the angular momentum about the 
polar axis of an elementaiy ring of water, which coincides with a parallel of latitude, 
and consequently currents will be started, in virtue of which each particle of fluid 
will move along a parallel of latitude from east to west. The effect of the disturbing 
force is therefore to modify the state of steady motion about which the free oscilla- 
tions take place from a uniform rotation of the whole system as a rigid body to a state 
in which there exist horizontal westerly currents. If, as is usual in dealing with 
forced oscillations, we suppose the free oscillations to be annulled, we see that the 
" forced oscillation " arising from such a constant disturbance as we have been con- 
sidering will be of the nature of a steady motion relatively to the rotating earth, 
consisting of a westerly flow of the whole ocean, the velocity however varying with 
the latitude. 

In the case of a periodic disturbance of very long period, the motion set up at any 
instant will be of like character, provided that the viscosity of the fluid is not 
sufficient to sensibly affect the currents in question in the course of a single period. 
An equilibrium-theory will only be applicable when the rate of dissipation of such 
motions is so rapid that they practically disappear in a time which is short compared 
with the period of the disturbing force. Now in an ocean whose depth is equal 
to the mean depth of the actual ocean, it seems highly improbable that such 
currents would be appreciably affected by viscosity in the course of a few months. 
Hence it appears that the present theory in which the effects of viscosity are totally 
disregarded will almost certainly give a fiir better representation of the lunar long- 
period tides than the equilibrium theory, and most probably also of the long-period 
solar tides. 

§ 14. Free Steady Motions. 

In the last section we have called attention to the fact that free oscillations of 
infinite period are possible, or that the system with which we are concerned is 
capable of free steady motions. We proceed in the present section to examine the 
nature of these steady motions. 

Referring back to §§ 2-4, we see that the general equations of motion of the ocean 
when free from external disturbing influence, and at the same time supposed steady, 
so that X = 0, can be expressed in the form 



MDCCOXCVII. — A. 2 «; 
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ft=-^[^i(^(l-''')*U)+4{^7(^^}]•' 

1 81^ 



U = - 



2«ua/* y (1 - /*«) 30 ' 






. (34). 



where, as there is no longer any ambiguity, we have omitted the bars from the 
symbols U, V, ^, v\ 

Since 3^/3< = when the motion is steady, we see that the first equation is 
identically satisfied if we suppose ^, ^ both independent of ^. In this case we may 
take 

C = 2aP.(/i) • . (35). 

where the constants C« are arbitrary, and deduce 

t/r = - 2 flr^aP^ (ft) ; 
whence 

^ = - ^^s^* * *■«■ t- <««)• 

The last equation gives the velocity which must be imposed on the particles of 
water in latitude sin" V "^ order that the free surface may be maintained in the form 
defined by (35) without any external force. We see that it is theoretically possible 
to maintain an arbitrary surface-form by correctly distributing the longitudinal 
velocities of the fluid particles. If however the series (35) involves harmonics of 
odd order the value of V given by (36) becomes infinite at the equator, and to 
prevent a flow of liquid across the equator it would be necessary to impose an 
infinite velocity on the particles of water there. Hence, if the water extend either 
wholly or partially over both hemispheres, the distribution of velocity" and the form 
of free suiface must be symmetrical with respect to the equator, at least so far as 
concerns that part of the ocean which communicates across the equator. 

Conversely, any arbitrary initial distribution of longitudinal velocity symmetrical 
with respect to the equator may be rendered permanent by an appropriate adjust- 
ment of the free surface. These results hold good whatsoever be the law of depth, 
provided it be a function of the latitude alone. 

If t/r be not supposed independent of ^, we see from the second and third of 
equations (34) that the velocity of flow across any element d$ inclined at an angle ^ 
to the meridian is 
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U sin x — V cos X. 

l_Sjr 

Heace, if 3i/r/35 = 0, there will be no flow across the element (h\ It follows that 
the function i/r may be regarded ais a stream-function, the paths of the particles of 
water always coinciding with the lines 

t/r = const. 

But from the equation of continuity we have, on putting 3^/3^ = 0, and replacing 
U, V by their values in terms of i/r, 

1. fA^ I _ A JA?:*:! 

dfAi fi dff} } 30 I /i 3/i J ' 
or 

3_ /hA 3^ _ 3^ (h_\ ?t — 

the general solution of which is 

^=f{hly) (37), 

vifheref(h/iji) denotes an arbitrary function of h/ii. 

It follows that the stream-lines i/r = const coincide in direction with the lines 

h/ii = const (38). 

Thus, if the depth be a function of the latitude alone, the stream -lines must necessarily 
coincide with the parallels of latitude, and the only forms of steady motion possible 
are those in which the water has no latitudinal velocity. In the more general case, 
the stream-lines of the possible steady motions are given by the equation (38), and 
from this equation they might at once be traced out on a chart if we had a sufficient 
knowledge of the depth of the ocean in different parts. In particular, whatever be 
the law of depth, the equator will be one of the free stream-lines corresponding tp an 
infinite value of ^/ft, while the shores will also be stream-lines corresponding to zero 
values of this expression. An infinite number of stream-lines will converge towards 
those points where the coast-line intersects the equator, and it is only by passing 
through one of these points that a particle of water could pass from the northern to 
the southern hemisphere, or vice versd. As however the velocities at these particular 
points tend to become infinite, the equations which we have used which involve the 
neglect of the squares of the velocities will not be applicable to the region immediately 

2 K 2 
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surrounding the points in question. It seems most probable that the inclusion of the 
terms involving the squares of velocities would have the effect of diverting the stream- 
lines, so as to cause them to follow the coast-lines even in the immediate neighbour- 
hood of the equator. 

An attempt to trace out the lines ^//t = const for the North Atlantic Ocean from 
data obtainable from the Admiralty charts quickly showed that the theory here put 
forward is inadequate in itself to explain even the more salient features of the 
circulation in the region in question. Observation however indicates the direction 
in which we must look for the defects of this theory. The excessively low tempera- 
ture of the water beneath the surface* in equatorial regions can only be explained 
by supposing that this water has travelled thither from higher latitudes, whereas we 
know that the currents at the surface, for the most part, set from the equator towards 
the poles. We conclude that the under-currents of the actual ocean differ materially 
from the surface-currents, and in this respect the actual circulation differs from the 
types of circulation with which we have hitherto been concerned and which are the 
only possible types of circulation in our ideal ocean in which the density is uniform. 
It has been urged by some authorities that the variations in the density of the water 
arising from differences of temperature, salinity, &c., are the sole causes which 
maintain ocean currents, but in that we have seen that currents could exist even 
without such variations, it seems to me to be highly improbable that such is the 
case, though there can be no doubt, in the light of our present analysis, that these 
variations are largely effective in determining the course which the currents pursue. 

If we suppose that the ocean consists of a number of horizontal layers of diflfereint 
densities, but that the density throughout each stratum is uniform, then for each of 
the strata a function i/r will exist defined by 

t/r = V + ia>«(ar5 + yS) _ ^ ^ const, 

T » 

and the horizontal velocities for any stratum will be connected with the corresponding 
function by the equations (34). The equation of continuity for any stratum may be 
formed as in § 3, provided we replace h by the depth of the stratum in question 
instead of the depth of the whole ocean. The stream-lines for any stratum will 
therefore still be given by the equation (38), with this modification in the meaning 
of the symbol h. It follows that the equator will still be one of the free stream- 
lines, but the motion elsewhere may be totally different from what it would be if the 
density were the same throughout. It seems probable then that the result we have 
obtained with reference to the tendency of the currents to set along the equator will 
still hold good even when the density is variable, and this conclusion is borne out by 

* The principal facts at present known in relation to the distribntion of ten^>eratiire in ihe ooeaa 
will be foond in the * Report of the ChaUetiger Scientific Besolts/ * Chemistry and Phjsics,' vol. 1. 
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observation, it being noticeable at a glance at the Admiralty current charts that 
there is no tendency to cross the equator except in the immediate neighbourhood of 
the coastB. 

The rigorous treatment of the problem of ocean currents, as affected by variations 
in the density of the water, appears to be hopelessly beyond the powers of mathe* 
matical analysis, and I will therefore leave the subject with the brief indications 
already given in this section, and will conclude, the paper with an example illus- 
trating another means by which possibly ocean currents are in part maintained, and 
which is instructive in showing the very important part played by the rotation of 
the earth in rendering effective a cause which otherwise could give rise to no 
sensible currents. 

§ 15. On Currents dxjLe.to Evaporation and Precipitation. 

A cause which has been advocated* in explanation of ocean currents is the 
fact that in equatorial regions the amount of water evaporated into the atmosphere 
largely exceeds that precipitated in the form of rain in these regions. The excess of 
water in the atmosphere is carried away to be precipitated in temperate and polar 
regions, thereby giving rise to an excess of precipitation over evaporation in the 
latter regions. It has been urged with some reason that, as the actual amount 
of water in equatorial regions does not diminish nor that in polar regions increase 
fipom year to year, there must be a continual flow of water from the poles towards 
the equator. The fact that this flow of water is in the opposite direction to 
that observed at the surface, which for the most part sets from the equator towards 
the poles, is explained by attributing the cotmterflow to undercurrents. If however 
we subject the question to the test of mathematical analysis, we shall And that 
though such a flow towards the equator must necessarily exist, it is so slow as to be 
completely masked by larger currents due to other causes. The flow in question 
will however give rise indirectly, in consequence of the rotation, to currents which 
in the absence of dissipative forces would tend to increase without limit. The 
explanation of this fact will be obvious after the discussions of § 11. 

The effects of evaporation and precipitation may be conveniently represented 
mathematically by an appropriate distribution of sources and sinks over the free 
Btfrfaoe. This will modify the surface-conditions at the fi-ee surface but will not 

interfere with the dynamical equations. Instead of equating W to 3^/34 we must 
replace it by a certain function of the position on the surface, independent of 
the time, but depending on the rate of evaporation and precipitation at the place, 

* See an Article by Proctor in *St. Paul's Magazine,' Sept., 1869, reprinted in 'Light Science* 
(Ist series), p. 114 



254 



MB. S. S. HOUGH ON THE APPLICATION OP HARMONIC 



which over sufficiently long intervals of time we may regard as uniform. A simple 
law which will serve for purposes of illustration may be chosen as follows : — 

The equations with which we have to deal will then be 



vt a 



On 






• . (39). 



where, if we neglect the attraction due to the surfsM^-inequalities, we may take 

^=—91 
To obtain a particular solution of these equations suppose 

where Co> ^v ^v ^^^ ^ independent of L 

Substituting these expressions in the equations (39), and equating coefficients of t^ 
we find 

<'=i[|;fV(i-».')*ua+|{^^j*^'^}]. 



If ^ be a function of ft alone, these will be satisfied by 



U -0 V ^-MLt_mi)%, 



provided {^ be also a function of ft alone. 

Next, if we equate the terms independent of t in the two members of (39), we 
obtain 

U, + 2a,^V„=-^V(l-f**)| 
V, - 2a,/*Uo = - ^ ^ ^^ 



a v/(i - /**) a^ 
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Suppose the system starts from rest in its position of relative equilibrimn, so that 
i = when < = 0, or (q = 0. Then 

Ui + 2«^Vo = 
Vi— 2ft»ftUo = 0, 



whence. 



and therefore 



U = -^ = - g y(l-M«) 8gi ^ 



The last equation gives 



a^*| = -^-f^.w<''' 






s _ 



M 



no arbitrary constant being added, since both sides vanish when /x = ± 1. Thus, 

, at 2« V - 

or 






Suppose for example that h is constant ; we shall then obtain 



«*«'« 



i\-\ -^ f** + const 



«'a*« 



Choosing the constant so that the mean value of {i over the sur&ce is zero, we 
obtain finally 

_ ■ ■ • 

Hence the particular solutions of the diflferential equations which represent the 
** forced '' motion due to the disturbing influence in question are 
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^ = ^>' = ^r ^2P, + 5P,}, 

We see then that the effects of evaporation and precipitation will be to cause a 
steady flow of water, not by means of undercurrents only, but by currents sensibly 
uniform throughout the depth, towards the equator; in addition to these currents 
the cause in question will give rise to longitudinal currents, not of a steady character, 
but increasing uniformly with the time, and these will be accompanied by an appro- 
priate continuous deformation of the free surface. Were it not for viscosity these 
currents would increase without limit and ultimately endanger the stability of the 
system, but under the action of dissipative forces a steady state must ultimately be 
attained, in which the rate at which the currents are generated exactly balances that 
at which they are destroyed. Thus, suppose the type of motion set up is such that 
if left to itself it would be reduced in the ratio 1 : e in a period t. If U denote 
the velocity of any particle, the law of variation of U under the influence of viscous 
forces is then 

au/a« + u/r = 0, 

whereas, if there be no viscosity and the system is subjected to such a disturbance as 
we have been dealing with, the velocity varies according to the law 

where jT is constant. Equating the rate of increase of the velocity without viscosity 

to the rate of decrease under the influence of dissipative force, we find that the 

ultimate state is defined by 

U/t=/ or U=/t. 

Thus, if the disturbing influence tends to set up one of the possible types of motion 
of which the system is capable under viscosity, the ultimate velocity of any particle 
will be that which it would acquire in a period equal to the modulus of decay of the 
type of motion in question. 

By way of numerical illustration, take a year as the unit of time and an inch as 
the unit of length, and suppose a = 40. This will imply an annual rainfall at the 
poles which exceeds evaporation by 40 inches, and an annual rainfall at the equator 
which is less than evaporation by 20 inches. Further, suppose hja = ^^. Then 

U= -ix 2890 X 40/iy(l-/i2). 

U will be numerically greatest when ft* = i, or in latitude 45°, and the 
gi-eatest value of U is 28,900. The maximum latitudinal velocity will therefore 
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X. Prcdimincui/ Report oil the. ReJiuIts obtained in Novaya Zemlya with the Prismatic 

Camera during the Eclipse of the Sun, August 9th, 1896. 

By J. Norman Lockyer, C.B., F.R.S. 

Received November 17, — Read November 19, 1896. 

[Plate 9.] 

I STATE in another communioation the aiTangements made for obtaining results with 
prismatic cameras in Lapland, and how the attempts failed throu;^li bad weather. 

After the instruments had been dispatched to Lapland in H.M.S. ''Volage," Sir 
George Baden-Powell, K.C.M.G., M.P., generously, and with admirable public 
spirit, offered to take an expedition to Novaya Zemlya in his yacht " Otaria," if 
observers and instruments were forthcoming. Sir George Baden-Powell consulted 
me on the subject, and ultimately, with the authority of the Vice-President of the 
Council, Mr. Shackleton, one of the computers employed by the Solar Physics 
Committee, was detailed to form part of the expedition. 

The prismatic camera available was that which had been used in Brazil during the 
solar eclipse of 1893. The object glass is a Dallmeyer doublet of 19 inches equiva- 
lent focal length, with an aperture of 3'25 inches ; the image of the inner corona, 
therefore, is a ring of 0'2 inch diameter. Two prisms of 3 inches clear aperture were 
used, with their refracting edges perpendicular to the horizontal, each having a 
refractive angle of 60°, the light being reflected into the apparatus by a siderostat. 
The length of the spectrum given by this combination was 1*5 inches, from F to K, 
or 2*3 inches, from D3 to K. 

In 1893, the photographs obtained by this instrument in Brazil were not in focus 
in the ultra-violet, in consequence of the difficulties of adjustment under eclipse con- 
ditions. The precaution was taken, therefore, of making all the necessary adjustments 
by obtaining some stellar photogi-aphs with the instrument before it left England. 
Ultimately, a photograph of a Lyrae left nothing to be desired, and the then positions 
of all the parts were carefully marked. 

Three specially-constructed dark slides, carrying eight plates each (4 J X 1§ inches), 
were employed, the change from plate to plate being effected by means of a rack and 
pinion attached to the dark slides. The plates used were Edwards' isochromatic. 

The following table, based on data furnished by the results of the 1893 eclipse, 
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gives the lengths of exposures and times in totality which I drew up for use at a 
station on the central line in Novaya Zemlya : — 



No. of Plato. 



1 
2 
3 

4 
5 
6 

7 
8 



9 
10 
11 
12 
13 
U 
15 
IG 



17 
18 
19 
20 
21 
22 
23 
24 



Provisional Table of Exposures. 



Exposures. 



I - 



i» 



»» 



2 seconds 
20 
40 

5 „ 
InstantaneoaB 

10 seconds 

InstantaneoDs 

Waste 



Instantaneous 






Time in totality. 



Remarks. 





Sli(h No. 1. 




Instantaneous 


—30 seconds 


Before totality 


1) 


-20 „ 




» 


-15 „ 




»» 


-10 „ 




)i 


- 8 „ 




3 seconds 


„ 


Totality begins 


10 „ 


5-15 „ 




3 „ 


17-20 „ 





Change to Slide No, 2. ; Chi-omospbere goes 



25-27 seconds 
29-49 
51-91 
93-98 

100 
102-112 

114 



91 

n 



Chix>mospliere again visible 



Slide No, 3. 

119 seconds 

121 

123 

125 

127 

129 

131 

133 



A series of snapsbots, boping 
to include tbe flasb 



Unfortunately, however, the expedition found it impossible to reach the central 
line of totality, and the duration was consequently shortened by 25 seconds. 
Mr. Shackleton, therefore, made the necessary alterations in the exposures, and the 
following revised table was determined upon. 

Column 1 contains the numbers of the photographic plates, which will be quoted 
in subsequent references ; Column 2 gives the exposures ; Column 3 gives the times 
of exposing the plates in totality. 

The exposures were made by means of a card moved by hand in front of the prisms, 
and when this was done as quickly as possible the exposures are tabulated as "instan- 
taneous." 
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No. of Plate. 



1 
2 
8 

5 

6 

7 
8 



9 
10 
11 
12 

14 
15 
IG 



17 
18 
19 
20 
21 
22 
23 
24 



Revised Table of Exposures. 



Exposures. 



Instantaneoas 






3 seconds 
10 
3 
2 



u 



>» 



»1 



Waste 
2 seconds 
40 „ 

5 „ 

Instantaneous 

10 seconds 

Waste 



19 



Instantaneous 



»» 



)9 



Waste 
Instantaneous 



>9 
»» 



Time in totality. 



Slide No. I. 

—30 seconds 
-20 



-10 



3-6 

8-18 

20-23 

25-27 



9> 
>1 
1> 

1» 
II 



Slide No, 2. 



35-37 seconds 
39-79 
81-80 „ 
88-89 „ 
91-101 „ 



Slide No. 3. 

109 seconds 

110 

113 

115 

117 
119 
121 



99 

99 
99 

91 

19 
99 



Remarks. 



Totality begins 



Chromosphere goes 



Chromosphere i'eappeai*s 



Sun reappears 



A series of snapshots 



As the final reduction of the photographs will take some considerable time> I think 
it of importance to give at once, for the benefit of other workers, reproductions of 
two of the best photographs obtained. These are reproduced in Plate 9. 

No. 4 is given in two sections, on a scale of 3*4 times that of the original negative. 
It was taken instantaneously at the exact beginning of totality. The principal arcs 
are those of hydrogen and the H and K lines seen in the spectrum of calcium ; these 
long arcs, together with the numerous short ones, represent the spectrum of the sun's 
limb at the moment of totality, Mr. Shackleton determining the exact instant by 
watching the disappearance of the bright continuous spectrum with the aid of a 
small direct-vision slitless spectroscope. This plate may undoubtedly be said to 
have been exposed within 0'5 second after the commencement of totality; it had 
an instantaneous exposure, and this was sufficient to give a record of the spectrum 
from D3 to H^ in the ultra-violet. 
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No. 11 13 OQ a scale of 2*1 times that of the original negative, being exposed for a 
period of 40 seconds, b^inning at 39 seconds from the commencement of totality, 
so that it records the spectrum near mid-totality. The two overlapping diBCODnected 
rings to the left are the images of the prominsnces round the sun's limb represented 
in the H and K light, the other discontinuous rings to the right are the images in 
Hj, H,, and H^ radiations respectively, the ring further to the right, which is of 
more continuous structure than the others is the 1474 K ring of the corona spectrum. 

There are other fainter rings, both of the prominences and the corona, which are 
well seen on the original negative, but it is too much to hope that these will be seen 
in the Plate, being lost in the process of reproduction. 



Pigi. 




1474 K ring. 



Fig. 1 shows an enlargement of the 1474 K ring compared with an oriented 
photograph of the lower corona. It will be seen that the prismatic camera lias 
picked out the brightest parts of the corona, and where it is strongest the spectrunt 
ring and the continuous spectrum at those points are most intense, whilst a pvo- 
mitience occurring at any point of the sun's limb does not alter the intensity of the 
ring at the corresponding part. 

The wave-Iongths of the lines in Photo No. 11 have been measured by Dr. W. J. S. 
LoCKYBR, and a preliminary comparison of the results obtained in 1893 and 1896 
has shown many points of difference ; it also indicates that the photograph of the 
flash so happily caught by Mr. Shackleton, and the cusp photograph secured by 
Mr. Fowler, in 1893, both represent the spectrum of the chromosphere. 

Except in the case of the lines visible in the spectrum of hydrogen, and the 
cleveite gases and the longest lines in the spectra of some of the metallic elements, 
notably calcium and strontium, there is little or no relation between the intensities 
of the lines visible in the chromosphere and Fraunhofer spectrum. 

There is already evidence that the photographs which we owe to the public spirit 
of Sir George Baden-Powell and the energy and skill displayed by Mr. Shackle- 
ton will considerably widen our knowledge of solar physics and chemistry. 
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Mr. Shackleton's report on the local arrangements, and the complete discussion 
of the results of the observations in their relation to solar physics will form the 
subject of a subsequent communication. The investigation of the chemical origins 
of the various lines will occupy some time, and it seems desirable that the results of 
1893 and 1896 should be studied together. These will also be communicated at some 
futui-e dat«. 

The enlarged photographs from which the accompanying plate has been prepared, 
and those on which the wave-lengths have been measured, have been prepared by 
Corporal Haslam, R.E. 
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Phil. Trans., A, 1897, vol. 189. pp. 265-307. 

Condensation of Water Vapour in presence of Dust-free Gases — Colour 
Phenomena attending — ISffect of Rontgen Rays on — Supersaturation 
necessary. 
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Wilson, C. T. R. Phil. Trans., A, 1897, vol. 189, pp. 266-307. 
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XI. Condensation of Water Vajyoitrvc the Presence of Ihtst-free Air and other Gases. 

By C. T. R Wilson, B.Sc. {Vict.), M.A. {Cantab.), of Sidney Sussex College, 

Clerk-Maxwell Student in the University of Camhridye. 

Cortimunicated by Professor* J. J. Thomson, F.B.S. 

Received March 15,— llcail April 8, 1807. 

The behaviour of air saturated with aqueous vapour and allowed to expand suddenly, 
has been investigated by Coulter,''' AiTKEN,t Kiessling^ and E. v. Helmholtz.§ 
As is well known, if the moist air has been previously freed from " dust," no con- 
densation takes place except on the walls of the vessel, even if the expansion be 
sufficient to produce considerable supersaturation. For convenience, the term "dust" 
is here used to include all nuclei which can be removed either by filtering or by 
repeatedly forming a cloud by expansion and allowing it to settle. 

What is the limit, if such exists, to the degree of supersaturation which can be 
attained without condensation taking place throughout the moist air, is a question of 
considerable meteorological as well as purely physical interest. It was primarily with 
the object of finding an answer to this question that the experiments to be described 
were undertaken, such experimental evidence as already existed on the subject being 
of a very incomplete and contradictory character. 

Aitkbn|| observed condensation when a large quantity of steam was passed into a 
receiver containing air which had been filtered through cotton wool. KiEssLiNclf 
also produced a rainlike condensation in the same way. The latter observer also 
states that if saturated filtered air be even slightly expanded, scattered drops are 
formed visible only in direct sunlight. Again, Aitken** mentions that in his dust- 
counting experiments, in which sudden expansion of the saturated air was produced 
by means of an air-pump, a very quick stroke of the pump was found to produce a 

• ' Jonmal de Pharmaoie et de Chimie," voL 22, pp. 165 and 254, 1875. 

t ' Trans. Roy. Soc.,' Edin., voL 30, p. 337, 1880-81, and vol. 35, p. 1, 1890 ; ' Proc. Eloy. See.,' 
Lond., vol. 51, p. 408, 1892. 

{ 'Hamburger Abhandl. der Natarwissenschaften,' vol. 8, 1884; 'Gotting. Nachr.,' p. 122, 1884, and 
p. 226, 1884. 

§ ' Wied. Ann.,' vol. 27, p. 509, 1886. 

II * Trana. Roy. Soc.,' Edin., vol. 30, p. 337. 

f * Gtttting. Naohr.,' p. 226, 1884. 

^ ' Trans. Roy. Soc.,' Edin., vol. 35, p. 1, 1890. 
MDCOgXCTH. — A. 2 M 24.8.97 
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shower of drops even in filtered air, while a slow steady one had no such effect. The 
increase of volume was always the same, and amounted to one-third of the initial 
volume. He attributes the difference to the shock which results from a rapid stroke 
of the pump. 

R. V, Helmholtz,* on the other hand, was unable to observe any trace of con- 
densation in saturated filtered air, even with a fall of pressure of half an atmosphere. 
Whether, however, the pressure was reduced from one atmosphere to one-half, or from 
one-and-a-half atmospheres to one, is not clear ; from his description of the method 
one would naturally take the latter interpretation. He deduces, however, a 
theoretical lowering of 50° C, and a ten-fold supersaturation which correspond to 
the former alternative. 

BARUS,t who made an extensive series of observations on the colour phenomena of 
a steam jet under varying conditions as to boiler-pressure and the temperature and 
dust contents of the surrounding air, concluded that with sufficient supersaturation, 
condensation takes place independently of dust. He does not appear, however, to 
have been able to deduce from his measurements the degree of supersatui'ation which 
is required to bring about this condensation. 

None of the experiments referred to above are entirely free from objection. 

When steam is blown into filtered air, as was done by Aitken and Kiessling, it 
is likely to carry over with it small drops of spray from the boiler. Even if these 
drops be made to evaporate by superheating the steam, each will leave behind a 
nucleus consisting of the solid matter which it contained in solution or suspension. 

The condensation noticed by Kiessling with very slight expansion may have been 
due to a similar cause, for he appears to have brought the air in his apparatus into 
a saturated state by allowing it to bubble through water after it had been filtered. 
That such treatment does actually introduce nuclei requiring only a slight expansion 
of the saturated air to cause condensation upon them is proved by certain experi- 
ments described below. Aitken J noticed, too, that if the water in his dust-counting 
apparatus was allowed to splash about, such nuclei were produced. 

In none of the experiments mentioned above was the expansion very rapid, the 
apparatus in no case having been specially designed for the purpose of investigating 
this particular question. Helmholtz's failure to obtain condensation may easily be 
explained by the expansion not being sufficiently rapid to produce anything like the 
theoretical lowering of temperature as, indeed, he himself admits. 

The interpretation of steam-jet experiments, such as those of Barus, is very 
difficult, especially as the phsnomena depend largely on the roughness or smoothness 
of the bore of the nozzle from which the steam escapes. They cannot be taken as 

* Helmholtz, he. cit, 

t " Keporfc on the Condensation of Atmospheric Moisture ; " U.S. Department of Agricnltare, 
Weather Bureau, 1895 ; also * Phil. Mag.,' vol. 38, p. 19, 1894. 
J * Ediu. Trans.,' vol. 35, p. 17, 1890. 
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fixed like a diving-bell below the surfiice of the water, whicb nearly fills the outer 
vessel B, 

The latter is a bell-jar of the form shown in the figure, resting on a ground-glass 
plate, to which it is wired down, and having a wide neck, closed by an indianibber 
cork through which pass two glass tubes, the one, C, serving to regulate the quantity 
of water in B, and provided with a pinch-cock ; through the other, D, the air 
occupying the upper part of B can be suddenly removed by opening communication 
with a large exhausted stoneware bottle F. 

The water is prevented from following the air by means of the valve E. 

FijT. 1. 




The result is a sudden expansion of the air in A. The increase in volume is equal 
to the volume of the space in the upper part of B occupied by air before the 
expansion, and can therefore be made more or less by running a little water out, or 
drawing some more in through the tube C. 

By opening the tap T, which communicates with the atmosphere, air is admitted 
through the tube D, and the air in A contracts to its original volume. 

To bring about very sudden communication with the exhausted vessel F, the 
arrangement shown in the upper part of the figure was used. A short glass tube, 
H, is closed at both ends by indiarubber corks, each bored to receive two glass tubes. 
Of these, D and T have dready been referred to. The tube G, which leads to the 
vacuum vessel F, has its upper end ground smooth, and upon this rests the flat 
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Barface of an indiarubber cork K. This closes the opening of the tube in a perfectly 
air-tight manner, when the air above it is at atmospheric pressure, and the pressure 
in F is a small fraction of this, as it always was maintained during a series of 
experiments. 

K can be pulled up by means of the vertical wire shown in the diagram, thus 
rapidly making free communication between D and G and causing the expansion. 
The tap T must of course previously be closed. In order that one may be able to 
work the arrangement from the outside without admitting air, the wire passes up 
through a thin-walled indiainibber tube, M, closed at its upper end by a cork in 
which the end of the wire is fixed. A cord attached to this cork and passing over 
a smooth peg fixed vertically above it, enables the observer to make the expansion, 
while watching the behaviour of the air in the cloud chamber A. 

The tubes D and G had an internal diameter of about 8 millims., so that the fall of 
pressure in the air-space in the upper part of B must be very rapid. The valve E, 
which prevented the water in the bell-jar B from following the air into the tube D, 
was made by cutting a thin slice from the end of an indiarubber cork and supporting 
it with the smooth surface uppermost on a piece of cork just thick enough to float it. 
It was fixed by means of a wire hinge to the lower surface of the indiarubber cork 
of the bell-jar, in such a position that when raised by the water reaching it, it 
covered the hole bored for the tube D. The latter did not quite reach the lower 
surface of the indiarubber cork, so that when the valve closed the contact was 
between two indiarubber surfaces. 

This valve was found to work perfectly when the excess of pressure below was 
sufficient, and smooth indiarubber surfaces were used. 

The bell-jar had a diameter of about 14 centims. and was about 30 centims. high. 
The inner vessel had a diameter of about 9 centims. A vertical glass scale, divided 
into millimetres, fixed by means of sealing-wax to the outside of the inner vessel, 
enables the observer to note with the aid of a telescope the level of the water before 
and after expansion. From a subsequent calibration the initial and final volumes are 
obtained. 

To make visible any condensation in the form of fog or rain, the light from a 
luminous gas-flame is brought by means of a convex lens to a focus at the centre of 
the cloud chamber A. Any condensation which may result is most distinctly seen 
when the eye is placed just out of reach of the directly transmitted light. This 
method of illumination was used both by Aitken and II. v. Helmholtz. The 
experiments were performed in a dark room. When an expansion was made the 
only source of light was that mentioned above. After the result had been noted, 
light was admitted by raising a shutter in order that the readings of volume might 
be made. 

The inside of the inner vessel. A, was cleaned before use, first with caustic potash 
and then with nitric acid| %iid well washed with distilled water. Ailer this treatment 



270 MR. C. T. R. WILSON ON CONDENSATION OF WATER VAPOCTR 

the water forms a uniform film over the surface of the glass, instead of collecting 
into drops and preventing a satisfactory view of the interior. 

This apparatus appeared to fulfil very well the purpose for which it was designed. 
Nothing can gain access to the air imprisoned in the inner vessel except by solution 
in and diffusion through the surrounding water. 

The water surface which forms the lower boundary to the space occupied by the 
air under observation, drops suddenly to a new position, where it comes to a sudden 
stop, without any splashing, and remains stationary as long as may be desired. The 
whole movement is certainly over in a small fraction of a second, as the expansion 
appears to the eye to be instantaneous. That it should be rapid is what one would 
expect, as the initial driving pressure is nearly one atmosphere, and the distance 
travelled rarely amounted to more than two centimetres. 

There is this further advantage in such a method of expanding the air, that the 
rate of expansion is most rapid just before it is completed, because the driving pres- 
sure still remains considerable, and the water is therefore moving with constantly 
increasing velocity until it brings itself to a sudden stop by closing the valve E. 

Thus the final stage of the expansion, when the temperature is lowest, and there- 
fore the influx of heat most rapid, is that which is most quickly passed through. 

The motion of the water cannot, of course, be stopped instantaneously ; in practice 
it was always found that some small air bubbles were left imprisoned around the 
valve E. These, being compressed by the impact, probably served to diminish con- 
siderably the strain on the apparatus. 

With a thin float the volume of these bubbles was quite a negligible fraction of 
that of the air which escaped before the valve closed. *If any considerable fraction of 
the air were left behind when the valve closed, an error would be introduced by its 
momentary compression, the actual maximum value reached being really greater than 
what is afterwards measured by an amount equal to the momentary diminution in 
the total volume of the air bubble. 

Method of Conducting the Experiments. 

To charge the apparatus with air reasonably free from laboratory gases, the bell« 
jar, with the inner vessel fixed inside it, was removed from the ground-glass plate on 
which it rested, and allowed to remain at an open window for some time. It was 
then placed on the glass plate, and bound tightly down with wire. 

Distilled water, which had been boiled for some time to remove the greater part of 
the dissolved gases, was then poured in till it nearly filled the bell-jar. By inclining 
the whole, air was allowed to escape from the inner vessel till only a convenient 
volume remained. The bell-jar was then again nearly tilled up with water, and the 
apparatus then connected up as already described and shown in fig. 1. 

The glass-plate was levelled by means of levelling screws supporting the tripod on 
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which the plate was fixed. The reading telescope was then fixed some distance off, 
on a level with the surface of the water in the inner vessel. 

Some water was now allowed to escape through the tube C, and the level of the 
water read on the glass scale by means of the telescope. The tap T was then closed, 
expansion made by pulling the cord which opens communication with the vacuum 
vessel F, and the effect on the contents of the expansion chamber A noted. The 
new level of the water in the inner vessel was again read by the telescope, and the 
air made to contract to its former volume by opening the tap T. The same expan- 
sion could be repeated as often as was wished, or the air could be expanded to a 
greater extent by first running out a little water through C. If it was desired to 
try the effect of a smaller expansion the tap T was only slightly opened, and was 
closed before the water in B had quite returned to its original level. Then the 
pinch-cock on the tube C was opened for a moment while the end of the tube was 
dipped into a beaker of water. 

To find the volumes corresponding to the various readings, the bell-jar, with its 
inner vessel, was removed from the glass plate after every series of observations, and 
fixed in an inverted position so that the water could be poured into the inner vessel. 
The whole arrangement was then adjusted so that the ground surface of the rim of 
the bell-jar was level. The weight of water which had to be poured in to fill the 
inner vessel up to the various readings on the scale was then determined, the 
telescope being fixed in exactly the same relative position as in the expansion 
experiments. 

General Account of the Phenomena Observed. 

The air was generally admitted into the apparatus in the way already described, 
and, therefore, without any attempt to remove dust by filtering. Repeated expansion 
of saturated air, as Aitken has shown, removes all " dust " particles, and this method 
was generally employed in these experiments. 

The first expansion made, whether large or small in amount, unless the air had 
been allowed to stand for many hours in the apparatus, always produced a fog. This 
was allowed to settle as completely as possible before allowing the air to contract to 
its original volume. In this way a considerable proportion of the dust was removed, 
the particles being carried down by the drops which condensed upon them into the 
water below. 

When this process was several times repeated, the resulting fog became by degrees 
coarser-grained, the drops being both fewer and larger, and therefore, falling more 
quickly. The fog passed at length into a fine rain. When this stage was reached 
one more expansion was generally sufficient to remove the remainder of the dust 
particles, and any further expansion, unless it exceeded the limit spoken of below, was 
without visible effect. 
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AiTKEN* was able to remove all the dust particles from saturated air by repeatedly 
increasing its volume by -^ of its initial amount. An even smaller expansion was 
found in these experiments to be sufficient for that purpose, but the time taken for 
the removal of the dust was naturally much shorter when larger expansions were 
used, on account of the larger size and more rapid fall of the drops in the latter case. 

If, after the dust has been removed in this way the successive expansions be made 
greater and greater, no visible effect is produced till Vg/vj, the ratio of the final to the 
initial volume, is equal to about 1*252. When vjv^ exceeds this value a shower of 
drops is invariably produced. The drops are not very numerous, even with consider- 
ably greater expansions, yet, however often we expand the air, no diminution in the 
number of the drops can be detected. 

Now, when, owing to the presence of dust particles, a shower of similar density is 
produced with a smaller expansion, all the dust particles appear to be carried down 
with the water drops, and the next expansion produces no condensation. 

Thus, the nuclei which enables condensation to take place when the expansion 
exceeds the limit mentioned, are only present in small numbers at any given time, 
but as fast as they are removed they are replaced by others of the same kind. 

Exiyansioii required to produce Rain-like Condensation in Ihcst-free 

Saturated Air. 

A large number of observations must generally be made in order to obtain 
within narrow limits a single determination of the ratio of t\ to v^ when condensation 
just takes place. 

When expansions of comparatively small amount had ceased to cause condensation, 
each increase in volume was made considerably greater than the preceding, till a 
shower of drops was observed. Then an observation was made with the apparatus 
adjusted to give a rather smaller final volume (the initial volume remaining practically 
constant), and perhaps no condensation seen. By making in this way a series of 
alternately greater and smaller expansions of gradually diminishing difference, 
a stage was at length reached when the smallest measurable difference in the final 
volume was sufficient to determine whether condensation should result or not. 

A large number of experiments were made during the summer of 1895. Only the 
results of the last series of measurements then made are given in the table which 
follows. The apparatus has been improved from time to time and the later experi- 
ments were carried out exactly as described above. 

The mean of the results previously obtained for the critical value of Vq/v^, however, 
is practically identical with that given below, and all the determinations of this ratio 
have results lying between 1*24 and r26. 

* * Edin. Trans.,' 35, p. 1. 
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In the following table, Vj is the initial volume and v^ the final volume when the 
expansion is just sufficient to cause rain-like condensation. 



1. 


• 

Date. 


ec. 


Vi 


Vi 


t?2/»i 


September 4 


220 


292-9 


367-3 


1-254 


2. 


4 


22-4 


293-4 


367-8 


1-253 


3. 


5 


28-8 


313-1 


392 5 


1-253 


4,. 


5 


27-2 


308-5 


385-8 


1-250 


5. 


6 


27-8 


312-5 


390-8 


1-250 


6. 


6 


260 


309-8 


386-7 


1-248 


7. 


7 


24-5 


3020 


378-3 
Mean 


1-2.52 


1-252 



The same air was used on September 7 as on the previous day ; otherwise the 
experiments were made on a different sample of air each day. 

It will be noted thai the expansion required is sensibly the same at all temperatures 
between 22° and 28° C. Accurate measurements of the initial temperature are 
therefore unnecessary in these experiments. 

The results given in the table show no greater variation than are to be expected 
from the degree of accuracy of the volume measurements. The level of the water 
could be read by means of the telescope to the nearest tenth of a millimetre, 
corresponding to an error of half a cubic centimetre in the volume measurements. 
There may be an error of this amount in the measurement of both Vi and v^^ and 
hence an error of 4 units in the fourth figure in the ratio, when the initial volume 
amounts to ubout 300 cub. centims. 



Other Experiments made with the same Apparatus. 

1. When sunlight was used to illuminate the drops, exactly the same expansion 
was required to bring about visible condensation. 

The result, therefore, does not depend on the kind of illumination used. 

2. Experiments were made to see if the nuclei which cause the rain-like con- 
densation could be removed by repeated filtering. For this purpose a hole was 
bored through the glass plate on which the apparatus rested. A glass tube reaching 
to the roof of the inner vessel was passed through a cork which closed this hole. 
Through it the air could be drawn out into an inverted Wolff's bottle, arranged to 
act as an aspirator, and could be driven from the one vessel to the other as often as 
was desired. 

A tightly-packed cotton-wool filter was inserted between the expansion apparatus 
and the Wolff s bottle. Passing the air repeatedly backwards and forwards through 
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the filter was found to be without effect upon the appearance of the rain-like 
condensation, or the expansion required to produce it. 

3. When no cotton-wool filter was present the air could be passed from the one 
vessel to the other and back without any effect, so long as it was not allowed to 
bubble tlirough the distilled water in either vessel. If, however, the air had to 
bubble through water on being driven back, quite a small expansion was sufficient 
to cause a shower even some minutes later. 

4. As already stated, the air may be allowed to expand considerably more than is 
necessary to produce condensation without the drops becoming very numerous. 

With very great expansions, however, if, for example, the increase in volume be 
made twice as great as is necessary for condensation to result, a dense fog showing 
colours and settling slowly is produced. 

Second Form of Apparatus . 

The apparatus already described was not suitable for experiments upon pure gases, 
on account of the large volume of water present. 

To remove all the dissolved gases from so large a quantity of water would have 
been very difficult. 

Another reason for changing the form of the apparatus was that I wished to 
investigate in what way the number of drops produced depended upon the degi-ee of 
supersaturation reached. It appeared, from the experiments already made, that the 
drops remained comparatively few with expansions considerably greater than that 
required to cause condensation to begin, and over a considerable range there was no 
appreciable increase in the number with increasing expansion. Yet, with very large 
expansions, the number was very great, and the drops sufficiently small to produce a 
coloured fog which settled very slowly. 

The first apparatus was not convenient for making measurements with very large 
expansions, so no attempt* was made to investigate with it whether there was a 
sudden transition from the one form of condensation to the other. It was thought 
that another form of apparatus would be more suitable for the purpose. 

A very rapid expansion is evidently required for this investigation. For, let us 
consider one cubic centimetre of saturated air which is expanded rapidly. K we 
suppose the effect of the walls to be negligible, the ordinary equation for the cooling 
of a gas by adiabatic expansion may be applied to find the lowering of temperature 
and the resulting supersaturation till the volume amounts to 1*252 centims. At 
this stage, as we have seen, condensation begins upon a comparatively small number 
of scattered nuclei. There must at once result from the initial condensation a 
simultaneous loss of vapour and rise of temperature in the region immediately 
surroundiug each incipient drop. The subsequent growth of the drop must be more 
or less gradual, being the result of the comparatively slow processes of diffusion and 
heat conduction. 
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If the expansion be slow, the supersaturation can nowhere greatly exceed that 
required for the formation of the first drops. 

With very sudden expansions, however, even if they be much greater than that 
required to produce rain-like condensation, the drops which are the first to begin to 
form will not have time to grow sensibly before the expansion is completed, and 
their influence on the temperature and vapour contents of the air will be confined 
to a very small region round each. In that case the lowest temperature and 
maximum supersaturation reached throughout the greater part of the moist air will 
be the same as that calculated on the assumption that no condensation takes place. 

The more numerous the drops, the shorter must the time taken in expansion be 
made, in order that there should be no sensible error due to the formation of the 
drops commencing before the expansion is completed. 

Now the time of expansion can be made shorter in a small machine. The new 
expansion apparatus was therefore made upon quite a small scale, the effect of the 
reduced dimensions in increasing the error due to the walls being counterbalanced by 
the great reduction in the time of expansion. 

The expansion ought evidently to be made most rapid just before it is completed, 
since it is just in the later stages of the expansion that drops are being formed, and 
we wish to reduce, as far as possible, their chance of growing appreciably before the 
expansion is completed. This end was kept in view in designing the apparatus. 

The expansion apparatus (fig. 2), is made wholly of glass, to reduce the risk of 
contamination of the gas under investigation. This is contained in the space A 
under a pressure of from 20 to 40 centims. of mercury above that of the atmosphere. 
This expansion chamber A, is bounded below by the hollow-glass piston P, which is 
groimd down so that it just slides freely in the outer tube. 

There is, as indicated in the figure, an annular constriction on the latter. Into 
this the lower end of the piston has been ground with fine emery, so that, with no 
other lubricant than water, it prevents the gas in A escaping, even when the excess 
of pressure above is half an atmosphere or more. 

The lower end of the tube is conical, with a circular aperture about 1 centim. 
in diameter, closed by a glass plug G. The grinding here, too, has to be sufficiently 
thorough to enable a pressure of two atmospheres to be maintained above it for 
several minutes without leakage, with only one or two drops of water to serve as 
lubricant. 

The upper end of the tube is drawn out aod joined to a narrow-bore tube provided 
with a stopcock T^, serving for the introduction of the gas and water. 

When the apparatus is in use, the inner surface of A is covered with a film of 
water, which also fills the narrow space left between the piston and the walls of the 
tube. 

By pumping air by means of the mercury pump on the left, into the space C below 
the piston, we can drive up the latter and so compress the gas in A to any extent 
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we please. Then, on pushing up the plug G, we suddenly reduce the preasure in the 
Bmall space C to that of the atmosphere, and the piston flies bock to its original 
position, producing a sudden expansion of the gas in A. 

After each expansion a. small quantity of water is driven in through Tj. This 
serves to keep the walls of A covered with a film of water and to lubricate the 
piston. The gi-eater part of it runs down and collects above the latter. When the 

Piff. 2. 




piston is driven up again flo that it is suspended freely in the tube, it gradually 
floats up through this water till it comes to rest with the water scarcely reaching 
above the straight part of its sides, fn this way the water which lubricates the 
piston is continually being renewed, and the gradual contamination of the gas which 
would otherwise result by solution and diffusion of the air from below through the 
water is almost indefinitely retarded. 
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The machine used in nearly all the experiments described below was made from 
moderately thick-walled tubing, having an mternal diameter of 2 centims. The 
expansion chamber A was between 4 and 5 centims. long, and had a capacity, when 
the piston was in its lowest position, of about 15 cub. centims. The cylindrical part 
of the piston was about 3 centims. in length. 

The time required for the expansion to be completed must be very short. For the 
distance travelled by the piston was never so great as 2 centims., even with the 
greatest expansions used. To support the weight of the piston alone, required an 
excess of pressure below of 1 millim. of mercury. Now the driving pressure, even 
when the expansion was almost completed, w-as probably never less than 100 times 
as great as this. With the largest expansions used, when the piston had stiU to 
travel less than 2 centims., the initial driving pressure was more than an atmosphere, 
that is, about 760 times that required to balance the weight of the piston. This is 
on the assumption of an exceedingly rapid fall of pressure in the space below the 
piston when the plug G is driven up. If we make this assumption, the force driving 
the piston is always some hundreds of times its w^eight, and its initial acceleration 
some hundreds of time "gr." Even an average acceleration of lOOg would enable the 
2 centims. to be travelled in about ybo ^f ^ second. 

Although the time taken may actually be considerably greater than this, these 
considerations are sufficient to show that it is likely to be exceedingly short. 

Further, the piston must be moving with constantly increasing velocity till brought 
to a sudden stop at the constriction into which it fits. 

The fact that contact takes place simultaneously over a considerable area, probably 
saves the tube from being broken by the blow it receives from the piston. The film 
of water which covers both surfaces, doubtless helps to break the shock. On two 
occasions, a machine was made only slightly larger than the one whose dimensions 
are given above, but in each case it was shivered by the impact almost the first time 
the piston was allowed to fly. More than one machine was useless, owing to the 
piston being driven so tightly home when the expansion was made, that all efforts 
failed to release it. To avoid this latter defect, it was found necessary to make the 
constriction a very sudden one. Great care has also to be taken to make it perfectly 
symmetrical ; otherwise there is almost certain to be a space left between the piston 
and some part of the wall of the tube just above the constriction. In this, air-bubbles 
are apt to be entangled when the piston flies into the constriction. These may work 
their way up into A, and in addition they cause a splashing of the water by their 
momentary compression and subsequent expansion. 

Al supply of water for the lubrication of the piston is stored in the vessel B. The 
space over the mercury is completely filled with water up to the stopcocks T^ and T3, 
which remain dosed throughout any series of experiments. By fixing the mercury 
reservoir Br^ at a sufficient height, the water in B is kept at a pressure high enough 
to drive it into A when the tap T^ is opened. In this way the water is preserved 
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from contamination with air, and only comes in contact with glass and mercury. It 
has been obtained free from dissolved gases by boiling distilled water rapidly down 
to about one-sixth of its bulk in the flask shown on the right. While it is boiling 
down, R, is repeatedly raised and lowered, to wash out any imprisoned air or 
unboiled water from B and the tube leading to the flask. 

While the water is still boiling, B is filled by lowering Ri, a depth of about 
I centim. of mercury being, however, always left in B to prevent the water from 
coming in contact with the indiarubber stopper which closes the lower end of the 
tube. The tap Tg is then closed and R fixed high enough to give the requisite 
pressure. 

Introduction of the Gas. 

The apparatus used in the preparation of the various gases was, in all cases, made 
entirely of glass, all joints being made with the blow-pipe. It was fused on to the 
end of the tube H (fig. 2). The methods of preparing the various gases are described 
later. The whole gas generating apparatus must first be filled with the pure gas up 
to the tap Tg, which is now kept closed. 

Before introducing the gas into the expansion apparatus, A and B must first be 
filled with air-free water. This is done in the following way. 

The piston P is drawn up to the top of A by opening the tap Tj and lowering the 
mercury reservoir R^, the other t^ps being closed. The gas which has collected in B 
is then driven out through T3 by raising R^ after closing T^. Water is then drawn 
from the flask F, which is kept boiling the whole time, into B, and T3 is closed. 
Again, T^ is opened and water is introduced into A, driving the piston before it, A 
now contains water with a bubble of air at the top ; this is driven into B by lowering 
R^. The tap T^ is closed, while the greater part of the water still remains in A, from 
which it slowly escapes by the floating up of the piston. 

The small quantity of water which remains above the piston has, of course, been 
contaminated by contact with the air or other gas which originally occupied A. To 
replace it by pure water, B is fii-st filled with air-free water as described in the last 
section. A small quantity of this is then passed into A while still hot, so that it 
floats above the cold water already there. It is, therefore, mainly the latter which 
flows away as the piston gradually rises. More water is run in from B before the 
piston quite reaches the top of A. This process is repeated two or three times, and 
finally the piston is driven right down to the bottom of A, which is thus completely 
filled with water. The tap Tj is letlt open and R^ raised to a considerable height, 
and the piston thus pressed down into the constriction so that the water does 
not escape. 

When the apparatus has cooled, the piston is drawn up by lowering R^, but is not 
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allowed to rise quite to the top of A. There is very little risk of contamination by 
air at this stage, because the piston is slowly floating upwards, and the water filling 
the narrow space round the piston has therefore a comparatively great downward 
velocity. Diffusion of the air upwards through this water is thus prevented. 

Then T^ is closed, and some of the gas to be investigated drawn into B by lowering 
Bj and opening T^. It is then thriven into A by opening T^ and raising R^, Tg being 
closed. This pumping process is repeated till the pressure in A is rather in excess of 
what is required. 

The gas which remains in B is driven out through Tg, which is then closed, and Tj 
opened for a moment, so that the narrow-bore tube and stop-cock are filled with 
water. It is necessary, of course, for this purpose that R^ should be raised high 
enough to overcome the pressure in A ; it is, in fact, now kept permanently fixed at 
such a level throughout all subsequent operations. 

The excess of water always remaining above the piston in A at this stage is now 
allowed to escape by applying sufficient pressure below to drive the piston up a little. 
The pressure is applied by pumping air into C, by means of the mercury compressing 
pump shown at the extreme left of the diagram. The plug G is then pushed up and 
the piston thus allowed to fly back into the constriction. 

To prevent contamination of the gas, the glass taps T^ Tg T3 are lubricated with 
water only. The only one which requires to be used after the above operations are 
completed is Tj. Since this is filled with water under considerable pressure, there is 
no danger of air gaining access through it. 

Method of producing expansion of any desired amount. 

With this apparatus, direct volume measurements were not made, but the relative 
volume change was deduced from measurements of the initial pressure, and the 
pressure exerted by the saturated gas at the same temperature when occupying the 
increased volume. The final volume Vo,y being that of A when the piston is at the 
bottom, is always the same ; and the corresponding pressure p^ at the temperature 
of the room shows only comparatively small changes resulting from variations 
temperature, and from the solution of the gas by the small quantity of water which 
is run through the apparatus. 

This final pressure p^ was measured in the following way. A mark was made in 
the wall of A approximately on a level with the top of the piston, when this was 
in its lowest position. 

A telescope was then fixed in a clamp about one metre off, and its height adjusted 
till the mark appeared to coincide with the top of the piston. By means of the 
compressing pump air was driven into C till the pressure was sufficient to drive up 
the piston a little. Then S^ being left open and S^ closed, the tap S3, regulating the 
flow of mercury in the pump, was closed and the reservoir R2 lowered and fixed in 
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such a position that S3 could be worked by the observer while looking through the 
telescope. 

S3 was then opened very slightly so that the mercury flowed very slowly through 
it into Rj thus lowering the pressure in C. Tlie slow descent of the piston was 
watched and S3 closed just as the piston reached its zero position. The pressure in 
C as indicated by the open mercury pressure gauge .was then read to the nearest 
millimetre. 

To obtain the actual pressure in A we have to add to the pressure indicated by the 
gauge the barometer reading and to subtract the pressure required to support the 
weight of the piston. This last term enters as a constant correction which was 
determined combined with any constant error of the manometer, by noticing the 
pressure required to support the piston, when there was free communication between 
the inside of A and the atmosphere. At the same time the freedom of the apparatus 
from errors in the pressiu-e-readings due to friction between the piston and the walls 
of the tube was tested by taking readings first while the piston was being raised and 
then while it was allowed to sink slowly down. No difference was detected. 

To obtain any desired initial pressure in A, S3 is opened, while Eg is in its lower 
position in order to draw in air through Sj which is then closed and Sg opened, R^ ^ 
then hung on a support fixed as high as can be conveniently reached, and 83 is closed 
just as the pressure, as indicated by the manometer, reaches the desired amount. To 
make the expansion S^ is closed and the plug G suddenly pressed up. The mano- 
meter is again read after expansion. 

In the case of the more insoluble gases, when the temperature was steady, the 
measurement of the final pressure did not require to be determined after each expan- 
sion. Several expansions could under such conditions be made without any sensible 
change in the pressure measured when the piston was at the bottom of the tube. 

In order that the rain-like condensation might be visible, the experiments were 
done in a dark room, and the same method of illumination was employed as in the 
case of the larger apparatus. 

The glass, too, was kept clear inside by periodically removing the expansion appa- 
ratus and washing the inside with caustic potash and nitric acid and rinsing well with 
distilled water. 

Temperature was measured by a mercury thermometer hung beside the expansion 
apparatus. This method is sufficiently accurate for the purpose, as the result of an 
expansion of a given amount was sensibly constant throughout the ordinary range of 
room temperature. It is necessary, however, that the temperature should be known 
sufficiently accurately to enable the vapour pressure to be found within the nearest 
millimetre of mercury. An error of half a degree in the temperature reading does 
not make a difference of much more than half a millimetre in the vapour pressure. 
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Calculation of vjv^ from the Observations of Pressure. 

To obtain the ratio of the final to the initial volume we have, when the gas present 
obeys Boyle's law, 

where Pj is the pressure exerted by the gas alone before expansion, and P^ is its 

pressure after expansion, when the temperature has risen to its former value. 

Now 

Pi = jPi + B — ^ • ^^» 
and 

Pe = P2 + B - ^ - ^^ 

where p^^ p^ are the pressures measured by the mercury gauge, before and after 
expansion, as already described, B is the atmospheric pressure, tt is the maximum 
vapour pressure at the temperature of experiment, and w is the pressure required to 
balance the weight of the piston. 



Results obtained with Air in the small Apparatus. 

The same phenomena are observed as in the larger apparatus, as well as others to 
be described later. 

After the removal of "dust" by repeated expansion, no condensation takes place 
within the moist air, unless v^v^ exceeds a certain limit. With greater expansions 
rain-like condensation results. As will be seen from the following table, measure- 
ments of this critical value oiv^v^ made with the two machines give identical results, 
although the larger one contained twenty times as great a volume of air as the smaller. 
The expansion^ therefore, appeare to be suflBciently rapid to prevent the walls having 
any sensible effect. 

Expansion required for Rain-like Condensation in Air. 

Pressures all given in millims. of mercury. Correction for piston weight 

t«? = 1 millim. 



1 


Date. 


B. 
775 


^"C. ■ 


v. 


Pi- 


Pi- 


P%' 


1 Pj- 


Pi/P8=i;2^i. 


Febrnary 13 . . 


18-5 


16 


651 


1409 


372 


1130 


1-247 


2 


14 . . 


775 


17-5 


16 


685 


1444 


386 


1145 


1-261 


3 


17 . . 


77^ 


15-5 


13 


685 


1447 


392 


n54- 


1254 


4 


22 . . 


764 


165 


14 


602 


1351 


330 


1079 


1252 


5 


22 . . 


764 


16-5 


14 


506 


1255 


254 


1003 


1-251 


6 


March 2 . . . 


750 


18-5 


16 


654 


1387 


377 


1110 


1-250 


Mean 


1-252 
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The apparatus was charged with a fresh supply of air each day. 

The results of all the measurements made with the small apparatus on the rain- 
like condensation are given in the table. 

The expansion can be measured with quite as great accuracy as in the larger 
apparatus, but the whole number of drops when condensation first begins is incon- 
veniently small in the small apparatus. This makes the measurements of the critical 
value of v^jvy more troublesome. 

Each determination of this requires a large number of observations to be made, p^ 
being always made less or greater according as the previous expansion had brought 
down a shower or not. In this wacy it was possible, finally, to obtain the least value 
of ^1, necessary in order that a shower should result within about 2 millims. 

It will again be noticed that the result obtained is with the limits of experimental 
error independent of the temperature between 15 '5° and 18 '5° C. 

We may summarise the results of the measurements made with both machines 
upon the expansion required for rain-like condensation in the following statement. 

When saturated air free from all extraneous nuclei is suddenly expanded, rain-like 
condensation takes place if the ratio of the final to the initial volume exceeds 1*252. 
This is true if the initial temperature is between 15° and 28° C. 

It will be noticed that this expansion is less than that used by Aitken in the 
experiments ah'eady referred to. The difference between the result of making the 
stroke of his pump slow or quick was therefore evidently due to the expansion not 
being quick enough to give the theoretical lowering of temperature. 

Phenomena observed with Expansions greater than that required to produce Rain- 
like Condensation. 

If a series of expansions be made of constantly increasing amount, the following 
phenomena are observed. 

The drops are, if the expansion be only slightly greater than is sufficient to pro- 
duce condensation, only few in number. More of them are seen if the expansion be 
somewhat greater, but even when v^jv^ is as great as 1*37, the condensation still 
takes the form of a shower of drops, which settle within a few seconds. To the eye 
there is no marked diflference in the density of the shower over quite a wide range 
of expansions. 

If, however, v^jv^ be increased from 1*37 to I '38, the increase in the number of 
drops is so great that there is no longer any resemblance to a shower of rain, but a 
fog results, taking a minute or more to settle.* 

♦ \Note added July 22nd, 1897. — When expansion results in a fog, it is of coorse necessary to get rid 
of all traces of it before proceeding to a fresh observation. This was done by repeated expansions of 
moderate amount, as in the removal of the original dnst particles.] 
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With expanGions greater than this, the density of the fog appears to go on 
increasing with great rapidity as the expansion is increased. It is now convenient 
to remove the condensing lens and examine the fog by looking directly through it at 
the gas-flame. Coloured diffraction rings make their appearance when v^jv^ is about 
1*38 and they increase rapidly in brilliancy and size as the expansion is made greater 
and greater. 

Before vjvy^ reaches I '40, the region within the fii'st ring, which is whitish with 
smaller expansions, becomes brightly coloured. With gi'eater expansions, the rings 
rapidly become so large that the colour corresponding to the central part of the field 
fills the whole tube. 

The colour phenomena beyond this stage are surprisingly definite. They are best 
observed by looking through the cloud chamber slighly to one side of the source of 
light, which ought now to be made as bright as possible, and have a black 
background. 

If vjvi be between 1'41 and 1*42, brilliant greens and blue-greens are seen. At 
about 1*42 there is a very rapid change from blue to red through violet. The violet 
appears only for a very small range of expansion, a change of one or two millimetres 
in the initial pressure being sufficient to complete the change from blue to red. 

As the expansion is further increased, the colour passes from red through yellow 
to white. With expansions greater than about 1*44, the fog is always white with a 
greenish or bluish tinge. 

The whole of these colour phenomena, it will be seen, are confined to quite a narrow 
range of expansions. Below 1'38 the drops are too large and few; and above 1*44 
they appear to be too small to produce the colours. 

Colours of exactly the same kind were obtained by Kiessling* and by AiTKENt by 
expanding ordinary moist unfiltered air ; but in the reverse order, pale yellow being 
the first to appear, followed with increasing expansions by a reddish colour, then by 
blue, and then green. 

The explanation of the difference plainly, is that in their experiments the number 
of the drops was determined by the number of " dust " particles present, and 
increased expansion caused a larger quantity of water to condense on each particle. 

Increasing the expansion thus increased the size of the drops. Now in the 
experiments here described, the gi-eater the expansion, the smaller appear to be the 
resulting drops, which indicates that as the supersaturation is increased, a larger 
number of nuclei come into play, so that each receives a smaller share of the water 
which condenses. 

Similar phenomena are exhibited by light transmitted through a steam-jet under 

• GoTTiNG., * Naehr.,' 1884, p. 226. 

t * Proc. Roy Soc./ vol. 51, p. 422, 1892. 
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certain conditions. They have been investigated by R. V. Helmholtz,* Aitken+ 
and, in a more elaborate way, by Barus.J 

Measurements of the ^Expansion required to produce Cloud-like 

Condensation. 

The transition from rain-like to cloud-like condensation is sudden enough to 
enable one to measure, with considerable accuracy, the value of the ratio vjui when 
cloud-like condensation just begins. There is, in fact, a second condensation point, 
below which the drops are few, and the number shows only a slight increase with 
increasing expansion ; while above it the number increases at an excessively rapid 
rate with increasing expansion. 



Expansion required for Cloud-like Condensation in Saturated Air. 



bate. 


B. 


f'C. 


TT. 


P\' 


Pi. 


P2' 


P,. 


Pi/Pj = »,/t;,. 


Result. 


February 14. . 
„ 14. . 


775 
775 


17-5 
17-5 


15 
15 


706 
712 


1465 
1471 


308 
308 


1067 
1067 


1-373 
1-378 


Rain 
Fog 


„ 15. . 
„ 15. . 


775 

776 


18-5 
18-5 


16 
16 


791 
795 


1549 
1553 


369 
369 


1127 
1127 


1375 
1-378 


Rain 
Fog 


„ 18. . 
„ 18. . 


769 
769 


150 
150 


13 
13 


803 
813 


1558 
1568 


381 
381 


1136 
1136 ' 


1-372 
1-380 


Rain 
Fog 



The transition from rain to fog takes place when vjv^ is between 1*37 and 1*38. 

The above results were obtained using the same method of illumination as in the 
experiments on rain-like condensation. Observations were also made with the 
condensing lens removed. 

First Appearance of Diffraction Rings. 



Dite. 



February 24 
25 
March 2 . . 
2 . . 



i> 



B. 


*^C. 


. V, 


Pv 


1 
P ' 


776 


15 


13 


676 


1438 


772 


13 


11 


667 


1427 


750 


18 


15 ' 


807 


1541 


750 


18-5 


16 


715 


1448 



i'2- 



279 
277 
380 
318 



Pj. ' Pi/Pj = rg/r,. 



1041 
1037 
1114 
1051 



Mean . 



1-381 
1-376 
1-383 
1-378 



1-379 



• * Wied. Ann.; 32, p. 1, 1887. 

t * Proc. Roy. Soc.,' vol. 51, p. 422, 18'J2. 

X Barus, h)c., city also * Phil. Mag.,' vol 35, p. 315, 1893. 
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Observations were also made of the time taken by the drops to settle, as v^jv^ was 
gradually increased. This was of course very short when the condensation took the 
rain-like form. It showed a very sudden increase when the rain was replaced by fog. 

For example, such measurements were made in connection with the last observation 
given in the preceding table. 



1-378 
1-381 
1-385 



Colonrs scarcelj visiblo, drups settled in a few seconds. 
Rings faint, drops took abont one minote to settle. 
Rings brilliant, took several minntes to settle. 



All these methods of making evident the change from min to fog agree in showing 
that this takes place when v^jv^ lies between 1*37 and 1*38. 



Colour Ohservatioiis. 

The colour phenomena change so rapidly as Vg/vj is increased from 1*38 to 1*40 
that consistent measurements were not possible. Tn the tables which follow the 
observations therefore begin where the brilliant greens previously referred to first 
appear. The colours are those seen on looking through the tube, almost, but not 
quite in the direction of the source of light. 



February 25. 
< =: 13* C. 


1 


March 3. 
18^ to 19** 0. 


rj/t'i. 


Colour. 


1 


Colour. 


1-408 


Brilliant green 


1-410 


Green 


1-408 


)> 9> 


1-410 


» 


1-412 


>» »> 


1-413 


» 


1-414 


» >» 


1-416 


Blue-green 


1-414 


)) tf 


1-418 


Brilliant blue 


1-419 


Bine-green 


1-419 


Violet 


1-419 


Purple 


1-420 


99 


1-422 


)) 


1-420 


Reddish-purple 
Red 


1-424 


Brilliant red 


1-426 


1-426 


Red 


1-429 


Reddish-yellow 


1-428 


»> 


1-436 


Yellowish- white 


.1-429 


)) 


1-448 


White 


1-434 


Reddish 


1-469 


Greenish- white 


1-437 


Reddish-white 






1-453 


Oreenish-white 






1-458 


>» » 


1 





When the ^eenish-white fog appeared, the colour was the same from whatever 
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point the tube was viewed, out of the direct line of the incident light. The particles 
ai'e then evidently small enough to scatter the red light less than the blue. 



Meteorological Applications, 

The question of the degree of supersatu ration reached in these experiments is 
postponed till the results obtained with other gases have been given. In considering 
the meteorological applications we are directly concerned with the expansion required 
to cause condensation in air originally saturated. For adiabatic expansion to result 
in condensation in saturated air free from all foreign nuclei, we have seen that the 
final volume must exceed 1*252 times the initial volume. 

To obtain the corresponding ratio between the final and initial pressures we have 

or 






where y is the ratio of the specific heat of air at constant pressure to that at 
constant volume. The difference in y for dry and moist air is small, and may here 
be neglected, y being therefore taken as equal to 1*41. 

Now 

Condensation must therefore take place in air free from foreign nuclei when the 
pressure is reduced adiabatically to '728 of the value which it has when the air 
is just saturated. The drops which are formed are, as we have seen, comparatively 
few. The fall of pressure required is sensibly the same for all values of the initial 
temperature between 28° and 15° C, and it is therefore probable that the result 
may be applied to considerably lower temperatures without any great error. 

It is natural to suppose that when there is an upward current of moist air, the 
foreign nuclei will be left behind through becoming loaded with the water which 
condenses on them, and that the air which rises above the lower cloud layer 
thus formed will be dust-free and supersaturated. 

It follows from the results of these experiments that condensation will again begin 
when the air reaches such a height that the pressure is reduced to about '73 of that 
at the upper surface of the lower cloud. 

It is not likely that the cloud-like condensation obtained with greater expansion 
has any meteorological significance. For it is unlikely that there can ever be such a 
sudden uprush of air as to enable any great degree of supersaturatiou to be main- 
tained when drops have already begun to form. 
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Oxygen. 

Preparation. — Potassium permanganate was heated in a small glass tube fused on 
to H (fig. 2). This was exhausted and then heated till the pressure considerably- 
exceeded that of the atmosphere, and the process of alternate exhaustion and heating 
many times repeaW. 

The mercury reservoirs B, Ej with the taps T^, Tj served as a pump. 

Results. — Oxygen behaves exactly like air in these experiments. The expansion 
required to produce both rain-like and cloud-like condensation, is practically the same 
in both. The colour phenomena are also exactly alike. 



Expansion required to produce Eain-like Condensation in Saturated Oxygen. 

Pressures all given in millimetres of mercury. Correction for piston weight, 

1^; = 1 millim. 



Date. 



Maj 8 
„ 14 
„ 15 



B. 

769 
768 
768 


^"C. 


w. 


Pv 


P.- 

1348 
1388 
1328 


Pi- 


P^. 


17 

20 
21 


14 
17 
18 


594 
638 
679 


318 
357 

307 


1072 
1107 
1056 




Mean 



P1/P2 = H^vy 



1-258 
1-254 
1-258 




A fresh supply of oxygen was used each day. 



Expansion required to produce Cloud-like Condensation in Oxygen. 



1 

2 


Date. 


B. 


ec. 


». 


l*!- 


Pi 


Pi- 


P3. 


Pi/P9 = t>«/vi. 


May 9 . . . . 

^y MrX • • » • 

«• X^JB • • • • 


769 
767 
766 


180 
20-5 
21-5 


15 
18 
19 


732 
659 
665 


1485 
1407 
1411 


318 
273 
273 


1071 
1021 
1019 


1-386 
1-378 
1-385 


Mean 


1-383 



Measurements were also made of the ratio v^v^ when the colour produced by the 
expansion was the sensitive tint between the blue and red referred to in the account 
of the colour phenomena observed in the experiments with air. 
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Expansion required to produce the Sensitive Tint. 



Date. 


B. 

752 
775 


f C. 

19-5 
175 


r. 


Pi- 


Pi- 


Pi- 


P,. 


Pl/P2=V^l- 


Colour. 


March 6 . . 

7 


17 

15 


804 
799 


1538 
1558 


347 
341 


1081 
1100 


1-423 
1-417 


Violet 


Mean 


1-420 



Carbonic Acid, 

Preparation. — Potassium bicarbonate was heated in a glass tube, fused directly 
to H. This was repeatedly heated and pumped out. 

Results. — Carbonic acid shows, like air and oxygen, the two kinds of condensation, 
each requiring a definite minimum expansion for its production. 

The measurements could not be made with the same accui^acy in this case on 
account of the solubility of the gas in water. This caused a continual falling off in 
the pressure, necessitating the reading of the final pressure p^ after each expansion. 

On account of the difference in y, the results with CO.^ are not directly comparable 
with those obtained with air, the same expansion corresponding to a different fall of 
temperature. 

The colour phenomena were not looked for. 

In the table which follows, the pressure readings corresponding to the greatest 
expansion which was made without condensation, as well as those of the least 
expansion which resulted in condensation, are given. In the case of the more 
insoluble gases, the difference between these only amounted to 2 millims. ; here, as 
will be seen, it is considerably greater. 



Rain-likb Condensation in COo. 



Date. 


B. 


fC. 


». 


P\- 


Pi- 


Pt- 


P,. 


P^/P,. 


BeHnlt. 


Maj 23 

» 

May 25 

May 25 

>> 


764 
764 

775 
775 

775 
775 


19 
19 

17 
17 

17 
17 


16 
16 

14 
14 

14 
14 


710 
700 

605 
612 

599 
603 


1457 
1447 

1356 
1362 

1349 
1853 


333 

314 

247 
245 

242 

240 


1080 
1061 

997 
995 

992 
990 


1-349 
1-364 

1-359 
1-369 

1-360 
1-367 



Bain 


Rain 


Bain 



Condensation begins when Pi/Pj is between 1*3 6 and 1'37. 

For pressure changes within these limits (between l^ and 2 atmospheres) Botle's 
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law is sufficiently nearly obeyed to justify us in saying that condensation begins 

when Vcjv^ lies between 1'35 and 1*37. Regnault found* that if the pressure of 

the CO3 was changed from 1 atmosphere to 2, the ratio of the initial to the final 

volume was 2 X 1'0076. The difference between P]/P2 and vjo^ is thei'efore well 

within 1 per cent. 

Cloud-like Condensation in COg. 



Date. 


B. 


fC. 


v. 


Pi- 


Pi- 


P%' 


1 


P1/P2. 


Result.. 


May 25 


775 
775 


17-5 
17-5 


15 
15 


738 
734 


1487 
1503 


223 
280 


972 
979 


1-530 
1-535 


Rain 
Fog 



All the above results were obtained with the same sample of CO2. On absorbing 
the gas by KOH a bubble amounting to less than I part in 1000 of the whole 
remained. The gas had been in the expansion apparatus for three days and 
50 expansions had been made. The contamination which takes place by air diffusing 
through the lubricating water round the piston is therefore certainly very slight. 
In the experiments with CO3 the lubricating water was less frequently renewed, 
and a smaller quantity run in at a time than with the less soluble gases. There 
was, therefore, even less chance of contamination of the latter than of the CO^. 

Hydrogen. 

This was prepared by passing steam over sodium. This method was used by Scott 
in his experiments on the composition of water.t 

The appai-atus for the preparation of the gas is shown in fig. 3. 

The water was contained in the bulb A and the sodium in B, which was prolonged 
into a narrower tube C, fused directly to H in fig. 2. The vertical tube D served for 
the introduction of the water. 

The sodium was previously heated in a tube, kept exhausted by the water pump. 
The tube was held for several minutes in a Bunsen flame, and the sodium then 
poured off into the clean part of the tube. 

The water to be introduced into A was obtained free from dissolved gases by 
boiling rapidly down in a flask to about one-sixth of the original volume. This was 
drawn up through D without allowing it to cool, the end of D dipped under mercury 
and the apparatus immediately pumped out. The mercury rose in D, which now 
served as pressure-gauge and safety-tube. 

The bulb A was now warmed till the pressure exceeded that of the atmosphere, 
and bubbles began to escape through the mercury in E. 

The flame was then removed, and the apparatus again pumped out to as low a 
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• * Comptcs Rendus,' vol. 23, p. 794 (1846). 
t ' Phil. Trans.,' 1893, p. 543. 
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pressure as possible. Hydrogen was thus generated and pumped out several times, 
and lastly a vigorous stream of hydrogen was allowed to escape through the water in 
the flask F (fig. 2) by opening the taps Tg and T3. The flame was then removed and 
Tg closed, the gas which still continued to come off escaping through the safety- 
tube D. The hydrogen was then ready to be pumped into the expansion apparatus 
as required. Even in the cold, hydrogen is slowly formed by the water vapour 
reaching the sodium by diffusion, and escapes through the safety -tube. No further 
heating was therefore required when a fresh charge was wanted in the expansion 
apparatus. 

Results. — The phenomena attending condensation in presence of hydrogen differed 
considerably from those observed with other gases. 

As in air and oxygen, dense condensation begins when v^/v^ is between 1*37 and 
1*38, and the number of particles rapidly increases with increasing expansion* With 
very slightly smaller expansions, however, the drops are excessively few, and if vjvi 
be less than 1'36, they are either absent altogether or at the most one or two 



Fig. 3. 




n 




scattered drops are seen. It was found impossible to get any consistent measure- 
ments of the minimum expansion required t.o make these drops appear. In no case 
was any condensation at all observed when vjvi was less than 1*30, while in one 
series of observations no condensation resulted when vjvi was as great as 1"356. 

It is likely that this irregular condensation is due to impurities in the gas. For 
the pbservations in which no condensation whatever was observed, even when vjvi 
was not much below 1*36, were all made when the hydrogen was comparatively fresh, 
before it had been allowed to expand more than a very few times. The slight 
contamination which may take place by diffusion of air through the water lubricating 
the piston may account for their subsequent appearance. The contamination which 
can take place in this way must, as has been shown, be very slight ; but it is quite 
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possible that an exceedingly small trace of air would be suflBcient to cause the slight 
condensation which is oViserved. It must be remembered that even if only one drop 
separates out it will be seen. Colours like those observed in the other gases made 
their appearance when the expansion exceeded that required to produce the dense 
condensation. Measurements, however, were not made of the expansion required to 
produce a given colour. 



Expansion required to produce Dense Condensation in Hydrogen. 



Date. 



Aug. 4 
„ 6 
„ 6 
,, 6 



1 
B. 


t'G. 


r. 


Pv 


Pv 


763 


220 


20 


670 


1412 


767 


20-6 


18 


661 


14C)9 


767 


210 


18 


C52 


1400 


767 


210 


18 


653 


1401 



P2- 



283 
267 
269 
2()9 



Po. 



P,/P2 = r,/r,, 



1025 
1015 
1017 
1017 



Mean 



1-378 
1-388 
1-377 
1-378 



1-380 



This was prepared by heating hydrochloric acid with potassium bichromate. 

The apparatus is shown in fig. 4. The U -tubes contained water. A supply of the 
gas was collected in the tube SP, by allowing a rapid stream to pass for about three- 
quarters of an hour, and then closing the stopcock, and sealing off at P with the 
blow-pipe. 

Fig. 4. 








The tube was then cut at S. The part from S to P was then removed, and the 
open end joined to L (fig. 2) in place of the stopcock T^. The chlorine was then 
pumped into the expansion apparatus when required, the reservoir B (fig. 2) with the 
tubes connected to it being of course first completely filled with well-boiled water. 
The tube SP was throughout protected from the light by a wrapping of black paper. 

2 P 2 
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After use, the chlorine was absorbed by driving KOH into the expansion chamber. 
(This was' done by expelling the water from B, and drawing in potash in its place, 
and then opening Tj, while R^ was raised sufficiently high to overcome the pressure 
in A.) The bubble which remained was then drawn up into the capillary tube for 
measurement. 

Out of the three samples of chlorine used, two were analysed in this way. In both 
cases the volume of gas unabsorbed amounted to between 1 and 2 parts in 1000 of 
the whole. 

Results. — Chlorine shows both kinds of condensation, each requiring a definite 
minimum expansion. With expansions greater than was necessary to produce cloud- 
like condensation, colour phenomena were observed like those exhibited by air and 
oxygen. 

The solubility of the chlorine introduced difficulties of the kind experienced with 
CO2, interfering considerably with the exactness of the measurements. The final 
pressure jOg had to be measured after each expansion, no water being run in till after 
this measurement was completed. 

The drops when the condensation was of the rain-like form appeared to the eye to 
be much more numerous in chlorine than in the other gases. 

Expansion required to produce Rain-like Condensation in Chlorine. 



Date. 



AngQst 20 

„ 20 

August 24 
„ 24 



• • 



B. 


fC. 


TT, 


Pv 


761 


21-5 


19 


443 


761 


21-5 


19 


420 


760 


20 


17 


560 


760 


20 


17 


549 



Pi. 



1184 
1161 

1302 
1291 



i>2' 



166 
153 

257 
252 



p. 


Pi/P«- 


907 
894 

999 
994 


1-306 
1-299 

1-304 
1-299 

t 



Result. 



Bain. 


Rain. 




Rain-like condensation begins when Pi/Pj is about 1 '30. 



Expansion required to produce Cloud-like Condensation in Chlorine. 



Date. 


B. 

768 
768 


t'C. 


1 
«•• Pv 


Pi- 


Pa- 


Pi- 

1029 
972 


Pi/Pj. 


Anga8t28 

„ 28 


18 
18 


1 

15 .i 741 
15 660 

1 


1490 
1409 


280 
223 


1-448 
1-449 



Cloud-like condensation begins when Pj/Pg is about 1*45. The second observation 
was made with the condensing lens removed, the readings given being those corre- 
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sponding to the least expansion required to make coloured rings appear. With 
greater expansions the size and brilliancy of the rings rapidly increased. 

We cannot suppose that chlorine at the pressures and temperatures used in these 
experiments obeys Boyle's law even approximately. It is not allowable, therefore, 
to put Pi/Ps = vjv^. 

Nitrogen. 

This was prepared by adding ammonium chloride to a nearly saturated solution of 
sodium nitrite, till no more would dissolve, and warming gently. In the first series 
of experiments a concentrated solution of potassium bichromate was added. This was 
omitted in the later experiments. The gas was allowed to pass through two U -tubes 
containing strong caustic potash solution. 

The apparatus for the preparation of the gas is shown in fig. 5 . 

Fig. 5. 




i 



The liquid was drawn into the flask through the vertical tube. This was then 
made to dip below the surface of mercury contained in a small test-tube. The 
apparatus was then connected to the water-pump, and the liquid in the flask allowed 
to boil under very low pressure, by warming gently. This was allowed to continue 
for some time. The tap T^ was then closed, and the heating continued till the 
pressure exceeded that of the atmosphere and the nitrogen began to escape through 
the safety-tube. Tg was then again opened and the gas allowed to escape through 
Tg apd Tg. The temperature of the flask was never allowed to rise more than was 
sufficient to give a steady stream of the gas, which gradually ceased after the removal 
of the flame. Finally Tg was closed and the heating discontinued. The nitrogen 
could then be pumped out when required. 

Results. — The results are practically identical with those obtained with air and 
oxygen. 

The experiments of October 6 were made with the same expansion apparatus as 
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had been used with the other gases. This was unfortunately broken immediately 
afterwards and the apparatus made to replace it was much smaller, having a capacity 
of only 8 cub. centims., the length of the expansion chamber being 4 centims., and 
that of the piston 5 centims. The pressure required to balance the weight of the 
piston was about 2 millims. of mercury. The volume of the gas is, therefore, smaller, 
and the rate at which it expands slower than in the former machine. 

Expansion Required to Produce Rain-like Condensation in Nitrogen. 



Date. 


B. 


ec. 


«•. 


Pi- 


Pi 


PS' 


Pg. 


P,/Pj = rj/«i. 


October 6 


754 


13 


11 


681 


1423 


390 


1132 


1-257 


November 19 . . 


765 


175 


15 


562 


1310 


289 


1037 


126.S 


19 ... . 


764 


17 


14 


546 


1294 


276 


1024 


1-264 


19 ... . 


764 


17 


14 


540 


1288 


275 


1023 


1259 


November M . . . . 


772 


11 


10 


610 


1370 


321 


1081 


1-267 


Moan 


1-262 



The number of drops appeared to be small in nitrogen. 



Expansion Required to Produce Cloud-like Condensation in Nitrogen. 



Date. 


B. 


t'^C 


fr. 


Pv 


Pi. 


Pr 


Po. 


P,/P3 = t;3/tV 


October 6 

Noyember 21 .... 

yy ^X • . • • 


754 
775 
775 

• 


13-5 
150 
150 


12 
13 
13 


765 
713 
709 


1506 
1473 
1469 


350 
307 
304 


1091 
1067 
1064 


1-380 
1-380 
1-381 


Mean 


1-38 



The colour phenomena were exactly like those observed in air. 

Measurements were made of the expansion required to produce the sensitive tint. 



Date. 


ec. 


v^jt^. 


October 6 

November 28 

28 


13-5 
11-5 
11-5 


1417 
1-434 
1-430 




Moan 


1-4-27 

1 



The observations of November 28 were made with the smaller machine, thope of 
()ctol3er 6 with that which had l3een used for the experiments on the other gases. 
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Supersaturation Resvlthig from a Given Expansion. 

By the supersaturation is here meant the ratio of the actual density of the vapour 
when the expansion has just been completed, and the minimum temperature has 
therefore been reached to the density of vapour which is in equilibrium over a flat 
surface of water at that temperature. 

It is assumed in what follows that the expansion is completed before any 
appreciable amount of water has had time to condense on the walls, or in drops 
throughout the moist gas. 

To find the lowest temperature reached we have the well-known equation for the 
cooling of a gas by adiabatic expression, 






where ^i, O^, are the initial and final absolute temperatures, and y is the ratio of the 
specific heat at constant pressure to that at constant volume. This has been assumed 
below to be the same as in the dry gas, the effect on y of the small quantity of vapour 
present being neglected. The error introduced in this way, as pointed out by 
R V. Helmoltz,* is inappreciable at temperatures below 30° C. 

Knowing 0^ and vjvi, the ratio measured in these experiments, we can, therefore, 

calculate ^2- 

Let TTj, TTg be the pressure of saturated vapour over a flat surface of water at the 
temperature 0i, 0^ respectively, tt^ is then the initial pressure of the vapour before 
expansion. The volume of the vapour is suddenly changed from x\ to Vg: We cannot, 
however, calculate the resulting change in its pressure, there being no reason to 
suppose that Boyle's law is even approximately obeyed by the highly supersaturated 
vapour. There is no such uncertainty, however, as to the density of the vapour, 
which must change inversely as the volume. It is for this reason that the super- 
saturation is here defined as the ratio of the actual to the equilibrium density over a 
flat surface, and not in terms of the corresponding pressure. 

The supersaturation, according to the above definition, is equal to 

S = p7p2, 

where p is the final density of the vapour before condensation takes place, and po is 
the density of the saturated vapour at the temperature ^g. 

But ^= ^, therefore, S = ^ X -^• 

Now the actual density of saturated water vapour in the presence of air at ordinary 
atmospheric temperatures, has been shown by SHAwt to agree very closely with the 

* * Wied. Ann./ xxvii., p. 508 (1886). 
t * I'IhI. Trans.,' 1888, A, p. 83. 
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density calculated on the assumption that the vapour behaves like a perfect gas. 
may, therefore, write 



We 



Pi-Ii 



0, 






Therefore, S=-^X^X-^ = 'ax (-^Y. 



Stipersaturation Required for Rciin-like Condensation. 

For convenience of comparison the calculations have been made for the case where 
the initial temperature ^^ is 20° C. As we have seen, the ratio vjv^ when conden- 
sation just begins, is within the limits of experimental error, constant within the 
ordinary range of room temperature. 

Chlorine is too far removed from the condition of a perfect gas for the fall of 
temperature to be calculated. The error from the same cause may also be consider- 
able in the case of CO2. 

In the following table Regnault's numbers have been used for the vapour pressure 
at temperatures above the freezing point. The vapour pressures over water below the 
freezing point are from a paper by Juhlin,* who has measured directly the pressure 
over water over a considerable range of temperature below the freezing point, fj, t^ 
are the initial and final temperatures Centigrade, ^j = ^j + 273, ^^ = t^ + 273. 



Air 


0,. 


TTy 


ro/rj. 


7- 


0i/% 


f,. 


^2* 




293 


17-39 


1-252 


1-41 


1-097 


-5-8 


3-02 


4-2 


Oxygen . . . .- 


293 


17-39 


1-267 


1-41 


1-098 


-6-2 


2-93 


4-3 


Nitrogen .... 


293 


17-39 


1-262 


1-41 


1-100 


-6-7 


2-83 


4-4 


Carbonic Acid . . 


293 


17-39 


1-365 


1-31 


1101 


-6-9 


2-78 


4-2 


(Chlorine . . . 


293 


17-39 


1-30 


1-32 


1087 


-3-5 


3-68 


3-4) 



Hydrogen does not appear in this table, as no regular rain-like condensation was 
observed. 

It will be noticed that the supersaturation required to cause condensation is 
practically the same in CO2 as in the other gases, in spite of the great difference 
in vjv^. 

The supersaturation is in each case the greatest which can exist at the temperature 
^2° C. without condensation resulting. 

To find to what extent this depends upon the temperature, we may make use of 
the fact that ^2/^1? when the resulting supersaturation is just suflBcient to cause 
condensation, is in the case of air constant for temperatures between 15*5°C. 
and 28 -8° C. 

* * Bihang till K S. Vet. Akad. Handlingar/ Bd. 17. 
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Supers ATURATION required to cause Condensation in air at different 

temperatures. 



15-5 


0,. 


1312 


1-252 


7- 
1-41 


0,10,. 

1-097 


U. 


1 


285-5 


-10 


2-197 


20" 


293 


17-39 


1-252 


1-41 


1-097 


- 5-8 


302 


28-8 


301-8 


29-45 


1 -25-2 


1-41 


1097 


+ 2-2 


5-377 



s 






4-35 

42 

4-0 



Thus the maximum supersaturation is 4*35 at — 10° C. and 4 at + 2*2° C. It 
therefore diminishes with rising temperature at the rate of about "03 per degree. 



Snpersataration required to produce Cloud-like Condensation. 

The calculations are again made for an initial temperature of 20° C. 

The results for Air, Oxygen, Hydrogen, and Nitrogen are grouped together, the 
difference in the observed value of v^jv^ when the dense condensation begins being no 
greater than can be accounted for by experimental errors. In all these gases the 
least value oi vjv^ when the condensation first becomes cloud-like is about 1*38. In 
air, however, in which more exact measurements were attempted, the beginning of 
the change from the rain-like to the cloud-like form could be detected when vjv^ 
only slightly exceeded 1*37. 

The calculations have therefore been made taking vjv^ = 1*375. t^ = 20° C 



t 1 

' 1 

1 

1 

Air, 0, H, N . . 293 

COjj 293 

(Chlorine ... 293 


"•i- 


Volt\. 


1 

7l- ' ^l/^2- 

1 


h- 


TTg. 

1-41 
1-37 
1-83 


^2 \VoJ 


17-39 
17-39 
17-39 


1-375 

1-53 

1-44 


1-41 
1-31 
1-32 


1-140 
1141 
1-124 


- 15-8 
-16-2 

- 12-3 


7-9 
7-3 

5-9) 



If then by sudden cooling a supersaturation exceeding 7*9 be produced at a 
temperature of about — 16°C.^ the condensation, instead of taking place on a small 
number of scattered nuclei, as with a smaller degree of supersaturation, takes place 
upon a very large number, the number of nuclei which come into play increasing at 
a very rapid rate with increasing expansion. It will be noticed that the super- 
saturation required to produce either kind of condensation is practically the same in 
all gases, the rain-like condensation, however, being absent in hydrogen. 



MDCCCXCVn. — A. 
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Supersaturatimi required to produce the sensntive tint. 

At first sight it might seem that when the expansion is so gmat that a very large 
number of drops begin to grow before it is completed, the maximum supersalu ration 
must be much less than is obtained by calculation according to the above method. 
It is diflficult, however, to understand the constancy of the results obtained in the 
observations of the colour phenomena unless the supersaturation resulting from 
expansion of a given amount is always the same in spite of the variations which there 
must be in the rate of expansion. If the maximum supersaturation be independent 
of variations in the rate of expansion, it must be because the maximum supersatura- 
tion reached does not differ much from what would result from an infinitely rapid 
expansion. 

This is, perhaps, not very surprising if we consider how little time the drops have 
to grow before the expansion is completed. To produce the sensitive tint in air 
v.2lv^ must be made equal to 1*420. It is only while v^jv^ is increasing from 1*38 to 
1*42, that the number of drops in process of formation is at all considerable, that is, 
when the piston has already completed nine-tenths of its journey. Now the piston 
must be moving with constantly increasing velocity ; the whole distance moved by 
the piston amounts to less than 1*5 centimetres; the time t^ken to travel the last 
tenth of this, that is, less than 1*5 millimetres, must therefore be very short. We 
have seen that the time taken to travel the whole distance is itself very short. The 
growth of the drops too, as has already been pointed out, cannot be very rapid. It 
is quite likely therefore that even when they are very numerous, the quantity of 
water which separates out upon them before the expansion is complete may be too 
small to diminish appreciably the final supersaturation reached. 

The supersaturation required to produce the sensitive tint in air is calculated below. 



20' 


0,, 
293 


Wy 


Va/fi. 


7- 


tfi/oj. 


r 

1 

1 




17-39 


1-420 


141 


1155 


i 
-19-2 : 107 


9-9 



On the numl>er of the drops. 

It is possible to obtain some information as to the number of the drops formed for 
a certain range of supei-saturation from the colour phenomena. For from the colours 
we ought to be able to deduce the size of the full-grown drops, and the total quantity 
of water which condenses in consequence of the coiTesponding expansion may be 
calculated. With the exceedingly dense fogs with which we are now dealing there 
is no doubt that the water wliich condenses on the walls will be small in quantity 
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compared with what condenses in the form of drops. From the quantity of water 
which separates, and the size of the drops, we may calculate the number, assuming 
the water to be equally divided among them. 

It is assumed here that the cloud-particles are actually liquid drops and not ice- 
crystals, in spite of the fact that the condensation begins at temperatures much below 
the freezing point, and that the temperature when the particles are full grown is, as 
v/e shall see, also slightly below the freezing point. 

Let us consider first the quantity of water which separates out in consequence of 
an expansion of a given amount. Let us suppose the expansion to be completed 
before the drops have grown to more than a very small fraction of their final size, so 
that the theoretical lowering of temperature results. Let t^ be the temperature 
Centigrade before expansion, t^ the lowest temperature reached. 

In consequence of the condensation of the water, heat is set free, and the tempera- 
ture of the moist air rises. A stationary state is reached at a temperature t^, wlien 
just so much water has separated that the vapour remaining is in equilibrium in 
contact with the drops. The subsequent changes will be slow, being due to the 
inflow of heat and vapour from the walls. They appear to have little effect upon the 
size of the drops, for the colour changes very little, and only gradually fades away ; 
evidently through the drops becoming unequal in size. This is not diflScult to 
understand, for the air which comes in contact with the walls of the tube, since these 
are covered with water, must remain saturated in spite of its rise in temperature. 

If we consider 1 cub. centim. of the moist gas, we have the following equation 
connecting the temperature t reached at any moment with the quantity of water q 
which has condensed, 

Lq = CM (^ - t,l 

where M is the mass of unit volume of the gas and C its specific heat at constant 
volume. It will not introduce any serious error, for the present purpose, if we 
neglect the heat spent in raising the temperature of the small quantity of vapour 
present. L is the latent heat of vaporisation, which changes slightly as the 
temperature changes during the process, but may be considered with sufficient 
exactness as equal to 606, its value at 0° C. 
Now, 

<1 = Pi- P^ 

where p^ is the density of the vapour just before condensation begins, and p the mean 

density of the vapour remaining uncondensed at any moment. 

Thus, 

L (p, - p) = CM (^ - a 

or 

CM , , 

2 Q 2 
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If we consider the experimental results obtained with air on March 3rd, we have, 
when the violet colour results, vji\ = 1*420, the initial temperature being 19° C, 
and the pressure, when the volume = v,2 and the temperature = 19° C, being equal to 
1039 millims. of mercury. The density of air at standard temperature and pressure 
is '00129 grm. per cubic centimetre. 

Therefore, * 

M = -00129 X ^% 1^ = -00165. 

The lowest temperature calculated from the expansion is 

^^ = — 20-2. 
Also, 

Pi = PoX ■"> 

where p^ = density of saturated steam at the temperature <j. 

When fi = 19° C. 

Pq = -0000162, 

therefore, 

Pi = -0000162 X 7^ = 000114. 
'^* 1*42 

Now C, the specific heat of air at constant volume = '167. 

We, therefore, find for the density of the vapour, when the temperature has risen 
from t^to t, 

'^ oOb 

= -000014 - 4-55 X 10-7 (t - t.). 

If we put ^ = — 4° C, we obtain for p the value 4*0 X 10"^ Now, the density of 
the saturated vapour at that temperature is 37 X 10"^ More vapour would, there- 
fore, condense, and the temperature would rise further. 

If « = — 3° C, p calculated from the above equation = 3*6 X 10"^ ; but the density 
of satui-ated vapour at — 3° C. is 4'0 X 10"'''. Condensation will, therefore, not go 
so far as this, but only till the temperature rises to about — 3'5° C, and the density 
of the vapour has fallen to about 3*8 X 10"* grm. per cubic centimetre. 

This gives us for the quantity of water which separates out from each cubic centi* 

metre 

Pj - p, = 11-4 X 10"« - 3-8 X 10-« 

= 76 X 10"^ grm. 

In considering how far the condensation would j^^o, the density of vapour in equi- 
librium when in contact with droj>s of the size of those actually present should have 
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been used, not that over a flat surface. But for drops of 5 X 10^^ centim. in radius 
the difference, as calculated bv Lord Kelvin's formula, does not amount to moi^o than 
I or 2 per cent., and Is negligible for the present purpose. 

The exact theory of the colour phenomena which are proiluced by clouds of small 
water drops &>uch ns are formed in these expansion experiments, has not, as far as I 
am aware, been worked out. This is especially true of the colours filling the centime 
of the field within the diftraction rings. Since the whole of the ci>lour phenomena 
from the first appearance of small diffraction rings to the disappearance of all colour, 
except the bluish or greenish-w^hite, are confined within quite a narrow range of 
expansions, the size of the di-ops eddently diminishes with gi'eat rapidity with 
increasing expansion. 

When all diffraction colours disappear, and the fog appe^irs white from all [K)ints of 
view, as it does when v^ v^ amounts to about 1*44, we cannot be far wrong in assuming 
that the diameter of the drops does not exceed one wave-length in the brightest piirt 
of the spectrum, that is, about 5 X 10"^ centim. That the absence of colour is not 
due to the inequality of the drops is evident from the fact that the colours are at 
their briglitest when Vo/vi is only slightly less than 1*44, and from the perfect regu- 
larity of ihe colour changes up to this point. 

Taking the diameter of the drops as 5 X 10"^ cub. centim., we obtain for the 
volume of each drop about 6 X lO"** cub. centim., or its mass is 6 X 10""^* grm. 
Now, we have seen that when the expansion is such as produces the sensitive tint 

(when vji\ = 1"42), the quantity of water which separates out is about 7*6 X 10"* grm. 

in each cubic centimetre. With greater expansions i-ather more must separate out. 

We, therefore, obtain as an inferior limit to the number of drops, when v^/rj = 1*44, 

7« X 10-« 

=10* 

6 X 10-»* 

per cubic centimetre. 

Effect of the RbrUgen Rays on Condensation. 

A st>atement of the results obtained when moist air is subjected to the action of the 
Rontgen rays, and then allowed to expand, has already been published,* but the 
experimental details were not given. The experiments were made with the second 
form of apparatus (fig. 2). A bulb which was giving out the X-rays energetically, as 
tested by a fluorescent screen, was fixed about 10 centims. from A. It was found 
that if expansion was made when the bulb was in action, or within a second or two 
after switching off the current from the induction coil, the number of drops produced 
was greatly increased if the expansion v/as such as would have caused rain-like coUt 
densation in the absence of the rays. Instead of a shower settling in one or two 

• • Pi-oc. Hoy. Soc./ vol. 59, p. 338, 189(3. 
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seconds, a fog lasting for more than a minute was produced. If, however, vjv^ was 
below 1*25, no condensation resulted, whether the rays were acting or not. 

The same results were obtained when the expansion vessel was completely wrapped 
up in tinfoil, which was only removed after the expansion had been made and the 
current had been switched off. Direct electrical action was thus excluded. 

The air inside A is probably sufficiently well shielded from electrical effects by the 
film of water which covers the inner surface of the walls. For it was afterwards 
found that no effect was produced on the condensation when A was placed directly 
between the terminals of an induction coil while the expansion was made. 

The nuclei introduced by the X-rays only persist a few seconds. No effect is noticed 
if the expansion be made half a minute afler the current has been turned off. 

It will be noticed that in these experiments the rays had to pass through the glass 
walls of the tube, and must, therefore, have been very much reduced in intensity. 

RiCHARZ* has recently shown that the condensation of the steam-jet becomes dense 
under the action of the X-rays. The intensity of the radiation was probably much 
greater in his experiments, for the rays had merely to pass through aluminium. 

Hydrogen, — The action of the X-rays when hydrogen was substituted for air was 
afterwards investigated. It was considered unnecessary in this case, for the reasons 
already mentioned, to take any precautions for shielding off direct electrical action. 
The arrangements were in other respects exactly as in the expenments with air. 
The hydrogen was obtained as already descrilied. 

In the fii-st experiments the followin*;' results were obtained : — 



r,/ri. Result. 



1*308 I No X-rays No condensation 

1-296 X-rays Fog 



Several experiments were then made with the tube exposed to the rays, each 
expiiiisiou being made less than the preceding one. The number of cloud-(>articles 
was observed to diminish with diminishing expansion, till, when Vo/vi was made equal 
to 1'260, only a few drops were formed, and none were seen when vjvi was equal 
to l-!255. 

Further measurements were now made of the smallest expansion required to cause 
condensation when the moist hydrogen was under the influence of the X-rays. 



* ' \Yied. Ann.; vol. 59, p. 592, IrtHi. 
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ran 



1-326 
1-263 
1-309 
1246 
1-259 



No X-raj8 
X-rays 
X-raja 
X-rays 
X-rays 



Resnlt. 



No condensation 

Drops very few 

Fog 

No condensation 

Shower 



With the X-rays on, condensation begins when vjv^ lies between 1'246 and I '253, 
the density of the condensation increasing rapidly with increasing expansion. 

Fresh hydrogen was now prepared. The bulb was 30 centims. from the cloud 
chamber. 

X-RAYS on in all Cases. 



VoJVy 



1-251 
1-254 
1-253 
1-251 
1-258 
1-272 
1-282 



Result. 



No condensation 
Very few drops 
Very few drops 
No condensation 
Drops few 
Dense shower 
Fog 



Thus it appears that condensation begins in hydrogen originally saturated wlien 
v^Vi is between 1*25 1 and 1*253, if the gas be exposed to the action of the X-rays. 
Condensation therefore begins when the supersaturation reaches the same limit as is 
necessary for rain-like condensation in air, the supersaturation required to produce 
condensation under ordinary conditions being nearly twice as great. 

As in the case of air the nuclei introduced by the Rontgen rays only last a few 
seconds. Thus immediately after obtaining condensation when rg/vj was as low as 
1*253, if the expansion was made while the gas was exposed to the X-rays, an 
experiment was made in which the current was switched off half a minute before the 
expansion. Although vjv^ was as great as 1*315, no condensation resulted. When, 
however, a similar expansion was made with only a few seconds' interval a slight fog 
resulted. 

Since the X-rays make condensation begin in hydrogen, with a much smaller 
expansion than is necessary in their absence, it is much more easy to detect the effect 
of very weak radiation than in air, where only an increase in the number of the 
drops results from the action of the rays. 

It was found that the effect of the rays was quite noticeable, even when the bulb 
producing them was at a considerable diHtauoo away. For oxampU\ (|uite a distinct 
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shower was produced with the bulb 120 centims. off, when v^/v^ was equal to 1*326, 
while an expansion of the same amount made immediately afterwards with the 
current switched off from the coil caused no condensation, 

When the bulb was as far away as this it was found necessary to make rather 
greater expansion to bring about condensation, than when stronger radiation fell on 
the expansion apparatus. With the bulb 120 centims. off condensation was first 
detected when vjvi was equal to 1*278, none being visible with smaller expansions. 

Since every nucleus, capable of promoting condensation, in vapour supersaturated 
to the extent reached at the completion of the expansion, becomes visible by the 
growth of a drop around it, it is not surprising that even weak radiation should have 
a visible effect. 

I have not yet made any experiments* to see if X-radiation, which has not been 
weakened by passing through glass, makes the condensation begin at a lower super- 
saturation or not. The experiments of Richarz, to which reference has already 
been made, do not give us any information on this point, as the extent of the super- 
saturation reached in a steam-jet is unknown. 

Interpretation of the Results. 

The view here taken as to the meaning of the phenomena described in this paper 
is briefly as follows : — 

In aqueous vapour in the presence of air, oxygen, nitrogen, or carbonic acid, there 
always exists at any moment a small number of nuclei, capable of acting as centres 
of condensation when the density of the vapour reaches a certain value amounting at 
— 6° 0. to about 4*2 times that of the vapour in equilibrium over a flat surface of 
water at the same temperature. 

The nuclei capable of acting as centres of condensation when the supersaturation 
lies between this lower limit and another amounting at 16° to 7'9 are comparatively 
few, and their number depends on the nature of the gas, for they appear to be 
absent in moist hydrogen. No attempts have yet been made to count the drops 
produced when the supersaturation lies between these limits, but from the appear- 
ance of the resulting shower they almost certainly do not amount to nearly 100 in a 
cubic centimetre. 

When the X-rays, or such components of the radiation as are able to pass through 
glass, act upon moist air or hydrogen, similar nuclei are produced in much greater 
numbers, those of them which are the most effective in helping condensation again 
requiring exactly the same minimum supersaturation in order that condensation may 
take place upon them. 

The number of nuclei capable of acting as centres of condensation when the super- 
saturation, even slightly, exceeds the upper limit mentioned, is, whatever gas be 
present, very large, and the number which come into play increases with enormous 

* See note at the end of the paper. 
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rapidity as the supersaturation is increased, reaching in air, oxygen, or nitrogen 
probably many millions per cubic centimetre under a tenfold supersaturation. In 
the other gases the observations in the colour phenomena necessary for this estimate 
were not made. There is no indication in these experiments of any limit to the 
number of drops which could be formed by sufficiently increasing the supersaturation. 

It is possible to make an approximate calculation of the size of the smallest drops 
which would be able to grow in vapour supersaturated to any given extent. 

The formula given by Lord Kelvin* for the effect of curvature of a surface upon 
the pressure of the saturated vapour in contact with it only applies, in its original 
form, to cases where the curvature is not sufficiently grejit to make the density of 
the vapour over the curved surface differ more than very slightly from that over a 
flat surface. Here we wish to calculate the curvature necessary to make the 
equilibrium density of the vapour from four to eight times that over a flat surface. 

If we assume that the supersaturated vapour obeys Boyle's law, and that the 
surface tension retains its ordinary value in the case of the very small drops with 
which we are dealing, there is no difficulty in seeing how the formula must be 
modified to allow of its being extended to such cases as the present. Both of these 
conditions are, unfortunately, likely to be far from being satisfied. 

If we make these assumptions, the formula becomes, when the density of the 
vapour is as in the present case small compared with that of the liquid, identical 
with that obtained in a different way by R. v. HELMHOLTZ,t 



log. ^ = 



2T 
Its0r 



where p is the vapour pressure in contact with drops of radius r, P that over a flat 

surface at the same temperature ^ ; T is the surface-tension, s the density of the 

liquid, and R the constant in the equation p/p = R^. Since Boyle's law is assumed 

to hold, p/P is equal to the ratio of the corresponding densities, that is, to what 

is here called the supersaturation S. We thus obtain for the radius of the drops 

just in equilibrium 

2T 






R^ log, S 



since s in the case of water is equal to unity. R for water vapour is equal 
to 4-6 X 10^ 

The results of the application of this formula are here given. 



• ' Proc. Roy. Soc.,' Edin., VII., p. 63 (1870). 
t * Wied. Ann.,' xxvii., p. 508 (1886). 
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Badius, in centims., of drops just large enough to grow In vapour supersaturated to 
the extent required to make rain-like condensation begin in the presence of Air. 



CO. 


0. 


T. 


S. 


r. 


-10 
- 6 
+ 2 


263 
267 
275 


77 
76 
75 


4.-35 

4-2 

40 


8-7 X 10-« 
8-6 X 10-« 
8-6 X 10-8 



r thus appears to be constant over the range of temperature — 10° C to + 2^ C. 
The value obtained for r is not changed by as much as 3 per cent, when the air 
is replaced by nitrogen, oxygen, or CO2, or by hydrogen under the action of 
the X-rays. 

Radius, in centims., of drops just large enough to grow when supersaturation is 
sufficient to make the dense condensation begin in Air, Oxygen, Nitrogen, or 
Hydrogen. 



ec. 


0. 


T. 


S. 


r. 


-16 


257 


78 


7-9 


6-4 X 10^ 



If we consider the difference in the value found for S in CO2 to be real, and 
not due merely to the error in the calculation of the cooling, due to deviation 
of CO2 from the condition of a perfect gas, we find that r in CO^ is about 3 per cent, 
greater than in these other gases. 

Radius, in centims., of drops just large enough to grow when the supersaturation 
is such that the sensitive tint is pix>duced in the presence of Air or Oxygen. 



t'G. 


0. 


T. 


S. 


r. 


-19 


254 


79 


9-9 


5-9 X ia-« 



The difference when nitrogen is substitute for Air or Oxygen is exceedingly 
small. 

It cannot be assumed that the surface tension retains its ordinary value in drops 
of such small radii, which are not great compared with molecular dimensions. We 
know, in fact, from the behaviour of thin films, that it does not. These numbers 
therefore can only be considered as giving a very rough approximation to the 
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